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Abstract

In this report, swinging up and stabilizing controllers for a rotational inverted
pendulum system are presented. The energy concept is employed for designing the
swinging up controller while the servo state feedback controller with minimum-order
observer designed by CRA is employed as the stabilizing controller. An integrator is
augmented to the system in order to eliminate the steady-state error in the responses
and the minimum-order observer is employed to estimate two immeasurable state
variables.

The experimental results in controlling the rotational inverted pendulum system
show that the proposed controllers can swing the inverted pendulum up to the upright
position within two seconds and stabilize it there as desired. Furthermore, the
controllers can still control fhe rotational inverted pendulum system efficiently when
the length of the inverted pendulum is changed or the disturbance is entered to the

system.
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ﬂu‘ﬂmimﬂis’JJJﬂ‘lJ’e]ﬂi‘l‘llUWLﬂaﬂmlﬂm E]EJN‘liﬂmll ﬁzﬂﬂuﬂgvluﬁ'ul'ﬁﬂﬂ?ﬂﬂuhlﬂ MG

Y 1w T = d a Y g, 2
Juyauwugaumny i; L'imﬂuuaxmmui'Jm&gmmmu@amﬂuguﬂ (6=0)

) . ] 14 14
Tumsmuwdsnieldannsamdsuwugduiug o uSnagaaugauniu M
anusarudy # arsvzdluuiniien1ves cosd Wuay uazluniendusy snnus s
] ] . o aa @ s o aa a
@y msszdluaudieawesdcosd Wuwin FEnsmgundsnuiiiiitvesdeyued

(Lyapunov) i ldHnisandemuenilsidunansdsaunisii (4.4)

Ry
yE-E) .
2
uazﬂgﬂﬁmuquuﬂmﬁmumsﬁ (4.5)
u=W(E- E,)fcos6 (4.5)
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Wouduaudnhaunisi .5) unuasluaunsd @.4) 12l

% = —mul(E — Ey)0 cos = -ml¥Y ((E - E,)(6 cos 6))?

] . d qy t o A
WU V' <0 (negative semi-definite) uazdoyuerilenduiiozanainsumini 60 uaz
o oA do ' /4 a Yy v o
cosf =0 mseyuwugduee luegilsfidumia = wRsuld Aniu ngmsadugua

1 b 4 [ 1
qun1si (4.5) feelsdundsanlufimdsnuidesns E, dweandesty a usha

AumdeaTugauu

& a 4 a 1Y a wva A o = dy o
Lui’)q%'lﬂiﬁo"lJ‘]JﬂHL'J'E]iﬂlwu@‘ﬁuoluﬂﬂQﬂgUﬁﬂ'liﬂu'lﬂJ'lﬁﬂB']u l'ﬂuﬁz‘ﬂ‘u

a 4 Y [y c’: a4 o @ =
aunasmwu@ammugmﬁyu AIUU WAHINYMIAIUAUUAAINTUNITA (4.5) ‘lﬂqun

I 4
oS &

matIssiuveunugdn  whldgiuveunugdunyunaesevaunhiannsofivsmiog
t 4

Y] 4*’ & o Ya o 4?’ ¥ o dv a a P-1
mugauIy Feezihlvifasuassiu lddningnisaiuguil liniuguese ulnseensded

-4

] ] k4
%’a"lﬂ”ﬁmumfi'au'hmmmmmﬁfqﬂﬁquﬂlwwu@,tﬁJuazﬁummywmgmmu@aumﬁ

u 20 and B<pB,..)
0 w20 and 2p,,)
u u<0and f2p..)

0 (uSO and ﬂgﬂmin)

] [] 1 4
Lﬁ’a°lﬁ'szuuauna{mwu@‘ﬁmmmmmummsﬂm‘%ﬂamu@aumnﬁummgﬂanﬂamﬁu

gawmisgadugauuldlag lifisuas

Y a 3 [
4.2 ﬂ1‘§i‘]i’)ﬂ!!UUﬂ?ﬂ?ﬂﬂﬂJ!ﬁaﬂiﬂ"IW‘UﬂQi%UUE)N!'JE]TVI!WHﬁJi‘l?»l

¥
Tasaafuveamsnugudunesnwugiuliaunsodasiog o yadugauuves
ITVUMUUBUNE I NI YU RAaRag LT 4.4
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augaunldiy szlidnugures Taflounfuamusiufuoouiesinesiuusududgn
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Ferhdnsvenowes rfleundudnus uazdasuneesuiwesinesiuusududigazgneen

HUURIITCRA dafindnuuda lusiaded 3.1
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TR,
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System o

@

d' 9/ a J @ sl:;’ 1
UM 4.4 Tnsaaievesmaniuguaunesmmugdulidns ey o yaaugauu

o & o = a 4 o Y  ad '
MIBBNUUUAINILAUNB I NYUADUININYDIBUND MINUGFUALTT CRA 92119

[ ) A 1 ad o '3 LY =)
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hirunsadaildlavase @asmsndounasmmusveapimugiuneyugmimugdu)
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FINTVBNULUNITDIT NN UTINTDeB UL 1A Inedaszeiniu devznanIuiadesaly

4.2.1 mseenuuuiInIuguwes latleunduaaue
mssnpuadesnmvesduneinwugduliiiadosnn o vSnugaaugay

3 o o k4 ya a a - ) A o w
Mmonugures ileundumameiy lAfinduiinsmesid U luszuuniuguiiedehia

o/

AranmaluanzadIidumiuveIg WLy

4

ad a & g a o s a o o
1uﬂiﬂlu weasny C mtﬂummncmmmﬁgmlmsszaut'msmwu@amm'ugmﬂJ,;u

[
=

14
uaums (2.9) v sznffougihiuweind H=[0 1 0 0] Taefilnssadreszuuniun

o3 Taflounduanuzuansfezali 4.5

“(t
r@) ., _6()

A

0, 1)

| k.—O—{B | —»@—y@

31 45 Tassaduszuuniuguies Txilounduaniue
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vinTnssadeszuumvgures Taflounduaniusdegli 4.4 smuald
EB)=r()-3() (4.6)

Taoh (1) fie Sumisynvegnuwugdy r(r) fe Aumiad g weyngumwugdu uaz

L4
E(r) fio MHANDIAVDIA UM HUIYUVRIFIINUQAY AU sz nsalouaunsanIuzLas

3,
v

AT M YAVBITTULUAUNTY (augmented system) 1AR

X,(D=Ax ()+Bu(t)+Fr()

(4.7)
y(1) =Hx, (1)

TaeH

Xs(f5=[x(t)} A, =[ A 0}, B, =[B], F, =l:0] waz H, =[H 0]
&) -H 0 0 1

MNANNS2.9) Migueunaing A oz B vesszuuansanuguld (controllable) taz

| A B
rank =n+l1
[—H 0:' .

udr ewamnsoeenuuudinuguldniugusstuudunsy @7) Sedesnmuasiiassous

9/ F 2
AUADINT 1A

fmualddyanuniuguustszuLuAsasy tanfaums (4.8)
u(t)=-K x.(f) (4.8)

WeK, =[K: -k] Taeh K=[k k - k] dhuunindsasmwoeileunduraiuy
. o Y a a o . . (Y
(state feedback gain matrix) YU1A 1x4 uag k, Wumoasweedunnsa (integral gain) ¥ia

NAUNUTUN (4.8) adluaunisi 4.7) uda v ldaumsaauzvesszuutlounduvesszuy

1 4
[ ]

HALASUAT

%, =(A,-BK,)x,() +Er() 4.9)
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|
& . a o 1 o a Jd
TAUVIZU (eigenvalue) vouuaing A, —B K, seiidutuay uazszgnsmuadismmsnd
sasweoilounduaniue K uasmrdaswowduiinga k fieenuuudasds cra Tao uas
ssuuusvasy (4.7) Teglugduuiniygfannsoniuguld (controllable canonical form)

9
v

1a0ld x ()= Tz() Fou vzutasszuusaasy 4.7) Igaadl
2(t)=T'ATz()+ T 'Bu(t) + T'F.r(t) (4.10)

lagh T=MW ile M fie waSndnnuannsalumsniuguld (controllability matrix) uag

e
... A’B,]

waz W ilenyn

5 &, 1
5 & - 10
W= : P
S, 1 < 00
(1 0 0 0]

lagi 6,,6,,...,6, Aoduilsza@nveswipnuguanyme
F;,(s)=|sI—As|=s"“+5ns"+...+5ls+50 (4.11)

vosszuuilavesaums 4.7)  ussileunudunlaswinmesanuy x ()= Tz() aelu

dgnunIugy (4.8) uds w2 lddaguniuguiiegludlsaniug z() &l
u(®)=-K_ Tz(t) (4.12)

4 ~ n v & 4 o
tile KST=|:k0 k - kn] Asy Weumudyanuaiugu (4.12) asluszan @.10) w2'ld

i(r)=(T"A,T-T'B,K T)z()+ T"F,r(r)
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- N
0 1 0 0
0 0 0

= : : : : z()+ T'F.r(¢)
0 0 0 ' 1

k) o) (k) (o)

é IS) L ) ' a
FISUNHUWAUANYUL 1 AVBITTVVUAUATUAD

P(s)=|sI-T"A,T+T"'BK,T|=0

A

=s™ + (5,,+k,,)s” +(§n_,+12,,_1)s"" +...+(5,+/€l)s+ (§0+l€0) (4.13)

4 py @ @ = Y o 1 P s
l?J'E']"lﬂﬁllﬂ']i'WHu'lilﬂmﬁﬂﬂiu%?\lﬂﬂﬂﬂﬁuﬂ'lﬁ’l (4.13) (aINAINITONIATNIT LIRSS

b4 1 4
¥oed AU K, #1671 CrA 1dTasiiduneudsde'lydl

- 1) denmidasdugudnyue o, TWldwnnnd 2 uaslfmnedanantedalll « s 1

n’: o . = Q( [
vy mduilssing a; vnaums 3.5 ewldaumsnypugudnsazadavesszuy

1 a d' Yo Y d' ]
uauaTuh ldsumsesnuuuudieglugy

a, 9

a a -
P(s)=s™4 ngmy Znlgmly 4

an+l a

s + (4.14).
7

n+l

a

n+l n+l

d. Qs o QJ Qs ] o
Taoil a,,a,...,a,, AeduilszA@nfvesmpugudnuazndavesssuunauasy

o w oo e i v . o o o
2) Mevdulseanvesaumsh @.13) fududszAnsvesaunisfi (4.14) 0214

~ ao
Oy +ky =
an+l
~ qa
O +hy =—
an+l
A a
o, +k,=—=
a

TA

nasnudaunmsudies 1@ KsT=|:k0 koo k :I 30
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K=o ]| S, o Sty 0 sl s

a

n+l

2 o a o Y ar o @ J
WQlﬂuﬂJﬂiﬂ‘l‘f{ﬂﬂi']‘llU'IUﬂ'ﬂuﬂﬁUfTﬂTuz‘U@Qﬂ'Jﬂ'J‘Uﬂlll‘lfﬂiI'Jﬂﬂuﬂﬁ'ﬂﬁﬂ']u&’ﬂ]ﬂﬂﬁ:ﬂﬂlmq

w3y mhisnyuedesnmve anugdy o yraugauy

4.2.2 MIBBANUVRDUITRS 1B SUAUMEA
Y o Ay ot @ 1 g
lumsdszinamdulsaanzdesdai liausadas 18 laonse @Sy
Y o Jd o @ o {
wiugdy uazanuTweaugug gy sxlfeeumesnesunusududigaiilassad

o . YY) °| w { ] t
‘U?’)Qa?JUL“If@illﬂﬂauﬂ‘llﬂ']q@ulﬁﬂﬂﬂﬂzﬂﬁ 4.6 L‘i’l,'lﬁJ’]‘]f'JfJaluﬂ']iﬂﬁziﬂmﬂ'l

u(t) [ Rotational taverted Pendutum | Y(8) =X, (1)
System
—— " By -K.B
%J‘ l I: - : Aba_KeAa
i(tl_ : : oo — KAy
T_’ o b —KJ-
£)

311 4.6 Tnsaadrevesesumes e Sunudududga

d' a o Y] ¢=. o @ d'w
HemnszuuRUneTIWUgaNIUUT WYY U Tuauns (2.9) sxliduilsaomsia
[ E 4
18Taonse x,(H) uazdunlsaamusfivzdossanam x,(0) duin Sesasdaumsaoius
a b Q

J 1 0w o H
uazauMseMYevessuy Ina ldmusdudsi

...... =] cesecenncann cevene |4 oen u(l‘) '. (416)

y@)=[1:0]| ------ ' 4.17)

=)

Tae
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0 o 2R
A |

’ bb_ b ]
0 0 -2
J

'
v g ¥ @ o

! = 3 a 1 Jd d o
ﬂ]‘iN‘ﬁ 4.1 L‘VIEJ‘lJﬂ']‘Wﬁ']JJm’E'Jﬁ'{iz‘ﬂ’.]foilﬂ’]iﬁﬂ’lu%ﬂ'ﬁm!ﬁ]}’é}‘iﬂﬂ56uﬂ‘ﬂmmla$6uﬂ‘1}ﬁ1’q¢]

ooUwoIIeISuRudy poUwRs DS BUUAIgN
(1) X, (7)
A Apb
Bu(r) A, x, (O)+Bu(r)
y(@®) X, (1) - AX, (1) -Bu()
C Agp
K, (4x2matrix) K, (2x2matrix)

. - o Iy [4 d - d @ -u 4 & o
NNAUNTN (4.16) ‘Tlf'u’ulﬂﬂ'llﬂ']il@'WW!Wllﬂ\19ﬂlll"’]m5naillﬂﬂﬂuﬂﬂﬂ']q@°]ﬂlﬂuﬂu

msamuzadunansaiadoonu i lanse Auaasdoaunsi (4.18)

X, (1) = A x, () —Bu(t) = A,x, ()

v o o & o [ i v @ ot
wazve Idaumsanuzveseeuwesouususumgadauaumsdiui hisunsosad

1aTnense Aauaaadaoaunish (4.19)

X, (1) = Ay X, () + A, X, (1) + Bu(t)

AWAAY  nanuduiutvesmsifiinesvesaumsanuzesuses oS uvuSuF ATy

auMsanIUTeeLITRs NesHLLSUAUMgARwaasTumINh 4.1 widaumseeuwesiies

1 4
o U @

HAVA ANl

ib (t) = (Abb - KeAab )ib (t) + Abaxa (t) + Bbu(t) + Ke (ia (t) - Aaaxa (t) - Bau(t)) (4°20)

(4.18)

(4.19)
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nienndagUveaumsi (4.20) Tni oz 14

I
X,(0)-K %, (6) = (A, ~ K A%, (1) + (A, —K,A,)y(t)+ (B, -K_B, Ju(?)

=(A, —K.A,)X, () -K,y(t)
+[(A, —K,ALK, + A, —K A, ly() (4.21)
+(B, -K.B,)u(r)

A o ' Y
Wemvualn

n() =x, () -K.,y(0) =x, () -K.x,()

uag
(1) =%,() 4'Ke)’(f )=X%,()-Kx, (1)
uéh szansasamumsi 4.21) Teglugy/Ini1diu
- (6) = AR() + By () + Fu(r) ' | (4.22)

Tooit A=A, -K A, B=AK, +A, -K_ A_ uazF=B,-K,B, #ulu gunse

mannlsaoiuz () a9 () uag y(t) Aaums

%(t) = Ciy(t) + Dy (®) | (4.23)

0 ) |
et uszvutlounduse lulaefi € =|--| uag D=|...
I, K

Yo o4 A cl.g/

) L 4
dmfuaumsianainvesepumesIUUSUAUMgAT  vzemnson ddeil el

AuMsN (4.18) ud2 sz@ouaunmsn (4.20) Inyl 1d&saums (4.24)

X, (0 =(A,, KA )X, () +A,X,O)+Bu®) +K A _x, () (4.24)

wanmhaumsi (4.24) aveennnaunish (4.19) sz ldaunsAawainvesesuiresiuy
BUAUAMARIANNIST (4.25)
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e(r) = (A, KA e(r) (4.25)

lagh e(r) = x,(£)— %, (1) = () - {(r) uazguounaing A, uay A,, uauwsoduna
& (observable) Ve

] Aab |
A App

rank =pn-2

-2
L AabAgb |

A 1 = Qr L L3 0‘ Lol 0’:
FTANNTOMIAUNAT NTORT W wEB TR LUUTUAUMAR K, #1875 CRA Taefldunou
Tunsnusudntumsmadanunoses hilounduanue K, dwsumsdensind
J ] 4 r ]
panienli ¢ Miueseuesuuusududgatiu Tae ludnasiden Inlinnieondar

} 4
T lumseenuuudniuguires Taffeunduaaruzszina 4 widull
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: Hybrid Controller for Rotational Inverted Pendulum Systems
Taworn Benjanarasuth and Songmoung Nundrakwang
Faculty of Engineering and Research Center for Communications and Information Technology
King Mongkut's Institute of Technology Ladkrabang. Bangkok 10520 Thailand
tTel: »06-2-326-4221. Email: Kbtaworn:@ kmitLac.thy
Abstract: In this paper. a controller designed by energy control technique and senvo state feedback with minimuwn-order
observer control algorithm o swing up the pendulum of the rotational inverted pendulum system from the natural
pendent position 1o around the upright position and 10 stabilize the pendulum in upright position is proposed. The
proposed control scheine coposes of two parts. The first part is the swing-up control using the energy-based controller
and the second part is the stabilizing control using the servo state feedback with mininum-order abserver controller
From the implementation of the controller to the rofational inverted pendulum system in laboratory. the penduhun can
be swung up within a short period of rime with small oscillation of the base angle. Furthenmore. without chanzing the
parameters of the proposed controller. the responses of the system when changing the length of the pendulum s alse
shown to demonstrate the robustness of the proposed control system,
Keywords: Hybrid controller. energy control. servo-state feedback. minimum-order observer.
L. INTRODUCTION on the energy-based technique. the stabilizing controller
' using the servo state feedback with minimum-order
Swinging an inverted pendulum up and stabilizing it observer. and the appropriate switching condition.
is one of challenging problems in the field of nonlinear
control study. The controller developments have been of
. 5 st ca < . Swing-up Swircluog
a great mterest for many researchers [1-5]. So far Controlles Condinion ﬁ
several types of inverted pendulum have been
implemented such. as inverted pendulum on cart and swnant-_.| Ronvonal Inveried | X
’ rotational  inverted pendulum. Some researchers Peadulam Syster
proposed mnoulinear controller especially for those —
having strong non-linearity [1-2]. while some wtilized Cbilzing
. linearization method such as approxinate linearization T
[3-4]. In the contrary 16 nonlinear controllers. linear Controller
controllers are easier to be designed and implemented.
A§ proppsed in [.f]. a linear controller pased on LQR Fig. 1 Proposed control system
with an integrator’augniented to the rotating base angle N
\ can satxsfy the desien specxﬁcat'xou fO} the sttﬂ?xhzylg 3. INVERTED PENDULUM MODEL
| contl_ol._ Uglfomumtely the choice of the weighting . ]
maﬁ??hi5;)2:)[:;“:‘:0(1]:::1)121. designed by using energy The stucture of tl); rotational im»'ene(! penduluns
. R = system is shown in Fig. 2. Iis mathematical can be
| control and servo state feedback with minimum-order Torns . " N
! . . obtained as follows.
; observer control algorithm to swing up the pendulum of
| the rotational inverted pendulum system from the
' natural pendent position to around the uprizht position
and to stabilize it in the upright position is proposed.
The energy control scheme [6] is employed in the
swing-up comtrol while servo state feedback with
minimum-order observer control algorithm designed by
the coefficient ratio assignment (CRA) method [7] is
used in the stabilizing control. The experiments are
conducted and reported 1o demonstrate the capability of
the proposed control systen.
2. PROPOSED CONTROL SYSTENI
! The proposed conol system shown in Fig. | Fig. 2 Rotational inverted pendulun strucrure.
! composes of two main parts. The first part is the hybrid . . .
“ comi'oller and the SeCOllld part is the rétalional inverted , The dynamic behavior of tl'1e .SH\;IO rotanpnal
pendulunm.  The hybrid contoller employed in this inverted pendutum system shown in Fig. 2 can be given :
paper consists of the swing-up controller designed based as [5]
! }
: {
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c, = mIRGcos e —inlRE" s o+

th

b3 =(J+mRHp
mgsme = iR pcosd - i (2)
where r 15 the torque applied 1o the prvot. ¢ and £

are the pendulum and base posinon angles. i and / are
the mass of the pendulum and distance from the pivot
pomt to the center of mass of the pendulum. £ 15 the

length of the rotaung base. 7 and 4 are the moment of

mertia of the rotating base and the prvor's friiction
coethictent. Lmeanizing the above equanons  about
upright position. the tollowimg equanons

X(71 = Axt7) =B (3)

v(7) =Cx(r) (4)

are obtamed with

0O 1 0} 0
0 o0 1 0
A= MgR -Jg 0 0 b_R B- _i
Ji J Ji
mgR ) b . |
. 00 -—, = |
. ] JJ Lo
1 00 0
and C= P
01 0 0!

where the contral signal u(7) is the wput torque 7, . the

output v (r) 1s the mverted pendulum angle ¢ and
v.(r) s the base angle £ . and the state variables are

NN=60.%0N=6. x0=60and r,(1)= 4.
4. CONTROLLER DESIGN

In this secuon. the hybrd controller for swinging up
and stabilizing the pendulun will be described.

4.1 Swing-up controller
In this part. consider only the pendulumn movement
[6] as in Fig. 3.

Fig. 3 Pendulum movement.

Let 1, be the hmear acceleranon at the pivor with

posttive value 1f 1t 15 i the diection of the posive x-
axts and J, be the moment of mertia of the pendulun

with respect to the prvot pomnt. Assunung that fricnon
has been neglected and the pendulum 1s a nzid body. the
cquation of motion for the pendulun s

SO0 =mgl s €+ nuleos 6 =0 (3)

The enerey of the uncontrolled pendulum (1 =0 15

.87 —inzlicosd -1 . (O)

™
1
1o | —

which 1s defined to be zero when the pendulum is m the
upright posttion with zero velocity. It is necessary to
understand  how the energy is influenced by the
acceleration of the pivot to apply energy control.
Computing the derivative of £ with respect 1o time 7.
then

:—f = Jp99 —mgl@sin 6 = (-mi@cos O, . ?)

15 found. where Eq. (5) has been used to obtain last
equality. Eq. (7) implies that it is easy to control energy
sice the system 1s simply an integrator with a varving
gain. Controllability 15 lost when the coefficient of 7, in
the right-hand side of Eq. (7) vanishes. This occurs for
#=00r 6=+x/2. Control action is most effective
when 6 1s 0 or 7 and the velocity is large. To increase
energy the acceleration of the pivor t, should be
positive when the quantity fcos@ s negative. A

control strategy is easily obtained by the Lyapunov
method. With the Lyapunov function

V=(E-E) /2. (8)
and the control law

u, =W(E-E;)Bcos0. 9)
then

dv _ .

’(;:—m/‘{’((E—EO)(Hco;H))' (1)

where ¥ 15 a constant and £, 15 the desired value. Itis

obvious that F/ -0 (negative semi-definite) and the

Lyapunov function decreases as long as ¢ =0 and

cos@=0. Since the pendulum cannot maintamn a
stationary position with 6 = + /2 . the control strategy
m Eq. (9) drives the energy towards its desired value
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E. To change the energy as fast as possible the
magmitude of the control signal should be as large as
possible and therefore the value of the constant ¥
should be sufficiently large

[ the case of the onzmal rotanonal mvertad
pendulum systen. although the linear acceleration ar the
prvot ot the pendulum . camot be assigned directly, it
can be clearly seen that . 15 proportional to the torque
applied 1o the pivot = . wlnch s the system iput
Theretore. the control law 1 Eq. ¢9) can still be applied
to the rotanonal mverred pendulum svstem: In addition.
to control the mverted pendulum to the uprizht posttion
sately. constraits on the lmited rotanonal range to the
mput ¢ are detined. The conwol law of the rotational
mverted pendulum svstem then becomes

& vind e B
tig L, 2O and i f )

O (u, 20 and S -p )
= ! 2 max { ll ‘

' ;u" (i, —0 and £,

!‘(I (, =0 and p=pg )

o -

The swing-up control structure can be summarized as
shown in Fig. 4

| Fematious) lrered Perdulum

Fig. 4 Swing-up control structure.

4.2 Stabilizing controller

The servo state feedback with  minimum-order
observer 1s unlized for stabilizing the pendulum when it
15 around the upright position. The stabilizing control
stiucture 15 shown in Fig. 5. The servo state feedback
cain K, and mumnimum-order observer gain K, will be
designed by CRA method based on the linearized model
m Eq. (3) - (4.

v, e T Rotavoul bnwred
—or | Pernthua 51 cters
|
|
|
|
Sarvo Stase Fasdback

Fig. § Stabihizing control structure.

CRA concept

As CRA method 15 emploved to design the stabilizing
controller. its concept will be described here first.

In CRA. for a given closed-loop tanster function (7]

Girir= 7 -II ; 112)

I R R L

“where s closed-loop  charactenstic polynonual s

expressed as

Pisy=a,s" —a, " = v +ag.Ta, 0. (13)

the characterisne  1atos  corresponding o system
stability of the svstem (12 are defined as

R/ - (14)
a,_sd,

and the generalized mme constant corresponding to the
response speed of the system 1s defined to be

' (15)

The coefticients @, of P(s) in term of characteristic

ratios and  generalized time constant can also be
reversibly expressed as

ay =dyT (16)

7
ayr o -
a, = - 3"' ——— for i=2...n. (17)
Ay O ity =

For a set of specified « 's.r and «,. the
corresponding  polynonual  P(s) can be determined.

Hence. the desied contoller tor stabilizing the verted
pendulum can be assigned accordingly

Servo state teedback design
The design of servo-state feedback with the servo-

state feedback gain K. =[K = £] will be described

first. Since only the base angle £ 1s used. the output
mamx - C  of  Eq. (4) 15 then reduced 1o
H=[0 1 0 0]. Let Z(7/) be the augmented state
variable tor the base angle owput. the servo systen is
then expressed as

XN = A (D =B =Forin (18
Yy =H,x,(1) (19)

where Y(7) is the controlled output base angle v, (7).
r(1) 15 the base angle reference signal and

- 1891 -

52

P



A, :'__:1 :J B, ={ﬁ} H =[H 0]
| =i—0—‘ X»I")=}-§”J

{a! L 3]

If the pair A and B, is completely controllable. the

servo system i Eq. (18) can be wansformed into the

conmrollable form as
XN = A X (1)~ B.u(r)+Frir) (20)

by the appropriate linear transformation x, (1) = Tz(r).

Let the control law w(r)for Eq. (20) is
u(r) =-K,z(r) or
G P R A NN 100 N 611

L;O “Opeenns 5,, are

characteristic polynomial

where the coefficients of the

Py(s)=|sI-A,|=s"" +8,5" +...+ 55+, (22)

of the open-loop servo system in Eq. (18) and

Yo-¥.-n?, are the coefficients of a monic
characteristic polynomial assigned by CRA as
Py(s)=5"" +7,s" +...4 5+ 7, (23)

when the characteristic ratios and generalized time
constant are selected.

Then applying the inverse transformation
z(r)=T"'x,(r) . the control law for the original servo

system can be obtained as
u(r) =-K,z() =-K.T'x, (1) = -K,x, (1) . (24)

Minimum-order observer design

From the output equation Eq. (4) of the linearized
inverted model. only the first two state variables are
directly measured. The minimum-order observer is
therefore employed to estimate the unmeasured states.
Partition the state vector x(r) into the measured and

unmeasured state vector where x, (/) related to the
output vector y(r) that can be directly measured and
x,(r) is the unmeasured state vector. The partitioned

state and output equations of the rotational inverted
pendulum system in Eq. (3) ~ (4) can be arranged as

5,00] [A. A, ][50 B, ]|
== (ISR | TR 4 ...J,,(,) (25)

L,,a C Ay ||| B,

g - ‘ (26)

If the pair of A,, and A, 15 completely observable. the

observer gam matrix K, can be assigned and the
nunimum-order observer can then be implemented as

fl'fl:.—‘\f|4f}-1.3_\‘1.'|-ny'|.'| (27)
() =Cn(n+~Dy(7) (28)
where

A=A, -KA,.
B=AK,-A, -K,A_ .
F=B,-K,B,.

o N T

BTy
and x(r) is the estimated state vector of x(7). Note that
the observer gain matrix K, can be designed in the
similar way as K, based on CRA concept. To ensure

the sufficient convergence speed. the generalized time
constant for designing the minimum-order observer
should be selected around four times faster than that of
servo state feedback design.

5. EXPERIMENTS

The experimental apparatus shown in Fig. 6 is
employed to implement the proposed controller [8]. The
physical parameters of the inverted pendulum system
are shown Table 1.

Fig. 6 Rotational inverted pendulum system.
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Table 1 Parameters of the pendulum system [8].

Pendulum mass ( m ) 0.127 kg
Pendulum length (/) 49 cm
Arm length (R ) 35 cm

Moment of inertia ( J) 0.0445 kg w

Friction coefficient (b ) 0.0500 kg ni s

The cooperative control of swinging-up and
stabilizing controllers can be accomplished by assigning
a suitable switching condition. In this case. the
swinging-up controller will be used while |6] = 0.3
radian and the stabilizing controller will be activared
once |6| <0.3 radian. For swinging-up control. the
values £, and £, in the control signal # of Eq. (11)
is set to be +0.1 radian while the constant ¥ and the
desired value E, are respectively set to be 100 and 0.

For stabilizing control. the servo state feedback gain
matrix is obtained as

K,=[-24.873 -2676 -5275 -2456 0.892]
when ¢, = 34.a,=3.a;=3.a,=3.a;=3.r=3
seconds and the observer gain matrix is obtained as

. 2,133 -0.264
‘ 11067 1.010

wheng, = 3.2.a,=2.r=0.75 second.

§.1 Swinging-up and stabilizing responses

The responses of the proposed control system are
shown in Fig. 7. It is seen that the pendulum can be
swung up around 1.2 seconds with small oscillation of
the base angle.

=
= t v '
E
z o S TH o andr e sdeenc —4 ceeses —eeeden S— R S
- 3 M ;
; >
E Afdaedansianissnizans SiSatiataraqenensasbessenshonans
z :
< f $
(3 L 1
z . . , .
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2 i
y !
=< QL . S SRS - SN S - d= = i
n 4 n m 1”2 14 " e n
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"0 iF] 11 "% e 20

Time(seconds)

Fig. 7 Swinging-up and stabilizing responses.

5.2 Responses due to pendulum length changes

In order to demonstrate the effectiveness of the
proposed controllers when the length of pendulum is
changed from its nonmunal value (49 cm) without re-
designed the controllers and the switching condition.
Fig. § shows the responses when the pendulum length 1s
increased to 53 cm and decreased to 45 cm.

It is seen from the figure that the two controllers still
cooperatively control the pendulum to its upright
posttion properly with very small oscillation around the
O-radian line. It 1s also seen that the responses of the
base angle still are also quite similar.
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Fig. 8 Responses due to pendulwn length changes.
6. CONCLUSIONS

The hybrid controller for the rotational inverted
pendulum system by using the concept of energy control
and CRA method has been proposed in this paper. The
experiments in swinging up the pendulum from the
natural pendent position to around the upright position

- 1893 -

54



and in stabilizing pendulum at the upright position by
the proposed controllers are investigated. The results
show that the swing-up controller can work
cooperatively with the stabilizing controller for the
rotational  nwverted  pendulum  system  with  the
appropriately assigned switching condition.
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