dlnvomyanan nazeomndmangzly

PNUM TV
MIMHIBUTINIVVR IRV VIFINAAMAATNHTUM TUNIN TV
alunnldesniuvelssnugamunssaulinaniiiog
Numerical Computation of the Mathematical Model for Smoke

Dispersion from Chimneys of Industrial Plant in Urban Area

a5, uwsa! Insae
manasiamans aazIngmans amdumalulatinszaemndunnins

AANTLIII

M

I

T h
oany. wizh i

wynsiiow, 115248
uudon . 2N 2553

Idsunuaivayuanddenntuneld Uszditawszanam 2553
AR INEMEaNS

amumalulagwizaena I INaNmIsAIANIZII




nanssul sz

a ¢ v a ) @ Aq ¥
eV UAMANL INNIMART dofuma luTadwszasundudrnammsaianseaie H1%ms

aw

mivayunuite UssinnduadinindSedoSuneldausInnmans dseidlanszina

Y

9
2553 9UUITBL

)

Yy A

1597829 11/ '18&ed



= ci Qs
NeazaameInUinsIng

4 ao
¥oln3In o

MIAMIMEFW VYR IR WL LTI TR AR A M TUMI LN NI 2010898 LN
YdesnfuvseTsasugaamassulumaiiag

Numerical Computation of the Mathematical Model for Smoke Dispersion from

Chimneys of Industrial Plant in Urban Area

NHRANYUNTIDE
Y awv a LY a 4 o &
NuaAyuIINenntuse 14 augdnnmans Useddl 2553
$19uRYU 50,000 U

£
% 1

seoznanimiig 11 dwe 1 aatan 2552 §930 fugeau 2553

whenuuasdidumsidendoumbanuiidaia

Inadiasans ancIngmaas aon. 1N502-326-4341 6 283



UNAAED

msuws'nszmfﬁmﬂ"i’unﬂuwﬁa‘lumxmﬁﬁ’nmaﬂmummmazmammﬁﬁsﬁﬂmﬂimm

AT INATIY mﬁrmmi'l‘nmre)ammﬁTﬂﬂﬁ'aﬂgﬂﬁ%’mnﬂuﬂﬂﬁ’ﬂﬁwﬁﬂﬁuﬁﬁwmﬂﬂgm
NAN1IZAINA Tﬂﬂﬂu%i’fﬂﬁé’%ﬂ&’aamsﬁ%’nﬁmuuﬁaﬂﬁﬂﬁ1ﬁﬁ§nﬁamﬁi‘immms
imsnszagven ufignildesnnumasdudiaaeanmda Fagadavane m3IvaTasRalgn
a5 Teoaunudeduilavesduuufeaunsmsumsluussoma Siaumsd g3

g a o o 9 ¥ A [ U
vluﬂ!i’)ﬁliJil@lQﬂ‘ll'lll11]5$§ﬂ$]1‘lf!‘l/‘lﬁ]ﬂ'lﬂﬁ!ﬂﬁ ﬂTﬂUﬂigiﬂmsﬂi’NﬁNﬂﬁﬂﬂ M

Abstract

The smoke discharging is a principle reason of air pollution problem from industrial
plants. The flow obstruction of building is also an important factor of air quality
problem. In this research, we simulate a mathematical model of the smoke dispersion
over the building from two sources. The governing equation of the model is
atmospheric diffusion equation. The fractional step method and finite element method
are used to find the approximate solution of the equation.
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CHAPTER I

A Numerical Treatment of the Mathematical Model for
Smoke Dispersion from Two Sources using Fractional Step
Method

The smoke discharging is a principle reason of air pollution problem from industrial
plants. The flow obstruction of building is also an important factor of air quality
simulation. In this research, we simulate a mathematical model of the smoke
dispersion over the building from two sources. The governing equation of the
model is atmospheric diffusion equation. The fractional step method is used to

find the approximate solution of the equation. The simulation with numerical

results is also demonstrated.

1 Introduction

The air pollution problem in Thailand is still important for quality of life. This
research is to study the air pollution problem by using the mathematical model;
the atmospheric diffusion equation.

In [2], they used the finite difference method in the air pollution model of
two dimensional spaces with single point source. In (3], the air pollution problem
in three dimensional spaces with multiple sources presented. The initial conditions
in the domains were assumed to be zero everywhere without obstacles.

In this research, we investigate the behavior of air pollutant release into
the atmosphere with obstacle domain in two dimensional spaces. We assume that
there are a large buildings inside the consideration area and the source of dis-
. charging pollutant are two point sources. The atmospheric diffusion equation is
used to predict the behavior of the dispersion of air pollutant in the domain. The
fractional step, Carlson and Crank-Nicolson methods are used to approximate the

concentration of smoke dispersion.

1 The Governing Equation

We introduced the well-known atmospheric diffusion equation
Oc

E+T)"VCZV'(]—CVC)+S (1)



For convenience, an equation (1) can be written into the form

oc oe Oc H%¢ 0%c 15} dc
Frina +fuy8 ka_;cz+kya2 % (k,a>+s (2)

where ¢ is the air pollutant concentration at point (z,v, 2) at time ¢ (the unit of ¢ is
kg/m3), kg, ky are diffusion coeficients in z-direction and y-direction respectively,
Vg, Uy are the flow velocity in z-direction and y-direction respectively and s is the
rate of change of substance concentration due to sources.

Suppose that the horizontal advection dominates the horizontal diffusion by
the wind and the vertical diffusion dominates the vertical advection by the wind.
The horizontal advection in y—direction is negligible. We have a cross section

along the y—axis at the plane of obstacle. With is assumptions the equation (2)

can be written as
8_{: =l @ 4 2 k % L (3)
BEiny BGN) 9% e 72

where v, = u. Equation (3) can be normalized to the non-dimensional form and

changes all variables to the capital letters as follow

ocC ocC 5} oC
ﬁ-l-UaX £ (Kzaz>+5. (4)

By the assumption as [2] and (3], the initial condition is taken to be zero concen-

tration of air pollutant everywhere in the domain. We can see that
C(X,Z,0)=0 forall X >0, 0< Z < H, (5)

when H is the height of the inversion layer. The boundary conditions in the

X —direction are assume to be zero.
C(Xw,2,T)=C(Xg, Z,T) =0 forall Z, forall T > 0, (6)

when Xw and Xgp are the abscissas of the western and eastern. The flux of
pollutant is assumed to be zero at the inversion layer H and at the ground which

is cross section along the obstacle Y —plane.

oC - oC

57 GHT) =22 (X,D1) =0, (7)

where I is a line on the ground which is cross section along the obstacle Y —plane.



2 Numerical Techniques

The Fractional step method [6] is used to separate equation (4) into 3 stages as
the following

aC! N

> =5= ; Q-6(X — X,)8(7% — Z,) (8)
C,(X7 Z7 Tn) = C(X7 Z: T;l) (9)

80// 80"
7~ Vax (10)
C"(X, 2,T.) = C'(X, Z, T, + AT) (11)
aClIl by 8 80[// 12
BRATRN \Crdg (12)
O (X Z, ) = C!(X, 2, T, 4+ AT) (13)

In succession, the auxiliary terms in each stage are denoted by prime (' ) that is
C’, C" and C" respectively. Equations (8) and (9) are the emission stage, the con-
centration at the source is assumed to be a §—function. Solving the emission part
by using the basic finite difference method. The advection stage in X —direction
was presented in equation (10) and (11). The Carlson finite difference method [5]
is used to find the numerical solution in this stage. Equations (12) and (13) are
the diffusion stage in Z—direction. We use the Crank-Nicolson [1] approximation

which is unconditionally stable and consistence to find the numerical solution.

3 Numerical Experiment

The atmospheric diffusion equation of (4) with appropriate parameter values for
the tropical area were taken from Pasquill stability reference class A [4]. The
parameters are given by k, = 45 m?/sec and the velocity @ = 3 m/sec. The
sources are assumed at z = hy = 15 m. above the ground. In this research,
we assumed there are two point sources with different emission rate are ¢, = 70
gram/sec and g, = 100 gram/sec. Suppose there are two buildings withvdifferent
heights away from the second source at 300 m.(at X=40 to 52) and 600 m. at

(X=60 to 72) respectively. The wind velocity are assume to be a constant form



Table 1: The numerical solution along the X —axis at different time step AT and
AT = 0.25. The wind velocity is U = 1.

T/X X =0 X =20 X =40 X =60 X =80 X =100
8AT 0.114572577  0.163675113  6.27483E-10 6.27483F-10 0 0
16AT 0122116864  0.17445424  6.83287E-07 6.83287E-07 0 0
32AT 0.12275511  0.175920991  0.000416183  0.000416183 1.63233E-10 0
64AT 0.12275597  0.197436007  0.021003864  0.021093864  2.23685E-05 1.18347E-10
128AT  0.12275997 0.21275123  0.051584559  0.051584559  0.015943851  0.000283978
256AT  0.12275997  0.212762767  0.060053871  0.060053871  0.046648859 0.032173093
512AT  0.12275997  0.212762767  0.060053885  0.060053885 0.047524938 0.041955905

Table 2: The numerical solution along the X —axis at different time step AT and
AT = 0.25. The wind velocity is U(Z) = Z©2),

T/X X=0 X =20 X =40 X =60 X =80 X =100
8AT 0.042462698  0.060660997 0 0 0 0
16AT  0.042557854  0.060796935 0 0 0 0
32AT 0.0425581 0.064172487  0.002671623  0.002671623 0 0
B4AT 0.0425581 0.090988389  0.02746385 0.02746385  0.000628333 1E-15
128AT 0.0425581 0.091007278  0.04393871 0.04393871  0.030707281  0.013133237
256 AT 0.0425581 0.091007278  0.043938764  0.043938764  0.03337808  0.030258134
512AT 0.0425581 0.091007278  0.043938764  0.043938764  0.03337808  (.030258264

U = 1 and variable form U(Z) = Z©®?. The numerical results for the smoke

concentrations are shown in the Tables (1-2) and Figures (1-2).

4 Conclusion

The concentrations of smoke released from two point sources in the domain with

two obstacles of flow are calculated. The computed approximate results are ob-

tained using fractional step method and MatLab code, with respected to the trans-

formed atmospheric diffusion equation.
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Contour of C distribution in XZ plane computed at 512(AT=0.25), U=1

| concentration of pollutant]|

160F

Figure 1: The contour graph along X Z plane at 512AT and AT = 0.25. The wind
velocity is U = 1.
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Contour of C distribution in XZ plane computed at §12(AT=0.25) , U=z{?

. : : : . :
160 | concentration of pollutant|

140 - -

Figure 2: The contour graph along X Z plane at 512AT and AT = 0.25. The wind
velocity is U(Z) = z(02).



CHAPTER II

A Finite Element Solution of the Mathematical Model for
Smoke Dispersion from Two Sources

Smoke discharging is a main reason of air pollution problem from industria)
plants. The obstruction of air flow by building to affect with the air pollutant
discharge. In this research, a mathematical model of the smoke dispersion from
two sources and one source with a structural obstacle is considered. The governing
equation of the model is an isothermal mass transfer model in a viscous fluid. The
finite element method is used to approximate the solutions of the model. The trian- |
gular linear elements have been used for discretise the domain, and time integration
has been carried out by semi-implicit finite difference method. The simulations of
smoke dispersion in cases of one chimney and two chimneys are presented. The
maximum calculated smoke concentration of both cases are compared. It is then
used to make the decision for smoke discharging and air pollutant control problems

on industrial area.

1 Introduction

The air pollution problem is still important for human health. This research is
consider the air pollution problem using the mass transfer model. In [8], a nonlinear
mathematical model is proposed and-analyzed to study the removal of gaseous
pollutants and particulate matters from the atmosphere of a city by precipitation.
The three pollution indexes (SO,, NOy and PM10) and the daily air pollution
indexes (APIs) of Shanghai in China are analyzed by rescaled range analysis (R/S),
detrended fluctuation analysis (DFA) and spectral analysis is presented in [4]. In
[1], they study the air flow using a lubricated system consisting of two bodies
in proximity. The Poincare compactification to the dynamical system to get a
complete qualitative analysis of the global flow is applied in [11].

In [10], [12] and [5], they used the finite difference method in the air pol-
lution model of two dimensional spaces with single point source. In [6], the air
pollution problem in three dimensional spaces. The initial conditions in the do-
mains were assumed to be zero everywhere without structural obstacles. In [7] and

[13], the fractional steps method, Carlson method and Crank-Nicolson method [2]
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Figure 1: The initial and boundary conditions of the problem

are used to approximate the concentration of smoke dispersion. The diffusion of
dust particles from a point source above ground level is considered in [3]:

In this research, we investigate the behavior of smoke release into the atmo-
sphere with a structural obstacle in two-dimensional spaces and one-dimensional
in time using the finite element method and finite difference method, respectively.
The structural obstacle and chimneys are added in the simulation. The simulation

attempts to predict the behavior of the dispersion of smoke in the problem.
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2 The Governing Equation

2.1 The mass transport model

Consider the equations describing the smoke dispersion in terms of the stream-

function, vorticity and convection-diffusion equations as follow 9],

0% %P
8_x2+8_y2 = —w, (1)
Qo | ATV 2)

ot = Oy bx Bz Oy
oC  poC O oC q
& kit A2 N\N\\|[[77 Y1 g
ot + Oy 0x Oz Oy A5, 3)
where v is a kinematic viscosity, w is a vorticity, 1 is a stream function, C is a

concentration, 7 is a diffusion coefficient and S is intensity of mass source.

2.2 The boundary conditions

The boundary conditions of the streamfunction equation Eq.(1) are

Y = g, (4)
which is specified on the boundary Iy, and
toZ) '
AECIN 5
on 2 (5)

with tangential flow velocity V; specified on the rest of the boundary I';. Here n
denotes the outward unit normal to the boundary. Boundary conditions on the
vorticity Eq.(2) are

W = wpg, (6)

which is specified on the boundary T',,, and
Ow
v 7
877, X’fh ( )
with the value of the normal derivative specified on the other part of the boundary

I'. The boundary conditions of the convective-diffusion equation Eq.(3) are

C = CB on FC) (8)
ocC .
~5, = Json I;. (9)

Since boundary is a non-absorbing, we can put jp = 0.



3 The Numerical Technique

3.1 The finite element discretisation

15

The Galerkin finite element method to discretising of the streamfunction equation

Eq.(1), the vorticity transport equation Eq.(2), and the convection-diffusion equa-
tion Eq.(3) will be used. Let Wy, W, and W be weighting functions. The finite

element formulation with the weighted residual forms of these equations:

2 2
/W¢8¢ a¢dQ+/W¢wdQ 0,

/Wwa—wdQ+/I/If (8_¢3_w_3_w8_w dQ — /W vV2wdQ = 0,

Oy 0z Oz By
oY oC o HC / 5
-— —— - ———YdQ - | W, CdQ
/WC dQ+/ WC 8y 9z B ay d C??V d
. —/WCSdQ:O
Q

Integration by parts of terms concerning the Laplacian, we get
M\, QY NI )d) + / WiywdQ — / W¢—dF =0,

Oz 8y )(8 dy
OYOw Oy Ow

2 9) W, VwdQ
W, dQ+/W e = 5e oy +/va w

—/ I/Wwa—wdf1 =0,
I, on

OpaC  Hb HC /
NCIRRY, WovCdQ
/Wc dQ+/W(8y8$ 5 3y )+ | IVWevOd

s / WeSdQ — / jgWedl = 0.
Q I

(10)

(11)

(15)

The domain (2 is divided into triangular elements with local node numbers

1, 2 and 3 with nodal coordinates (z1,y1), (z2,%2) and (z3,ys), respectively. The

unknown streamfunction, vorticity and concentration are linearly interpolated as

follows,

3 3
V= Gata, Wy=) ¢uWy,
a=1 a=1

3 3
w = z_; PoaWe, W, = 2 bWy,

3 3
C=) 6uCay We=) ¢aWa,
a=1

a=1

(16)

(17)

(18)
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where linear interpolation functions, ¢ = 53z(aa + baZ + coy) With area of a

triangular element e is A¢ = bm’% For v,,w,, C,, are nodal values of the

corresponding unknown, and Wy, W, , W¢, are their arbitrary variations.

Substituting Eqs.(16-18) into Eqgs.(13-15), it is obtain that
3 3

Z Dby Z Mggws —~T5, =0,

Z € stop + ZAaﬂw,g v Zpaﬂwﬂ Ire, =0,

B=1 B=1
Z 5Cp + ZAaﬁc,g + nZDaﬁCg — 82 4+T¢, =0,
B8=1 y B=1
for each oo = 1,2, 3, where the coefficients are given by

A,
Mgy = / $apdQ = (1 + dog),

e | 8¢a 8¢6 8¢a 8(»25/3
Dop = /( Ox 31‘ i~ Jy Oy 4A5(

0 )
AZﬁ - /¢a 8(/57 a¢ﬁ Z %‘ﬁv ¢ﬁ)
=1

N 12A5 Z(cvbﬁ byca)y,

¥=1

3 3
1
Se = /¢a(z $45y)dQ = 12Ae (Sa + 257)7
€ y=1 = += )

) = babg + cats),

0
re = ¢a wdr———|re| ——
1
S 0
. _ 0w X e
Iy = /ey¢a8ndr V2|TX| 1],
x 1
. 0
re, = /¢ader=%B|P;| 1],
rs
1

with d,4 is the Kronecker delta function, I'¢ = I'; N e where de is a boundary of

an element e and |I'¢| is a length of adjacent nodes on a boundary element, for all .
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i1=35,X,J.
Assembling all element equations over domain 2, the total equations be-
comes,

[DIH{¥} - [M{w} - {T,} = {0}, (29)
[MH{@} + [A@W){w} + v[Dl{w} - {Ty} = {0}, (30)
[MH{C} + [AW){CY +n[DH{C} + {S} +{T;} = {0}, (31)

where [D], [M], [A] denote the total matrices, {1}, {w}, { C'}are the nodal unknown
column vectors.

3.2 Time integration

We interprets Eqs.(29-31) as a nonlincar system of first-order ordinary differential
equations for unknown {1}, {w} and {C}. Consider the discretisation of the total
equations with respect to time, the semi-implicit scheme to the initial value prob-
lem is applied. The time derivatives of the nodal vorticity and concentration are

approximated by

b dwg WEH_‘*’E
= Nl Py Opd 32
. & AYS Y 52}
: okl L
,lsz—dcﬂ A\ > ) (33)
dt At

where wj and C; denote the nodal vorticity and concentration, respectively. For
a time level ¢, is defined by t,4 = ¢, + At with the time increment At for
each n = 0,1,2,... Substituting Eqs.(32-33) into Eqs.(29-31) at time level #,.1, it
follows that

[DI{y™} = [MH{w"} +{L.}, (34)
1 n+1 n+1 o 1 n n+1 n
A (MHW™ )+ VD™ = M)~ (AW
_{F;+l}a (35)
1 n+1 n+1 1 n 2n+1 n
Az MHC™} +alDHC™} = [MH{C"} - [A@w™){Cm)
+{S™1} — {T3+1. (36)

foralln=1,23,...

115248
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4 Numerical Experiment

4.1 Topography of a domain

The dispersion of smoke from 2 chimneys into the atmosphere as shown in Fig.1
will be considered. Let C '(kg/ m?) be the concentration of the substances in smoke.
There are two chimney pots are located 7 m high above the ground. The wind
at mean velocity U = 2 m/sec is assumed to flow horizontally from left to right.
Downstream from the chimneys is located a structural obstacle with cross section
of 6 m high and 4 m wide. In our assumption, we assume that the flow does not
depend on the concentration.

Physical constants for the wind are; kinematic viscosity of the air v = 1.45 x
107° m?/sec, diffusion coefficient of the substance is 7 = 4.58x 1075 m?/sec, gravity
acceleration g = 9.81 m/sec?. Since the structural obstacle building height L = 6
m, the Reynolds and Peclet numbers for the problem are Re = U L/v ~ 827,586
and Pe =v/n~0.9178

4.2 The initial and boundary conditions

The initial and boundary conditions are indicated in Fig.1. The initial condition,

the atmosphere is assumed to be motionless. The boundary conditions for t > 0

are
C = 0at0<2<70,y =34, (37)
C = 0atz=0,0<y<34, - (38)
g—: = 0at0<2z<70,y=0, (39)
g—g = 0atz=70,0<y <34 (40)

4.3 Finite element solutions

Assume the condition that the concentration contours perpendicularly intersect
the efflux boundary CD on the right-hand side. The time increment At = 0.1 sec.
is used. The triangular finite element mesh with 190 elements and 120 nodes is
presented in Fig. 2 .

Consider the problem in 2 cases: 1 source and 2 sources. In 2 sources
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Figure 2: The triangular finite element mesh with 190 elements and 120 nodes

Table 1: The maximum of smoke concentration in each time levels
Element number S1 Sy Time Maximum of smoke

of point sources  (kg/m?sec)  (kg/m?sec) (sec) ~ concentration (mg/mZ2sec)

E7, E10 0.001 0.001 4 1.3789
E7 0.002 0 4 1.4358
E7, E10 0.001 0.001 40 2.9256
E7 0.002 i} 40 3.2673
E7, E10 0.001 0.001 400 3.9370
E7 0.002 0 400 3.7763
E7, E10 0.001 0.001 800 3.9181
E7 0.002 0 800 3.6947

problem, the intensities of smoke discharging are S; = 0.001 kg/m?sec and S =
0.001 kg/m?sec at element numbers 7th and 10th, respectively. The case of 1
source, the intensity of smoke has been increased to be 2 folds of the first case,
S; = 0.002 kg/m?2sec only at element numbers 7th.

The approximation of smoke concentration at 4, 200 and 800 sec of both
cases are summarized in Fig.3 - Fig.5. The maximum of smoke concentration at

each time levels are given in Table 1.

5 Discussion and Conclusions

In this research, two cases of smoke dispersion with a structural obstacle structure
from 1 and 2 chimneys discharge into the atmosphere are presented. The smoke
concentration measurement is simulated using the isothermal mass transfer in a

viscous fluid. The diffusion of smoke dispersion is coupled to the equations of vis-
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cous fluid flow.

A model of type presented here, it is possible to determined velocity and
vorticity of the air, and smoke concentration at every point of industrial area with
simple structural obstacle. For the discretisation of the domain, triangular linear
elements have been used. Time integration has been carried out by means of semi-
implicit method.

The numerical example is supposed that concentration of smoke of 1 source
Is greater than 2 point sources. From the calculation results, it is obtained that
the overall concentration by the case of 2 points discharging is lower than 1 point
discharging in a short time. However, if we consider the maximum smoke con-
centration in a larger time, we found that the case of 1 source will give lower
concentration than case of 2 sources. This mean that the case of 1 point source of
concentration could be a better choice in this consideration problem:.

For the real-world application, more complicate structural obstacle struc-
tures and several point sources should be consider. It is possible to take another

indexes of air quality or concentration of toxic as the smoke concentration in this
model.
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Abstract

The smoke discharging is a principle reason of air pollution problem from in-
dustrial plants. The flow obstruction of building is also an important factor of air
quality simulation. In this research, we simulate a mathematical model of the smoke
dispersion over the building from two sources. The governing equation of the model
is atmospheric diffusion equation. The fractional step method is used to find the
approximate solution of the equation. The simulation with numerical results is also
demonstrated.

Keywords: air pollution, smoke dispersion, atmospheric diffusion equation, fractional step
method.

1 Introduction

The air pollution problem in Thailand is still important for quality of life. This research
is to study the air pollution problem by using the mathematical model; the atmospheric
diffusion equation.

In [2], they used the finite difference method in the air pollution model of two dimen-
sional spaces with single point source. In [3], the air pollution problem in three dimensional
spaces with multiple sources presented. The initial conditions in the domains were assumed
to be zero everywhere without obstacles.

In this research, we investigate the behavior of air pollutant release into the atmo-
sphere with obstacle domain in two dimensional spaces. We assume that there are a large
buildings inside the consideration area and the source of discharging pollutant are two
point sources. The atmospheric diffusion equation is used to predict the behavior of the
dispersion of air pollutant in the domain. The fractional step, Carlson and Crank-Nicolson
methods are used to approximate the concentration of smoke dispersion.

2 The Governing Equation

We introduced the well-known atmospheric diffusion equation

%+v Vc—V-(l?:Vc)+s (1)

For convenience, an equation (1) can be written into the form

2 2
dc Oc dc d%c 8c+2(280)+5 )

8t+’Uza +’Uya :kza—xi—*—ky%z— a—z



where ¢ is the air pollutant concentration at point (z,%,z) at time ¢ (the unit of ¢ is
kg/m?®), k. k, are diffusion coefficients in z-direction and y-direction respectively, Vg, Uy
are the flow velocity in z-direction and y-direction respectively and s is the rate of change
of substance concentration due to sources.

Suppose that the horizontal advection dominates the horizontal diffusion by the wind
and the vertical diffusion dominates the vertical advection by the wind. The horizontal
advection in y—direction is negligible. We have a cross section along the y—axis at the
plane of obstacle. With is assumptions the equation (2) can be written as

dc dc 0 e
a_t‘}‘u%:&(kz'&)'f—s, (3)

where v, = u. Equation (3) can be normalized to the non-dimensional form and changes
all variables to the capital letters as follow

oC oc 0 oC

By the assumption as [2] and [3], the initial condition is taken to be zero concentration of
air pollutant everywhere in the domain. We can see that

C(X,2,0)=0 forall X >0, 0<Z < H, (5)

when H is the height of the inversion layer. The boundary conditions in the X —direction
are assume to be zero.

C(Xw,Z,T)=C(Xp,2,T) =0 forall Z, foralT >0, (6)

when Xw and Xg are the abscissas of the western and eastern. The flux of pollutant is
assumed to be zero at the inversion layer H and at the ground which is cross section along

the obstacle Y —plane.

aC oC
ﬁ(XaHaT)zﬁ(Xﬁrat)ZOa (7)

where I is a line on the ground which is cross section along the obstacle ¥ —plane:

3 Numerical Techniques

The Fractional step method [6] is used to separate equation (4) into 3 stages as the following

ac! = )
5 =5= ; Q,8(X - X.)(Z - Z) ®)
C'(X,2,T,)=C(X,Z,Ty) (9)
aOII acl!
T =~ Uax (10)
C"(X,2,T,) = C'(X, Z,T, + AT) (11)
BC/II 6 80"/
= - 12
T 0z (KZ 07 ) (12)
C"(X,2,Ty) = C"(X, Z,Tn + AT) (13)

In succession, the auxiliary terms in each stage are denoted by prime-(*) that is C’, C" and
C' respectively. Equations (8) and (9) are the emission stage, the concentration at the
source is assumed to be a §—function. Solving the emission part by using the basic finite
difference method. The advection stage in X —direction was presented in equation (10)
and (11). The Carlson finite difference method [5] is used to find the numerical solution
in this stage. Equations (12) and (13) are the diffusion stage in Z—direction. We use the
Crank-Nicolson [1] approximation which is unconditionally stable and consistence to find
the numerical solution.



Table 1: The numerical solution along the X —axis at different time step AT and AT =
0.25. The wind velocity is U = 1.

T/X X=0 X =20 X =40 X =60 X =80 X =100
8AT 0.114572577  0.163675113  6.27483E-10  6.27483E-10 0 1]
16AT 0.122116864 0.17445424 6.83287E-07  6.83287E-07 0 0
32AT 0.12275511 0.175920991  0.000416183  0.000416183  1.63233E-10 0

64AT 0.12275997 0.197436007  0.021093864  0.021093864  2.23685-05  1.18347L-10
128AT 0.12275997 0.21275123 0.051584559  0.051584559  0.015943851  0.000283978
256AT 0.12275997 0.212762767  0.060053871  0.060053871  0.046648859  0.032173093
512AT 0.12275997 0.212762767  0.060053885  0.060053885  0.047524938  0.041955905

Table 2: The numerical solution along the X —axis at different time step AT and AT =
0.25. The wind velocity is U(Z) = Z(0-2),

T/X X =0 X =20 X =40 X =60 X =80 X =100
8AT 0.042462698  0.060660997 0 0 0 0
16AT 0.042557854  0.060796935 ] 0 0 0
32AT 0.0425581 0.064172487  0.002671623  0.002671623 0 0
64AT 0.0425581 0.090988389 0.02746385 0.02746385 0.000628333 1E-15

128AT 0.0425581 0.091007278 0.04393871 0.04393871 0.030707281  0.013133237
256AT 0.0425581 0.091007278  0.043938764  0.043938764 0.03337808 0.030258134
512AT 0.0425581 0.091007278  0.043938764  0.043938764 0.03337808 0.030258264

4 Numerical Experiment

The atmospheric diffusion equation of (4) with appropriate parameter values for the trop-
ical area were taken from Pasquill stability reference class A [4]. The parameters are
given by k, = 45 m?2/sec and the velocity @ = 3 m/sec. The sources are assumed
at z = hy = 15 m. above the ground. In this research, we assumed there are two point
sources with different emission rate are ¢; = 70 gram/sec and go = 100 gram /sec. Suppose
there are two buildings with different heights away from the second source at 300 m.(at
X=40 to 52) and 600 m. at (X=60 to 72) respectively. The wind velocity are assume to
be a constant form U =1 and variable form U(Z) = Z©2). The numerical results for the

smoke concentrations are shown in the Tables (1-2) and Figures (1-2).

5 Conclusion

The concentrations of smoke released from two point sources in the domain with two
obstacles of flow are calculated. The computed approximate results are obtained using
fractional step method and MatLab code, with respected to the transformed atmospheric
diffusion equation.

Acknowledgment The first author would iike to thanks the Faculty of Science, Ubon
Ratchathani University for providing the financial support for this research.
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Abstract

The smoke discharging is a principle reason of air pollution problem
from industrial plants. The flow obstruction of building is also an im-
portant factor of air quality simulation. In this research, we simulate a
mathematical model of the smoke dispersion over the building from two
sources. The governing equation of the model is atmospheric diffusion
equation. The fractional step method is used to find the approximate
solution of the equation. The simulation with numerical results is also
demonstrated.

\ 1. Introduction

The air pollution problem in Thailand is still important for quality of life. This
research is to study the air pollution problem by using the mathematical model;
the atmospheric diffusion equation.

Key words: air pollution, smoke dispersion, atmospheric diffusion equation, fractional step
method.
2000 AMS Mathematics Subject Classification: 65M06, 62P12



2 A Numerical Treatment of the Mathematical Model for Smoke Dispersion from Two Sources

In [2], they used the finite difference method in the air pollution model
of two dimensional spaces with single point source. In [3], the air pollution
problem in three dimensional spaces with multiple sources presented. The
initial conditions in the domains were assumed to be zero everywhere without
obstacles. .

In this research, we investigate the behavior of air pollutant release into
the atmosphere with obstacle domain in two dimensional spaces. We assume
that there are a large buildings inside the consideration area and the source of
discharging pollutant are two point sources. The atmospheric diffusion equa-
tion is used to predict the behavior of the dispersion of air pollutant in the
domain. The fractional step, Carlson and Crank-Nicolson methods are used to
approximate the concentration of smoke dispersion.

1 The Governing Equation

We introduced the well-known atmospheric diffusion equation

%+?-VC=V-(EVC)+S (1)

For convenience, an equation (1) can be written into the form

0z &)

dc dc Oc &c ?c b > de .
ot oz 1

—+Ux—+’vya—y=kza—$2+kya—y2+$

where ¢ is the air pollutant concentration at point (z,y,z) at time ¢ (the unit
of ¢ is kg/m®), ks, k, are diffusion coefficients in z-direction and y-direction
respectively, vz, v, are the flow velocity in z-direction and y-direction respec-
tively and s is the rate of change of substance concentration due to sources.

Suppose that the horizontal advection dominates the horizontal diffusion
by the wind and the vertical diffusion dominates the vertical advection by the
wind. The horizontal advection in y—direction is negligible. We have a cross
section along the y—axis at the plane of obstacle. With is assumptions the
equation (2) can be written as

dc Jc ) de
5 g = 5 (o5 ) o ®)

where v; = u. Equation (3) can be normalized to the non-dimensional form
and changes all variables to the capital letters as follow

ac _ac B aC
—_— _— s — _— . 4
o7 "Vax T 3z (Kzaz) +5 4)
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By the assumption as [2] and (3], the initial condition is taken to be zero
concentration of air pollutant everywhere in the domain. We can see that

C(X,Z,0)=0 foral X >0, 0< Z<H, (5)
when H is the height of the inversion layer. The boundary conditions in the
X —direction are assume to be zero.

C(Xw,Z,T)=C(Xg, 2,T)=0 forall Z, forall T >0, (6)

when Xw and Xg are the abscissas of the western and eastern. The flux of
pollutant is assumed to be zero at the inversion layer H and at the ground
which is cross section-along the obstacle Y —plane.

oc oC

where T' is a line on the ground which is cross section along the obstacle
Y —plane.

2 Numerical Techniques

The Fractional step method [6] is used to separate equation (4) into 3 stages
as the following

ac! =
3T =5= ;QT(S(X - X:)8(Z - Z) (8)
C'(X, 2. Ty) = C(X, Z,T;) (9)
aOII 80”
L (10)
C"(X, Z,Ty) = C'(X, Z, Ty +AT) (11)
aCIII a BCIH
s — (Ko 12
T ~ 87 (KZ By ) (12)
C"(X,Z,T,) =C"(X, Z,T, + AT) (13)

In succession, the auxiliary terms in each stage are denoted by prime (') that is
C’, C" and C" respectively. Equations (8) and (9) are the emission stage, the
concentration at the source is assumed to be a §—function. Solving the emis-
sion part by using the basic finite difference method. The advection stage in
X —direction was presented in equation (10) and (11). The Carlson finite differ-
ence method [5] is used to find the numerical solution in this stage. Equations
(12) and (13) are the diffusion stage in Z—direction. We use the Crank-Nicolson
[1] approximation which is unconditionally stable and consistence to find the
numerical solution.



4 A Numerical Treatment of the Mathematical Model for Smoke Dispersion from Two Sources

Table 1: The numerical solution along the X —axis at different time step AT
and AT = 0.25. The wind velocity is U = 1.

T/X X=0 X =20 X =40 X =860 X =80 X =100
8AT 0.114572577  0.163675113  6.27483E-10  6.27483E-10 0 0
16AT 0.122116864 0.17445424 6.83287E-07  6.83287E-07 0 0
32AT 0.12275511 0.175929991  0.000416183  0.000416183  1.63233E-10 0

64AT 0.12275997 0.197436007  0.021093864  0.021093864  2.23685E-05  1.18347E-10
128AT 0.12275997 0.21275123 0.051584559  0.051584559  0.015943851  0.000283978
256AT 0.12275997 0.212762767  0.060053871  0.060053871  0.046648859  0.032173093
512AT 0.12275997 0.212762767  0.060053885  0.060053885  0.047524938  0.041955905

Table 2: The numerical solution along the X —axis at different time step AT
and AT = 0.25. The wind velocity is U(Z) = 2(0-2).

T/X X=0 X =20 X =40 X =60 X =80 X =100
8AT 0.042462698  0.060660997 0 0 0 0
16AT 0.042557854  0.060796935 0 0 0 0
32AT 0.0425581 0.064172487  0.002671623  0.002671623 0 0
64AT 0.0425581 0.090988389 0.02746385 0.02746385 0.000628333 1E-15

128AT 0.0425581 0.091007278 0.04393871 0.04393871 0.030707281  0.013133237
256 AT 0.0425581 0.091007278  0.043938764  0.043938764 0.03337808 0.030258134
512AT 0.0425581 0.091007278  0.043938764  0.043938764 0.03337808 0.030258264

3 Numerical Experiment

The atmospheric diffusion equation of (4) with appropriate parameter values
for the tropical area were taken from Pasquill stability reference class A [4].
The parameters are given by k, = 45 m?/sec and the velocity # =3 m/sec.
The sources are assumed at z = hy; = 15 m. above the ground. In this re-
search, we assumed there are two point sources with different emission rate are
g1 = 70 gram/sec and go = 100 gram/sec. Suppose there are two buildings
with different heights away from the second source at 300 m.{at X=40 to 52)
and 600 m. at (X=60 to 72) respectively. The wind velocity are assume to be
a constant form U = 1 and variable form U(Z) = Z(®?. The numerical results
for the smoke concentrations are shown in the Tables (1-2) and Figures (1-2).

4 Conclusion

The concentrations of smoke released from two point sources in the domain
with two obstacles of flow are calculated. The computed approximate results
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are obtained using fractional step method and MatLab code, with respected to
the transformed atmospheric diffusion equation.
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6 A Numerical Treatment of the Mathematical Model for Smoke Dispersion from Two Sources
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Figure 1: The contour graph along X Z plane at 512AT and AT = 0.25. The
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Abstract

Smoke discharging is a main reason of air pollution problem from industrial
plants. The obstruction of air flow by building to affect with the air pollutant
discharge. In this research, a mathematical model of the smoke dispersion
from two sources and one source with a structural obstacle is considered. The
governing equation of the model is an isothermal mass transfer model in a
viscous fluid. The finite element method is used to approximate the solutions
of the model. The triangular linear elements have been used for discretise
the domain, and time integration has been carried out by semi-implicit fi-
nite difference method. The simulations of smoke dispersion in cases of one
chimney and two chimneys are presented. The maximum calculated smoke
concentration of both cases are compared. It is then used to make the deci-

sion for smoke discharging and air pollutant control problems on industrial
area. -

Key words:  Air pollution/ Smoke dispersion/ Finite element method/
Stream function/ Vorticity equation/ Convection-diffusion equation/
Semi-implicit method .
Mathematics Subject Classification: 65M60, 656M06, 76D05

1. Introduction

The air pollution problem is still important for human health. This re-
search is consider the air pollution problem using the mass transfer model. In
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8], a nonlinear mathematical model is proposed and analyzed to study the
removal of gaseous pollutants and particulate matters from the atmosphere
of a city by precipitation. The three pollution indexes (SO,, NO; and PM10)
and the daily air pollution indexes (APIs) of Shanghai in China are analyzed
by rescaled range analysis (R/S), detrended fluctuation analysis (DFA) and
spectral analysis is presented in [4]. In [1], they study the air flow using a
lubricated system consisting of two bodies in proximity. The Poincare com-
pactification to the dynamical system to get a complete qualitative analysis
of the global flow is applied in [11].

In [10], [12] and [5], they used the finite difference method in the air
pollution model of two dimensional spaces with single point source. In [6],
the air pollution problem in three dimensional spaces. The initial conditions
in the domains were assumed to be zero everywhere without structural ob-
stacles. In [7} and [13], the fractional steps method, Carlson method and
Crank-Nicolson method [2] are used to approximate the concentration of
smoke dispersion. The diffusion of dust particles from a point source above
ground level is considered in [3].

In this research, we investigate the behavior of smoke release into the
atmosphere with a structural obstacle in two-dimensional spaces and one-
dimensional in time using the finite element method and finite difference
method, respectively. The structural obstacle and chimneys are added in the
simulation. The simulation attempts to predict the behavior of the dispersion
of smoke in the problem.

2. The Governing Equation

2.1. The mass transport model
Consider the equations describing the smoke dispersion in terms of the
streamfunction, vorticity and convection-diffusion equations as follow [9],

8% O*
— 7 - _ 1
Ox? * Oy W (1)
ow + OYow Oy Ow - Y, ()

ot Oy 0z Oz Oy

oC opoC opdC 2

X2 T - VRGO 4+ S8 3

3t+8y dr Ox Oy Ve+ S, )
where v is a kinematic viscosity, w is a vorticity, ¥ is a stream function, C is

a concentration, 7 is a diffusion coefficient and S is intensity of mass source.
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Figure 1: The initial and boundary conditions of the problem
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The boundary conditions of the streamfunction equation Eq.(1) are

¥ =15, | (4)
which is specified on the boundary I', and
oY :
2 g
8'”, 89 . (5)

with tangential flow velocity V; specified on the rest of the boundary I',. Here

n denotes the outward unit normal to the boundary. Boundary conditions
on the vorticity Eq.(2) are

W= wg, (6)
which is specified on the boundary I, and

Ow

with the value of the normal derivative specified on the other part of the

boundary T'y. The boundary conditions of the convective-diffusion equation
Eq.(3) are

C = CgonTlg, (8)
oC /
—% = J)B On Fj. (9)

Since boundary is a non-absorbing, we can put jz = 0.

3. The Numerical Technigue

3.1. The finite element discretisation

The Galerkin finite element method to discretising of the streamfunction
equation Eq.(1), the vorticity transport equation Eq.(2), and the convection-
diffusion equation Eq.(3) will be used. Let Wy, W,, and W¢ be weighting



functions. The finite element formulation with the weighted residual forms
of these equations:

2
/Ww(aw w)dm | Wywd2 =0, (10)

ox?  Oy?
OYow O ow
W,—dQ) W, —_—— 2 =
/ d + % (dy % B2 dy )dQ — /W vViwdQ =0, (11)
(9() O OC .-t 60
W, dQ 3G
/ 3 /WC’ ay e ay YdQ) — /Wcr)V C'dQ

4 / WeSd=0. (12)
JQ

Integration by parts of terms concerning the Laplacian, we get

oWy Wy, Oy~ /
/ +7y—)((9 +a—)dQ+/WwwdQ Wy 2T =0, (13)

oY Ow. O Ow /
/ W, dQ+ / W,( 8y ~aVE: 8? )dQ | VYW, VwdQ)

/WC(9 A+ /WC PROGUEGH OF )dQ+/nVWCVCdQ
O dy dCL 8.L 8 Q

b Qs / JEWedl =.0. / (15)
0 v

J

The domain  is divided into triangular elements with local node numbers
1, 2 and 3 with nodal coordinates (z1.y1), (22, 35) and (23, y3), respectively.
The unknown streamfunction, vorticity and concentration are linearly inter-
polated as follows,

3 3
l/) = Z%%- W'cb = Z¢0W¢av (16)
a=1 a=1
3 3
w = Z¢awa, Ww == Z¢QWMQ) (17)
a=1 a=1
3 3
C= Zd)aCa, We = Z%WCQ, (18)
a=1 a=1



where linear interpolation functions, ¢, = 55z (Ga +ba + o) With area of o

triangular element e is A® = 2@=bse2 For o), w,, C, are nodal values of the

corresponding unknown, and Wier Wae, We, are their arbitrary variations.
Substituting Eqs. (16 18) into Eqs.(13-15), it is obtain that

B=1

3 3
> Dighp— Y Mégs —
p=1 p=1
3 3 3
> Migiopt Y Atgug +vY ) Digws —T
B=1 B=1 /=1

I, =0,

3 3 3 -
Y MECo+ Y AL, Cs > DEyCs—Se T8, =0,
B=1 =1

for each a = 1,2,3, where the coefficients are given by

My =

€ =0
Da,B =

€
Ao =

FE

:1ad

I‘le

p s

Ie

Jo

Ac g
/Qﬁ,ﬁbﬁdﬂ N E(l ‘l‘ ba‘@),

TAEARE
/ % 3% 3¢ﬂ Zacf)v 3¢ﬁ 0,

Z(Cwbﬁ — byca)y,

/%Zm

—_ - O

babﬁ + Can),

3

12Ae(S +ZS’Y);

|

ow - Xn e
/e Vo -dl' = v2TY)
X

. 0
= [ punar=22prs [ 1),
I - 1
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with d4p is the Kronecker delta function, I'¢ = T';Nde where O¢ is a boundary

of an element e and |I'¢| is a length of adjacent nodes on a boundary element,
for all i = s, , 4.

Assembling all element equations over domain (2, the total equations be-
comes,

[DI{w} = [Ml{w} - {T} = {0},  (29)
[M{o} +A)Rw} + v[D{w} = {T} = {0}, (30).
[(MHCY + [AWHCY+ n[DHCY + {S} + (T3} = {0},  (31)

where [D], [M],[A] denote the total matrices, {4}, {w},{C} are the nodal
unknown column vectors.

3.2. Time integration

We interprets Egs.(29-31) as a nonlinear system of first-order ordinary
differential equations for unknown {v}, {w} and {C}. Consider the discreti-
sation of the total equations with respect to time, the semi-implicit scheme
to the initial value problem is applied. The time derivatives of the nodal
vorticity and concentration are approximated by

L SEEE e, 32
RN Al (32)
! dCs Cg“ —~C3
Cy ¢ [V P iy 33

7 "o At/ (33)

where wj and C} denote the nodal vorticity and concentration, respectively.
For a time level %, is defined by ¢,4; = %, + At with the time increment
At'for each n = 0,1,2, ... Substituting Eqs.(32-33) into Eqs.(29-31) at time
level t,,11, it follows that

(D™} = [} + T}, (34)

1 n+1 n+1 _ 1 ny _ n+1 W

A MW D™} = M) — (A )
_{F;-H}’ (35)

o MHC™) g™ = L MIC™) - [Awrem)
- {5} = {T5 7} (36)

foralln=1,2,3,...
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4. Numerical Experiment

4.1. Topography of a domain

The dispersion of smoke from 2 chimneys into the atmosphere as shown
in Fig.1 will be considered. Let C (kg/m?) be the concentration of the
substances in smoke. There are two chimney pots are located 7 m high
above the ground. The wind at mean velocity U = 2 m/sec is assumed to
flow horizontally from left to right. Downstream from the chimneys is located
a structural obstacle with cross section of 6 m high and 4 m wide. In our
assumption, we assume that the flow does not depend on the concentration.

Physical constants for the wind are; kinematic viscosity of the air v =
1.45 x 107° m?/sec, diffusion coefficient of the substance is n = 4.58 x 10~5
m?/sec, gravity acceleration ¢ = 9.81 m/sec?. Since the structural obstacle
building height L = 6 m, the Reynolds and Peclet numbers for the problem
are Re = UL/v ~ 827,586 and Pe = v/n =~ 0.9178

4.2. The initial and boundary conditions

The initial and boundary conditions are indicated in Fig.1. The initial
condition, the atmosphere is assumed to be motionless. The boundary con-
ditions for ¢ > 0 are

C = 0at0<z<70,y=34, (37)
C = 0atz=0,0<y<34, (38)
oK = 0at0< <70,y =0, (39)
on
8—0 = 0atz="70,0<y <34 (40)
on -

4.8. Finite element solutions

Assume the condition that the concentration contours perpendicularly
intersect the efflux boundary CD on the right-hand side. The time increment
At = 0.1 sec. is used. The triangular finite element mesh with 190 elements
and 120 nodes is presented in Fig. 2 .

Consider the problem in 2 cases: 1 source and 2 sources. In 2 sources
problem, the intensities of smoke discharging are 5; = 0.001 kg/m?2sec and
S, = 0.001 kg/m?sec at element numbers 7th and 10th, respectively. The
case of 1 source, the intensity of smoke has been increased to be 2 folds of
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Figure 2: The triangular finite element mesh with 190 elements and 120 nodes

Table 1: The maximum of smoke concentration in each time levels

Element number S Sy Time Maximum of smoke
of point sources  (kg/m?sec) (kg/m®sec) (sec)  concentration (mg/m2sec)
E7, E10 0.001 0.001 4 1.3789
B7 0.002 0 4 1.4358
E7, E10 0.001 0.001 40 2.9256
E7 0.002 0 40 3.2673
E7, E10 0.001 0.001 400 3.9370
E7 0.002 0 400 3.7763
E7, E10 0.001 0.001 800 3.9181
E7 0.002 0 800 3.6947

the first case, S; = 0.002 kg/m?sec only at element numbers 7th.

The approximation of smoke concentration at 4, 200 and 800 sec of both
cases are summarized in Fig.3 - Fig.5. The maximum of smoke concentration
at each time levels are given in Table 1.

5. Discussion and Conclusions

In this research, two cases of smoke dispersion with a structural ob-
stacle structure from 1 and 2 chimneys discharge into the atmosphere are
presented. The smoke concentration measurement is simulated using the
isothermal mass transfer in a viscous fluid. The diffusion of smoke dispersion
is coupled to the equations of viscous fluid flow.

A model of type presented here, it is possible to determined velocity and
vorticity of the air, and smoke concentration at every point of industrial area
with simple structural obstacle. For the discretisation of the domain, trian-
gular linear elements have been used. Time integration has been carried out
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by means of semi-implicit method.

The numerical example is supposed that concentration of smoke of 1
source is greater than 2 point sources. From the calculation results, it is
obtained that the overall concentration by the case of 2 points discharging is
lower than 1 point discharging in a short time. However, if we consider the
maximum smoke concentration in a larger time, we found that the case of 1
source will give lower concentration than case of 2 sources. This mean that
the case of 1 point source of concentration could be a better choice in this
consideration problem.

For the real-world application, more complicate structural obstacle struc-
tures and several point sources should be consider. It is possible to take

another indexes of air quality or concentration of toxic as the smoke concen-
tration in this model.

Acknowledgements

The author would like to deeply appreciate the Centre of Excellence in
Mathematics (CEM), a national centre under the Postgraduate Education
and Research Development Office (PERDO), Commission on Higher Educa-
tion of the Ministry of Education, Thailand, for the research grant in this
research.

References

[1] Ciuperca, 1., Hafidi, I. and Jai, M., Analysis of a parabolic compressible
first-order slip Reynolds equation with discontinuous coefficients, Non-
linear Analysis: Theory, Methods & Applications, 69(4) (2008), 1219-
1234.

[2] Crank, J., Nicolson, P., A practical method for numerical solution of

partial differential equations of heat conduction type, Proc. Cambridge
Philos. Soc., 43:50-67, 1947.

[3] Hassan, M.H.A., Eltayeb, I.A., Diffusion of dust particles from a point
source above ground level and a line source at ground level, Geophys. J.
Int., 142 (2000), 426-438.

[4] Kai, S., Chun-giong, L., Nan-shan, A. and Xiao-hong, Z., Using three
methods to investigate time-scaling properties in air pollution indezes

13



134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

[5]

8]

[9]
[10]

[11]

[12]

[13]

time series, Nonlinear Analysis: Real World Applications, 9(2) (2008),
693-707.

Konglok, S.A., Tangmanee, S., Numerical Solution of Advection-
Diffusion of an Air Pollutant by the Fractional Step Method, Proceeding

in the 3rd national symposium on graduate research, Nakonratchasrima,
Thailand, July, 18th - 19th, 2002.

Konglok, S.A., A K-model for simulating the dispersion of sulfur dioxide

in a tropical area, Journal of Interdisciplinary Mathematics, 10:789-799,
2007.

Konglok, S.A., Pochai, N, Tangmanee, S., A Numerical Treatment of
the Mathematical Model for Smoke Dispersion from Two Sources, Pro-
ceeding in International Conference in Mathematics and Applications
(ICMA-MU 2009), Bangkok, Thailand, December 17th - 19th, 2009.

Naresh, R., Sundar, S. and Shukla, J.B., Modeling the removal of gaseous
pollutants and particulate matters from the atmosphere of a city, Non-
linear Analysis: Real World Applications, 8(1) (2007), 337-344.

Ninomiya, H. and Onishi, K., Flow analysis using a PC, CRC Press,
1991.

Pasquill, ¥., Atmospheric Diffusion, 2nd edn., Horwood, Chicsester,
1974.

Prez-Chavela, E. , Uribe, F.J. and Velasco, R.M., The global flow in the
Chapman mechanism , Nonlinear Analysis: Theory, Methods & Appli-
cations, 71(1-2) (2009), 88-95.

Richtmyer, R.D., Morton, K.W., Difference methods for initial-value
problems, Interscience, New York, 1967.

Yanenko, N.N., The Method of fractional Steps, Springer-Verlag, 1971.

14





