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ABSTRACT

A new strain of influenza A virus has appeared around the world. The new virus has
been designated as subtype HIN1. This is the same designation given to the seasonal flu. They
differ in their genome structures. The new virus contains segments of the swine (pig) virus, the
chicken virus and a human virus. The new virus first appeared in Mexico and the United States in
March and April of 2009. Since then, it has spread to more than 70 countries and within local
communities in each country, it has spread rapidly. On July 15" 2009, it was reported by the Thai
Ministry of Public Health of Thailand that there were about 4,000 cases and 24 deaths due to this
new influenza. A week later, the death toll rose to 44 persons. Its death toll here is the highest in
Asia and the sixth highest in the world. The World Health Organization (WHO) raised the
worldwide pandemic alert level to Phase 6 in response to the ongoing global spread of the new
influenza A (HIN1) virus, A Phase 6 designation indicates that a global pandemic is underway.
Every day ever growing number of cases is reported throughout the world.

The epidemic in the United States is occurring in the off season for the normal seasonal flu
infection. Therefore all the viruses which are causing the present flu infections in the USA have
been shown to be caused by the new virus. The new strain of the influenza A virus has spread to
Argentine which is in the seasonal flu season. Thus, the epidemic in Argentine is much worse
than that in the Northern Hemisphere. Public Health Officials around the world are expecting the
arrival of a much worse pandemic when the seasonal flu season arrives in the North Hemisphere
in the fall and winter. In the anticipation of a giant new wave of infections later on in the year,
preparations are being made. To determine whether these preparations will work or not,
epidemiological and mathematical modeling of this diseases are being undertaken. Previous
models of earlier pandemics, especially the one in 1917 (the Spanish Flu Pandemic which killed
over 50 million people throughout the world) are being revisited. For the new versions to be used

now to ‘work; ‘new. assumptions about the: modes| of-transmission, contact rates, infectivity :of the



virus, special circumstances, the level of immunity of the people to the virus of the present
disease must be made.

We know that this virus is transmitted from person to person. People get sick mainly
through the coughs and sneezes of people who are sick with this virus. It may also be spread by
touching infected objects and then touching the eyes, nose or mouth. The symptoms of this new-
strain influenza are fever, which is usually high (106° F), coughing, running nose or stuffy nose,
sore throat, body aches, headache, chills, fatigue or tiredness, which can be extreme, diarrhea and
vomiting. In this project, we will construct a dynamical model which takes into account the
existence of the local spread and the pandemic spread of this disease. In the pandemic spread, we
have to take into account the role of air travel (or long distance travel). While in the local spread,
we have to take into account the effect of repeated contact exposure of an individual to the virus
in a closed environment. We will also take into account that people having a prior illness have a
higher mortality rate. The Standard dynamical modeling method will be used to analyze this
model. The numerical simulations will be used to confirm our analytical solutions. We will use
the spatial model to describe the epidemic of this new influenza in the regional level and the
global level. The parameters which effect to the transmission of this new influenza will be

analyzed. The alternative way for reducing the outbreak of this new influenza will be suggested.

Keywords : swine flu, HIN1, new-strain influenza, dynamical model, spatial model, the standard

dynamical modeling method.
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2.2 nquililulnsamside

°luTﬂNms’3§'ﬂffé’?ﬁaﬂzﬁmqyﬁm‘:‘ﬁ%’mmuﬁmmmmn’iﬂﬂmﬂ{ NHYEV0INIg
ﬁwaau%qwaiﬂmmgm (standard dynamica] modeling) ‘nqyij Routh-Hurwitz ‘Vlmsla hopf
bifurcation mqy}:] limit cycle wqyﬁmmmﬁﬂimwwﬁ (local asymptotically stable) “/li]'ldg]l
ANuafiosIaning (global asymptotically stable) wqyﬁmmmﬁawaa Lyapunov (Lyapunov
stability  theory)  3TA159®9 Runge-Kutta-Fehlberg  (Runge-Kutta-Fehlberg’s  method)
NT2UIUNS A TMUATAN (stochastic process) HUUFIABINTNTZ AR (spatial model)
LA TTUUMTAUNANNYIM AN (geographic information. system) 13RS 12H I3 T05T

Tdsunsuieziin l4he Pascal Language, C Language, Mathematica, Matlab, Arc GIS La¥

t4
VYt &

Spyglass 104 nauf Nzl 145

Definition 1 A point X, € R" isan equilibrium point (or stationary point, singular point,

critical point or rest point) of

i N/ X)

dt 2.1)
if f(t,Xg) = 0 forall t >t
If X, is an equilibrium point of (1) at t*, then it is an equilibrium point for all 't > t* .
Definition 2 The equilibrium point of (1) is stable if for every O >0 and any t, € R* thereisa
(d,tg) > 0 such that
’u(t,to,y)[ <8 for every t 2t
whenever M <(0,ty) where u(t,y) is the solution of (1).
Definition 3 The equilibrium point of (1) is asymptotically stable if it is stable and for every t; 2
0 there is an €(ty) > O such that

lim u(t,ty,y) = 0 whenever M <Eg (2.2)
oo
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Definition 4 The equilibrium point of (1) is unstable if it is not stable. In this case, there is a t, 2
0 and a sequence Y, >0 of initial points and a sequence t_ such that
Iu(to +tm,t0,ym), 2 Y foreverym, t,, = 0 [I3].

Theorem 1 The equilibrium point of (1) is stable if all eigenvalues of J have negative real parts
and every eigenvalues of J which has a zero real part is a simple zero of the characteristic
polynomial of J.

The behavior of the equilibrium points of the system of (1) can be determined by considering the
different kinds of eigenvalues of the Jacobian matrix. The different behavior of equilibrium points
are determined from the characteristics of eigenvalues of J.

The eigenvalues A of the matrix satisfy det(J —~ A1) = 0. We obtain a characteristic equation in

the form

k k=
A +b A 1+---+bk =0 (2.3)

Definition 5 (Routh-Hurwitz criteria for local asymptotical stability) [13,14]

Take the characteristic equation (3), define k matrices as follows:

H,= ,
by b,
b, 1 0
H,= bs 2 bl
b, b, b,

o [ o o

@ e <
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[ b, 1 0 0 0]
b3 b2 bl l O
o R L I 0
b7 bé b5 b4 0
_bZJ'—l b2j—2 sz-3 sz_4 bJ- ]
10
H, = ’ b.z b,
0 0 b,

where the (1,m) term in the matrix Hj is

b, for 0 < 2lm < k
1 for 21 ‘= m
0 for 21 < m or 21 > k+m.

then all eigenvalues have negative real parts. This means that the equilibrium point X is stable if

and only if the determination of all Hurwitz matrices are positive which is

DetHj > 0 for j = 1,2,3.. . K

Theorem 2 (Hopf Bifurcation Theorem) [15,16,17]

Let the following be a nonlinear system of n equations in n variables that contains a parameter v,

i—fzf(x,v); XeR" (2.4)

where X € R" and v isa real valued parameter on an interval J.

*
Tetthe equilibrium pointof the system (4) be 1 X = X () und the Jacobian matrix’ be

a0 ) (e dal e
iﬂﬁﬁﬂﬁﬂiﬁﬂig AT WUDTU WIATUNUD
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AV) =Dy (X (v), V) =—(X (v),v) , ij=12,.m
X;
J (2.5)
Suppose that
i) A(v) has a pair of complex conjugate eigenvalues Ay and Ay such that
Ap(v) = Aa(v) = a(v) = iw(v) (2.6)
such that for some number v = v, € A, where V. is called a critical value of v,
w(ve) = wg > 0, ove) = 0 and d'(vy) = 0 (2.7)

ii) The remaining n-2 eigenvalues of A(v) all have strictly negative real parts.
Then the system (4) has a family of periodic solutions that means there is a loss of linear stability
of the critical point X*(v) as-v _Crosses V.

The system has a family of periodic solutions X'=P (1), (0<v< v, ) where v measures
the amplitude

Pe(t) = X (ve)

max
t

and & issufficiently small. The appearance of periodic solutions out of an equilibrium point is

27
called Hopf bifurcation and the period is T(g) = —.
w

*
The periodic solutions which result from a Hopf bifurcation from the critical point X (V)
corresponds to a trajectory on a closed curve or orbit about the critical point in the phase plane.
Such closed trajectories in the neighborhood of which all trajectories are spiral are called limit

cycles.

L o o o
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Theorem 3 (Lyapunov’s First or Direct Method) [18-20]

Let x=0 be an equilibrium point for X"=f(x) and DcR" bea continuously
differentiable function such that

1. V(0)=0 and V(x)>0 vxeD\{0}

2. V(x)<0; VxeD then, x=0 is stable. Moreover,

3.If V'(x)<0; VxeD\{0} then x =0 is asymptotically stable.

Theorem 4 Lyapunov’s Second or Indirect Method [18-20]

Let x=0 be an equilibrium point for X"=f(x)where f:D>R" is a continuously

af
differentiable and D is a neighborhood of the origin. Let A = 5—— then
X
x=0

1. The origin is asymptotically stable if Re(x,)<0 for all eigenvalues of A

2. The origin is unstable if Re(X;) >0 for one or more of the eigenvalues of A

Definition 6 Globally asymptotically stable equilibrium [18-20]

If the Lyapunov-candidate-function Vis globally positive definite, radially unbounded and the

time derivative of the Lyapunov-candidate-function is globally negative definite:
V'(x) < 0; Wxe R"\{0} , then the equilibrium is proven to be globally asymptotically stable.
The Lyapunov-candidate function V(x) is radially unbounded if [x|| - e = V(x) — oo.

Definition 7 Runge-Kutta-Fehlberg’s method [21]
Runge-Kutta-Fehlberg’s method is one of the most widely used methods, and is particularly

suitable in cases when the computation of higher derivatives is complicated. It can be used for

SOIMNTAAIINTG AT NUDT WIATURYT



¥
wyudasamsszmnadimiylsnldvialngjmuiugIniide nfluenza virs ¥iia A meiugdosriia HINI 2

equations of arbitrary order by means of a transformation to a system of first-order equations. We

shall discuss the solution of the three first-order equations. Let this system be

-V = fx; > 3t
" X, ¥,2,1)
dy

— = g(X,y,zt
™ g(x, ¥, 7 t)
dz

— = h{x,y,zt
m %, ¥,2,0)

with initial point (X, ¥4, 24, t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximated values of x,y and z at each step

2 (2375k y + 11264k 3 +10985k 4 — 4104k 5

X = X

I n 20520

. +(2375r1+11264r3 +10985r4 ~ 4104r4
Yn+1 ).'n 20520
(2375s | +11264s 3 +10985s 4 -4104s 5
Zpnyl = Zp t
20520
where

k), = hf(x ,,y,,2,.t,)

k, = hf(anr%—,yner—',zn+s—l

oLk,
2 4 47" 4”7

ar @ o o
FOIFNAATINGG A5 WUT WIFTURUT
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k, = hfpx, + 3% +9kz)’yn L B +9r2),zn+(3s‘+9SZ),tn+&),
32 , 32 32 3
kg = hf(x, + (1932k1—7200k2+7296k3)’
2197
Yo+ (1922r; - 7200r 5 + 7296r5)
" 2197 ’
- (1932s | - 7200s , +7296s3)’tn | 12h ’
2197 13
ks = hf(x , + (8341k { — 32832k 5 + 29440k 5 -845k4)’
4104
1/ (8341r( - 32832r 5 + 2944015 - 854r )
4 " 4104 ’
2~ (83415 -32832s 5 + 2944053 -854s ) SRRy
4104
ke = hf(x, + (-6080k | + 41040k , ~ izz;z)lq +9295k 4 - 5643k 5)’

. (-6080r; +41040r  — 28352 15 +9295r, - 5643r5)°

Yn 20520
\ 5o (-6080s | + 410405 5 — ;gijis 3 +92955 4 - 5643s.5) /. E)’

and the error for each step will be

Ky 128k3 2197k4+k_5
3604275 75240 50

Error =

I\,F,.., Tgand the eror of y value can be evaluated from the above equations.
$1,8,,., Sgand the error of =z value can be evaluated from the above
equations. k|, k,,..., k¢ and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-order differential

equations which we will do in this research project.
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Definition 8 A probability space (Q,F,P) , a stochastic process (or random process) with state
space X is a collection of X-valued random variables indexed by a set T ("time"). That is, a
stochastic process F is a collection

{F,:te T}
where each F; is an X-valued random variable[22].

Definition 9 Geographic Information System (GIS) is a process of spatial information (spatial
data) with computer systems. The set-oriented data description (attributed data) and information
such as address, house number are associated with spatial location as latitude longitude in the
form of data tables and databases. GIS system comprises a set of tools that have the ability to
collect, maintain and search, to provide customized analysis, display spatial data, to meet
deployment objectives. The form and spatial relationships of all information can be used with
GIS to analyze meaning in relation to changes over time as such the spread of the diseases, the

migration movements, and the Intrusion damages [23].

Ad gy A |
2.3MSNUMIUITIUNITHNINGITO9 (Literature review)
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~n__ b (931521798l sErIRINAYRIRgUIs AUDL U sTIIN T arA)
N, p+x
NT HK Y 1 ° o VoA o
—i= 5 ('E]ﬂ51531’”Nﬁl'l”')‘lﬂ]53‘5'”151’]\3‘Vlllﬂ‘U'iNﬂquﬂﬁﬂﬂllazﬂix"ﬁ?ﬂiﬂﬂﬁlm)
Ny (utx)
NT K’ o 1o & VoA &
= (i’)C‘l51531’131\3%11&')1&1]53‘15']ﬂ51’NW§Jﬂ‘UE]\1ﬂE]NVIﬂ"IJJLlazﬂ‘JZ"lﬂﬂi'ﬂﬁﬁuﬂ)
Ny (FH'K)
anglaums (3.28) - (3.42) TasmsauuAld
' E I ' R ’ E I ’
S] :ia E]:—I, 11 =_l9 legU R|=_l’ S2=i’ Ez=_2—'; 12: . ’ Q2= Qz ’
N, N, N, N, N, N, N, N, N,
13 SI El ]l ! RI
PR Ll il e Tl
A N, N, N, N, Ny

Tnglivoulvfle S, +E +1+0 +R =1,
S,+E,+L,+0Q,+R, =1, and S;+E+L+0, +R =1

E4 v
aviugluuuaumsi 18 Inide

% =0,(1-S,)-0,8,(E, +1,), (3.44)
%’% =0,5,(E +1,)-0,E,, (3.45)
%=nE, -0,1, (3.46)
% el —6,0,, ' (3.47)
‘if; =0,(S, - 5,)-0,S,(E, +1,), (3.48)
% =06,E, +6,S,(E, +1,)-0,E,, (3.49)
% =0,/ +nE,-0,1,, (3.50)
L 200, +el,-0,0,, (3.51)

ar =t ar Qs o
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ds,

= w(S, - 5,)-0,8,(E, + 1), (3.52)
% =UE, +0,5,(E, +1,)~0,E,, (3.53)
% =l +ME, - 0,7, (3.54)
dg =nQ, +el,-0,,0,, (3.55)
Taoft 8 =p+x, 92=H8J'FMK, O,=p+n+a+tx, O,=p+e+P+x, O =p+y+,
0, = (“82:52 , 0, = (“8:(;)2 » Qg =ptn+o, 6 =p+e+P DY 0, =p+7.

1 ] 3 b4
uuusrasamui 5 liowesannsaiauusiasauy SEIQR Taofiinsannsaaied

3
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LLNuﬂWWLLﬁﬂQLLu’Jﬁ@‘luﬂ’]i’d%lNLL‘U‘]Jﬁﬁ?N me"lsé’fmu

d,R
d,S "
D
- S R
kQ
(E+1) pE
(l-rC)CST
al
I 0
E #E v 40
(dn +8df)E
/
(d,, +6d¢)l
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Et) idiusnouvesdiia afousss Iiamnsaconomie 1k u an ¢
1(t) ﬁJua‘imaummé’ﬁ Aeuazansamenonie 14 o e ¢
Q) Wusmruvesdiignindulsa’l’ o e ¢

b 4

RO udmnveadiu’ld o i ¢

U

. o 2
c Wludwruvesmsaado

N Lfluﬁm'aummﬂismm

[y 4 i o oy a o d @ ar
snsi¥ovazvessieionuniimshidudimmudiuiure sy pidudae: 185 Tae

B

Tﬂﬂ‘l’l Ie ﬂ’é]if]ﬂﬁ “UENﬂﬁﬂﬂl‘lﬁJ%T

d, Aednsimsidediaveslszaing

E(f) + ()

d
50 7 DA(-)CSO— " - dnS()

do E(t)+ (1) 1

it E(t) (1 rc)CS(t)———N (P+Ip+dn +8d)E(t)

I(t) = E(t) (a+y+d, + dadg JI(t)
d
4 QO=71O -k +dy)QM

%R(t) = pE(t) +al(t) +kQ(t) - d,R(t)

Taof N=S+E+[+Q+R.

]
o

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

aq Yo k4 a A o - A ﬂ A A
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D-d N
E+]=—+=8— (3.63)
5d¢
dd davi ., g
ehezanduaumsive Idenemsfuis auudld
S E I Q R
s=—,e=—,i=—,q=—,r=—. (3.64)
NN NN
a LY o o o dw
Henuvesdulsuazninimesveuuyufianst
windiees | fenw
D RTINS ACERMEFEATE
Y a A Ada a 4 2
I, fovnzvaemsAniFoRlmsAnidod
i
C snnmsfAndovorhsa HINI sendnszring
d, 9035 1M 318511 V041/5297n5 Natural mortality rate of human population
8d, BAIIMINYIUYBIOATIMIMBETBININNMIAATD 1 AT
L4 é ) ¥ LK 74 1 U ¥ d‘ H
o onsafandeunts ignnsadeneaie ldnlRoudugiin 14
Ip onmsfineveude lsa HINT hnlszannsuyud
k onsednnTsanlfuniudie 19
a onsdAneuaz e nIsnatenoae Idaouiudy 19
o 4 yga & ' 4 Y o f] 3 v oo
y oAIIRAAIDLAzINIITaaIsNeaTe IdnGeudiudgadadulse
N NUINYIEWINTINA
naannfangdaumsuds ez ldssuuaumsgUnunlmife
d D CD-d,N)I-r.)s(t) =
—s(t)=—- L =L ds(h) (3.65)
>N 5N
d COD-d N)(I-1)s(t) |
—e(t) = -(=+dde + p+d, et (3.66)
d. 1 . ‘
—i(t) =—e(t)-(a+8ds +vy+d,)i(t) (3.67)
dt IP
d .
490 =7i(®) - (dy +K)q(t) (3.68)
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Tavft r=1-s-e-i-q. (3.69)

o P2 F4 o :; 14 3 9 a L4 3
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Han15398

a < g ;Y ° a d o [ Y 1 (Y ' 2!'
mi’Jmﬂz‘HNﬁmﬂiﬂm!ﬂ‘lﬁ)]ﬁi’NﬂNﬂmﬂﬂ1ﬁﬂ5%71?151]"1%]14’391111%},]5118]1‘{14511431!15E) Influenza

virus ¥Ha A meWugdesyiin HINI

] v } 4 3y
suudiaeuuud 1 uuusimesuy SEIQR Taed luRe1sainisandodn

] ¥
sevvaumsnangUuduaas 1ddail

9%§2= Ry = YSOCE®) +1(t)) +cE(t) + bI(t) +a(1-SE)-E®)-1(0)-Q(t)) — 11, S()
dE)
dt
%%9: eE(t)— (B+b+pp)I(L)
. ORI

Tavfl 1=S@O+EOIO+QOFR()

a d
MIAUAATITH

= YSOEMHF 1(t)—(c+& +pp)E()

[}
=

PANYAMIITINY IR INMITRaNMS (4.D-4.5) Iddu 0 yeaugai 1dhe

) ynaugaannzlilsa: Ey =(1,0,0,0).

i) ﬁgﬂﬁu@;aﬁnmﬁyﬁa : B :(S*,E*,I*,Q*)
Taui

I o (Ro-1) (eL3Ly)

Ro [La(uply+B+pp)e
+a(L; +€))+Bea]

uy, +1 [b+c - &Be]

. L
S = 47

b+ (1 ve)

oo
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« B

=" 4.9
? - [LJ "
Taodi
Ro = rb+Bre+py) vy +e) (4.10)

(b+B+pp)c+e+pny)  Lil,

Ly =b+B+up, (4.11)
L2 =C+E+Hp, 4.12)
L3 =a+py, Hag (4.13)
L4 =0+uy. (4.14)

nquunil 1 yaaugaanzlilsn Egvesszuuaums @.1)-@.5) danuadesmolu (locally
asymptotically stable) luD e Ry <1, uazhiafesiia Ry >1, Taoh
D={(S,E,,QS=20,E>0,120,Q20,

S+E+1+Q<1}.

o ¢ A4 A = = Y a o o

Agail iMefezuansdennuadssmeluvoganugaaniz1ilsn Eqwainganlabou J(Eg)

~

o Yo
furn 1deadl

-a-up “yt+c-a <y+b-a -0
Y ardls y=(c+e+ny) ¥ 0
Eo™l o e ~B+b+py) 0

0 0 p =(0+pp)

Cs

AURNIE (cigenvalue) VBIIUAT AT lAudoufo

Ny =-L3,M ==LgM34 = %[(%Ll —Ly)* w/Z]
Taof

A=dey+ 7?2+ 2911 + 132251y —2Lgky +15
$1 Ry <1, ud29zldn
yL; -LiLy +ve < 0.

ILRELTR _

A = (Ly+Ly-1? +4GL; —LiLy +76)

< (Ly+L, —7)2.

\/K < L]+L2—'Y lﬁ'ﬂ L1+L2—’YZO.
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s =2 br-L- 1) VB]<L-1 1)1+, -0
= 2llr-L-L)~al<d -1 -1+, -0

Qo

AUNNI TINVBITUMIANYULIMWI(characteristic equation) imavdnsy Ry <1

o g4 3 a a .
uunneaaugaanzlilsn Eglianumatesnisly  (ocally asymptotically  stable)

FIMSUR, <1 wagliiadosd msy R, >1
0 0

nquiunil 2 Yaauqaaniest Ejvesszuvaums (4.1-@.5) Sanuadesmelu (ocally

asymptotically stable) 11 D 1ije Rg >1

4

figavl waSndo1 Tadiou JE)) Srumdwail:

-y(E'+I')-a-ph -y+S'+c-a --yS°+b-a -0
Ig, = y(E +1") Y8 =(c+e+py) ey 0
! 0 P —(B+b+1y) 0
0 0 p =(0+py)
TUMTTNHULIRNIZAD
n4 +a3n3 +a2n2 +am+apg=0 (4.15)
Taeh
a3 =0 +b+x4+yXp +0 (4.16)

* * * x
ay = P(c+e)+PEpy +EEpy+Pyl, +eylp +3Buy +3cpy,
* * * 4.17
+3epy, + 3Eq vy + 3ylpiy +60f +BySy +£1Sy +3yupSy (“.17)

+X38+ X0+ b(c+ € + 3y, +Xp + 0)+ (b +x3 +7X], +0)

2= pp(RyBe+8)+4pp) +Y(2e+3u)Xp + b2(c +e+7X})
34y +2yXp)+ (bmy +pp (2(c+€)+ 3y ) + (e + 21y )X})0 @19
+a((b+B)my +pp (2(c+8)+3up) + Y(e+ 21X +(b+p+my)0) '

+B(up (2c+ 3y, +2yXp, +(c+ 24y, + X3 )0+ €(Y(Ep +17,) + 241,
+0))

ag = (Bleny +my(y(Ep +Ip)+ptp) + 1iySp) + iy (b(e + ms3)
+(C+ mg by +Ymg X)) +8) + (bl +m3) + (c+my )y

+ym X )(1tp +6) + Bm3 (i, +0) + £(Y(Ep + 1) + 1ty + 6)))

(4.19)

a =) Jdo o o
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Tavdi
X} =SE+E}‘1 +I;,X3 =B+c+e+3uy,
Xq4 =B+cte+duy, my=c+e+2py +yXE,
m3 =c+[y +yx;1,m4 =e+Uy.

E4
v ~

. . . & 4 4 v ' d’l
INNHVDY Routh-hurwitz criteria, i}ﬂﬁllﬂﬂ 110} ﬁﬂTJ:;’L??JNMﬂ’J’]lILﬂﬂEJSﬂ']EJGl‘HLiJ?JN@uVl‘UﬁJNﬁ'N‘H
[~ a
uasa
I) a3 >0
iay >0 (4.20)
iiiyag > 0
iv)ajasaz — alz - aj"ao

1 T 9 3/
Taoms 1 MATHEMATICA, Gouludhauuiiunsaie Ry >1 fndugaauga o 7019215039 E,

tanuadosnielu (locally asymptotically stable) 41451 Ry >1

a

AalnagyInay

4 14
< 1

@ a o =y s { o da o [
luiadeild3se I8Tanzdssnuaumsfionsdiuds 4145 wisiimes i 1dsedes

a

1 (Y 9 @ o @ ::'sl dy Vs 1 1 dy 9 [~ Y A T
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i a Qv Q o U = 1 \ -4 1
Uit 4.1 wamauFsduavdmiuRr, < 1 Awesmsidlinesie c=— oty py = ———
30 365%65
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(S,(0), E, (D, 1,(0), 0, (1), Ri(),8, (1), Ey (1), 1, (), 0, (1), R, (£),85(0), E5 (1), I;(8),. O5(0), Ry (1))
Suramasvesaumsdnsduiudonlusudu (S,0), £ 0),,(0),0,(0), R,(0),

S,(0), £,(0),1,(0), 0,(0), &,(0),5;(0), E;(0), 15(0), 5 (0), R, (0)) uaz

b
Q ={(Sl»EvllJQllRl»Sz'Ez:Iz’erRz’SarEs:IsJQpRs)e RY,Jy <N, _-:( )NT'

b+k
bk k*
Jz < N2 =(ijT,J3 < N3 = (WJNT}

S d 4. o o
Wgaw 1§on Handu Lyapunov

J(t)=(J,(,J,(0),J;)
=(S,+E+1+0Q +R,S5, +E +1L,+0,+R,,S;+E;+ 1, + O +R,)

191U
ﬂ_(ﬂ aJ, dJy
dt de’ dt’ dt

d d d d d. d d d d d
=S +—E+—I+—Q +—R,—S,+—E,+—L+—0,+—R,,
( : 'dt‘dtQ‘ dtldtzdtzdtzdth dr
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iS3 +1E3 +i
dt dt dt

=N, —(b+k)S, +E +1,+0 +R)
k(S + B+ 1, +Q +R)~(b+kXS, + E, + 1, +0, +R,),
k(S, +E, +I,+Q, + R, )-b(S, + E, +IL,+Q,+R,))
= (bN; — (b+ k)N, kN, — (b + k)N, kN, — N, ).
b bk i

d
Q+Eg+&)

iesamn N, =V M ZWNT uaz N, =mNr,uﬁa

%%:bNT—@+kp3sm Lazjf; (4.91)
%:%NT (b+k), <05, 2 (Z'f\l[c 32 (4.92)
f%:dﬁym M_mgziﬁz (4.93)

' d.] a ] [ s
110 (4.91) - (4.93),93 187 = 0 11 1% 1891 Q, 11U positively invariant set. lunieangusu
1

TaunsuAaums 4.91)—(4.93), 2z 189
0< (1, () () Ty () < BN, /b + )+ 7, (0)e ¢+,
(k2 (o + P Jo 0 (2N (6:4 ) 0 ™),
Taofi J,(0).7,(0) waz-7,(0) «Pufouluves (T ) wazJ (). St { —> oo,
0< (MO BN, /(b + k) 6Ny [+ KF K2V, | (b4 kP )= (NN, N,)  wazia

1 <1
amnsoagy 181 @, Wl atiractive set

a d
NITAUAIISH

¥
waugaunsam idnnmsiaduunvesdunis (4.75)-4.89) i o fafu gaauna fie

1) gﬂﬁmﬂaﬁﬂ’]qugiiﬂ P] (STI’EI’ 1_11 é] ’ —R—IJ §2—J E;) 1_2; Q_2; RTZJ -‘S'—B’ f}) Zl Q’E)

2
:PI[%,O,O,O,O, bkNy ,o,o,o,o,M o,o,o,o]

b+k (b+k) b+k)’

i) PAANAANNIILITOSINGUT 3 Pl(Sl,En,[l,Ql,R,,Sz,Ez,fz,QZ,Rz,S3,E3,13,Q3,R3)

s =} o o s s
SOIPNANIIDITH AT WUTT WIATUWUT
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Pz(S ’E jl’QvRl:Sz’Ez»jz:erkz:‘§3:E3:ij:vRs)

P(bNT ,0,0,0,0,—L BN, OOOOS E 13,Q3,

b+k’ bk}
13 - 2 ~
e S, = kNTz i , E = bk’ N, - ,
(b+k) b+kP(p+c+d)l R,

j= bCkN 1— L
? (b+k)(b+c+d)(b+e+f) R, |

0, = bcek’N, l—i
P bk +crdfp+et b+l R, |

4 _(btret+ fXo+g)d+ef(b+g)+ceg ]

,= ag
b(b+e+ fYb+g)

- ak’(b+c+e+ f)

0" (b+k)2(b+c+d)(b+e+f)

iii) ﬂﬂﬁuﬂﬁﬁﬂ'l’l‘”ﬁﬂ'i\iﬂﬁﬂﬂ 2 LLﬁ“’ﬂﬁﬂJ‘VI 3

P (:g;;;E]J-7;;@]1E]1§2;E2:E1§2JEZJ:S\’;:E}:‘T;)Q:;’ R )

Do e R o N R T T

=P{ bNy :0,0,00,5,,E,.1,,0,,R,, S, E;, 1,0, R J

b+k
4 o= BEN 1) ~ bkN 1
] S, = | =|,(E, = £ 1~ |,
s (b+k)2(R} i (b+k)(b+c+d+k)[ RJ
7 bekN, D
: (b+k)(b+c+d+k)(b+e+f+k) R, |

~ bcekN, 1
l——=1,
QZ )( RO

(b+k)(b+c+d+k)(b+e+f+k)(b+g+k

. (b+e+f+k)(b+g+k)d+cf(b+g+k)+ceg I—L
2 (b+kYb+e+ f+ENb+g+k) R,

5 kS, 5 :—L2+W/L§—4L,L3 7 _ K, +cE,

—~ 3 » 3 3
i(E3+13)+b 2L, b+e+ f
N,

_k@z+e173
b+g

7 _ kR, +dE; + fT, + g0, 7 abk(b+c+e+ f+k)
3

LI:;—3(b+c+d)(b+c+e+f),

T
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L, :b(b+c+de+e+f)+%k((b+c+d)E—(b+c+e+f)(§2+fz)),

T
k’a,

Ny

uag I =—[ L, +EZ)+bk(b+e+f)E2}.

iv) yaaugaanzEosngudi 1,2 uaz 3 P(S,,E.I.0.5,.E, . 1,,0,,8; . E; . 1,,0; )
Iﬂﬂﬁ Sl‘ = bNT —1—_ , El. =____L l_i. ,
b+k| R, G+c+d+k)| R

= beN, l—i
' (ptctdtkfbre+f+k)| R )

o = bceN, l__1_
"o brerdrkfbrer frkNbrg+h) RS
R._(b+e+f+k)(b+g+k)d+cf(b+g+k)+ceg[l_ 1 )

*

B+kfp+e+ f+kNo+g+k) R;
¢ - kS, E._—L2+JL§—4L,L3 el kI +cE,
2 = > 2 = y 49 TR T
2 (£ + 1)+ (b+k) 2L be+fRA
NT
P _KQ tel, o kR +dE + 1 + g0 A kS;
O = ek 7 b+k : e R V=N |
s 3 L (g 1) +b
T
é‘—_M2+‘/M22_4M'M3 oML B . kO vel;
P 2M, P btet+ 0 b+g
R._kR2‘+dE3'+ﬂ;+gQ3' X ablbtc+e+ f+k)
P b T bk Nbte+drkfbred f+k)

L :—]%L(b+c+d+k)(b+c+e+f+k), L=pb+kfptc+d+k)\b+e+ f+k)
T
+%2/£((b+c+d+k)1;—(b+c+e+f+k)(S,'+E,')),
]

2
L= —H,L]f (S;+E )+k(p+k)p+e+ [+ k)E,'] ,

T

M, :;—3(b+c+d)(b+c+e+f),
,
M, :b(b+c+d)(b+e+f)+—‘]7\3/—k((b+c+d)];—(b+c+e+f)(S;+E;)),

7

2
uae M, ={k e
N.

T

L(S; + E )+ bk(b+ e+f)E2'}
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MUEDo3 1319984 (4.75)-(4.89) ansent Idnnmaiiavedng Lyapunov

NqEUNA 10 Sviuald

bN.
5= 2
S1
bN.
ja, = E;T : (4.94)
— bN T
=7

) o A ~ * =] =
dmMIY Ry <1, Ry <1, Ry <1, yacugaannz13Tsn 2 Sanuedosnieuu Q

= d

a o a
Wgau Worsanuy Q, WaniHu Lyapunov

o(t)= (S, — i lnSl)+ E+1+Q+R +(S2 ~8> InS2)+ E,+1,+0Q,+R,
+ (83 ~S; lnS3)+ E,+L+0O,+R,
weyRusifsudunar wldn

d d SiY d o d, . d | d
—plt)=—8§|1-— |+—E +—]+—0O +—R
il ‘( S,J a T Tt

d S2) d d. d
+—8|1-—=|+—E, +—L+—
dt "-( Sz] de ' dr’’ dt
d

+1S3(1—&j+iE3 +113 +—0, +

0,+
3 —R3
dt S, ) dt? dr (= d

d
—R
dr '’
d

t

=(bNT —(M+b+k]&][l—§’—} +(M—(b+c+d+k)E,J
NT SI NT

+(cE —-(b+e+ f+k)) +(el, ~(b+g+£)Q) + (dE, + f1,+ g0, ~(b+Kk)R,)

2 T

+[ksI —(Mww}g]{l—%—} +[kE, +ﬂ]€ﬁ—12)-(b+c+d+k)@]
:

+(kl, +cE, ~(b+e+ f+k)L) +(kQ, +el, - (b + g +k)0,)

+(kR, +dE, + 1, + g0, — (b +k)R,) ﬁ{ks2 - (33(15;,—”3—) +b]S3 }(1 -—gi]

T

+(kE2 +M—(b+c+d)E3J +(kL, +cE, ~ (b +e+ f)I,)

T

+(kQ, +el, - (b+g)0,) + (kR, + dE, + f I, + g0, — bR,)
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=bNT(1—%]+(b+k)§1 ~bS, —k%Ez +(b+4)S2—bS, —k 25, + 55, - bS
1

2 3
agl agz a.Ss
+(E + 1) 2 —bj+(E+1)[2 —bJ+(E+1)(3 —b]
! ‘{NT (Y] (WY,

T
~bQ,—bR, —bQ, —bR, - bQ, ~bR,.

T

(4.95)
o d S S S S.
wld—p(t)=bN,{1-22 |+ (b +k)S + kS, 1-52 ) e )saf 1-32
S < Sy
+ES,| 1-22 |+ bS5 1= 22 | b0, ~bR, 6O, ~ bR, — b0, bR,
S, Ss
=bN,(1 —1J+(b+k)S(l—S] kS(S —iﬁj (b+k)§z(1—iJ
Sl Sl Sl Sl 2 SZ
<888, <. S,
+kSy| 22 ==2— |+bS5| == | -b0Q, bR, —bQ, bR, b0, — (4.96)
Z(Sz S5 SaJ { Sz) b e
vy Q,, 3zldh E—bN .S, = kg

= H EzﬁS_ TRRETTY
b+k b

b+k’

ip(t)=bN 1—§ T A WIS oy B ) S S

dt S, S| S, C3 V& S
={S, S§,8 S,

+kSz(S=z—S=2S—j]+kS (1—5} ~bQ, ~bR, =b0, ~bR,~ b0, —bR;,

ip(t):bN,. 25t S s, 5 58 1o
dt S, S,

+kSq [S——S—S3 £1- i]
1 Sy S, S, S, S, Sy
—bQ,~bR,~b0, ~bR, ~bQ, ~ bR,
ip(t)=_bNT S] —:S‘] —k§] ]—& S S kS 1—-—S—3 i—i
di S s, \s, 5)) s, s,
_le _le _sz _sz _bQ3 _bRa
(4.97)
i %2% dmsunen S, 25, uow 52 <50 s

~

o ar P-1 & s
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a1 — kS, 1—& 5 _5 <0.
SZ SZ Sl

Y
07

C/J
Ca

>22 dwmsugng S, S, ez 2 <

a1 — kS, 1—& 5 5 <0.
S; \S, Sz

L \J 1 1 ﬂ'l d 4 d
dupainldimnqnedlu 4.97) Santesndt 0 Huide Zp(t) <0, udriladsu Ep(t) iy

B ||u(4

dmiunnq 0<S,<S, ,

Nrn
S5

w

negative definite l¥§1iAYBINAMALLTIBY LU Tnoh
= = = P a
8 =8,8,=5,8=S,0=0R=0,0,=0,R =00,=0usz R, =0 &fo {P}. nguj
=S = =
edunaasifiiun P amedesantoun Q
d’ :i < o = Vv a ~ U dy
ez igninnuadeosaniives 2 Rvisamgugunas il
H A ~ *
nguiundl 1161 Ry > 1, Ry <1, Ry <1 nd2yaduga

P(S,,E,,I,,Ql,Rl,Sz,Ez,IZ,QZ, R, S,y 1,0, Rs)eQ, aunsemn Muazianueoss
nhauu Q, il

a d a ¢ o
Agan W15 ilandu Lyapunov Noglugyuvy

ylt)= (S, -S, lnSl)+ E+1+Q +R, +(S2 -5, lnS2)+ E,+1,+0Q,+R,
(s, -8, m8, )+ B, + 1, +(0, - 0, 1n 0,
pyRusausan lden

d d S d_. d . d d
Lyl)=Ls|1-2 |+ ZE+Z1+50+2R
vt [ SJ a T at T al ™
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d S, d .  d 4,
+—=S|1-2 +—E,+—L+—
dr 2[ Sz] a Qz it

d

+dS(1—§]+iE3+ QS( —%]
dt dt 0,

(bNT E” G\ T i Il )( (£ +1) (b+c+d+k)E,J
(

7'

+(cE - (b+e+f+k —(b+ g+k)Q, +(dE, + f1,+ g0, ~(b+k)R)

kS, - ("ZE” +b+k}3‘ 11 ) —S% (b+c+d+k)E2)
T

(kI +cE,—(b+e+ f +k)L,) + (kQ, +el, (b + g+ k)0,)

(
+ (kR + dE, + [ 1, + g0, — (b+k)R,) + [ [——"3%”3)%}%11—%J

T

+

+

a3S3(E3 + 13) (

+| kE, + - b+c+d)E3J+(k12+cE3—(b+e+f)13)

T

+(sz+ela—(b+g)Q3{ %)

A

=bN, 1—% +(b ¥ £)S,~bS, —k%S‘z +(b+k)S, —sz—k%33+b§3—bS3

] 2 3

+(E, +Jl{%—bJ+(Ez+1z{a;/‘j2 —b]+(£}%—b—d]@ +(‘X{‘j3 —b—e—f}@
—bQ,—bR,—[b+k%j—)g2—(b+k)R2+e13(1—%j]+(b+g)é3[ -%)

(4.98)

Zylr)=bN, -5 +(b+k)§,—bSl—k§‘—.S“2+(b+k)S —bS, k5 S, +bS, - bS,
dt S, S, S,

~b0, - bR, —[b+k%)g2—(b+k)Rz+e1 (1—5—3] (b+g)Q3[ ) ]

S (S, S, 8 S S\
=N, [ 1=2L |+ (b+k)S| 1=38 |[+4S| SL— 2122 |+ (b+k)S,| 1-22

[ ] < ar
5@\3?('1(16]5'1’1]155 AT WHBLLWIATUNY
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PR D S +bS,| 1 _5 ~bQ, bR, - b+kQ3 , - (b+k)R,
R\ S,/R, 8,/ R, S, S,

3 13 Q3 3
(4.99)
1199910
. bN, k o~ ~ kS . . a  yyd
= L bS, =2 =(b+ , AUMT (4.99) ansaen @iy
1 btk 2 bk 3 Ro ( g)Qs ( )
iw(r)=bNT -5 +bN; -5 + &S, i-ii + kS, 1=
d S, S, S, 5,8, S,

; LR W 9 ), -
+1;S3[S2 A S3]+bS3( S}J b0, - (b+kQ3)Q2 6+ k)R,

i\y(t)=bN., 2—§—T‘ + kS, | 5L S SS2+1 5 +bS, 5, —AS% §1+1—‘Sj3
di S-S 5] &> \&e 52/1e0 S,/R, S, S

4 y)=-sn, S e[S ) e[ 08 S s,
dt S,S, S, 08, 8, 518y S,/R
Qz 7 Qs Q3 13
—b0, ~bR ={b+k=2 0, ~(b+ k)R, —el,| [ 1-22 | Z2 22 ||
| ( Q;]QZ [( 0, \O I

(4.100)
=1 t
VAU
IR dmiunng S, > S,/R, uay S < 54 miunng 0<S,<S,/R, ,
S, "SRk, Sy~ S,/ R,
A1l - bS, CE I R T | P :
S] S} SZ/RO
dmsunnigae
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1
s o

h s 213 dmivyng L1, uaz 3 dwmiung 0< I, < I, fiufe

3 3 3

Q3 Q3 13

o/ 3 1 1 d o W '
Asiunngnenily @.100) fanfesndio uay ;w(t)so. AT INAVDINDIRAYDTIYOY IULrA
t

o~ )|w‘N

A - A -
lagh S,=385,,5,=S5,,8,=85,,0 =0, R=0,0,=0,
A 2 v =
R, =0 unz 0, =0, e {B}. noufdndunandldiiuin p, fanuadesaniuuu Q,
$ ~ *
nquRunii 12§ Ry >1, Ry <1, udn

~ e sy e A o

P(E,E,T,,Q,,IE,@,EZ,TZ,QZ,RZ,S3,E3,13,Q3, )eQ ansama lduaziinnuetos
ndeuu Q il

(4 LNy

Vs

_(b+a)n,

4.101)

a d < o '
Wiy HaA¥u Lyapunov aglugduuu

n(t)=(S,—§,lnSl)+El+1,+Q,+Rl+(S2—§zlnSz)+E2+12+(Q2—Qzan2)_
(8= 8yinS, )+ £, 41, + (0, - B, 1nQ,)
§] d_.d. d d

d_\ d
—n)==8|1-2 |+—E +—1 +—Q +—
"= ‘( s )Tt T at a9t et

+£Sz( S_]iE L dQ(l_&]
dt S,) dt 7 At d 0,
d d
dt

dyf, 5,4 o
+ES [1~S—3]+th +— Qa[ QJ
=[bNT —(—a‘(ﬁf'k 1‘)+b +kJS1J[1 —EJ +[*a"s‘(]€‘ +1‘)—(b+c+d+k)E,]

+(cE —(b+e+ f +k)) +(el, ~ (b + g +£)0) +(dE, + £1, + g0, — (b + k)R,
TOENAANTINTE AT NUTH WIFTUAUT



y
tuuvaeamsszwad wmsuTan i ialugieoiug niido Influenza virus wiia A muiugeesyila HINI 95

+| kS, ~ M+b+k -5 |4 e +M—(b+c+d+k)E
N, N ‘ N ’
T 2 T

+ (kI, + cE, - (b+e+f+k (kQ]+e1 —(b+g+k)Q Qz]

+| &S, ~ ( S(E; +1,) }911——) (kE “3S(]€”) (b+c+d)EJ

+(k[2+cE3—(b+e+f)]3)+(kQ2+e13—(b+g)Q3{ ~§3)

%)

=bN, -5 +(b+k)S, - bS, —ki@ +(b+k)S,=bS, — k225, + S, - bS,
Sl SZ S3

5 0. 5. S
+(E, +1,{‘]’<[—T—b]—(b+k%]g ~(b+h)R +EZ["NT2 —b—d)+12(a;/: —b—e—fJ
A Qz _% a3S \ gﬁ_ —e—
+(b+g+k)Qz[l G ]+e1 (1 o J+[ N b- d}? (Nr b-e f}l3

+(kQ2+e13{1—%J+(b+g)§{ —-gij (4.102)

[V 4 9
menwusy 1ah

d 5 S & S, o
—MN)=bN,|1~— [+(b+k)S, ~bS, — k=L S +{b+k)S, =bS;, — k=2 S +bS -bS,
0= 1= SO <, 5o 5,

—(bﬂcg%,—(bﬂc)& +(b+g+k)§2( gz )+e[ [l—gz]

+(kO, +e13{1 —%]Jr (b+g)§3[1 N

3 3

S ~(. S S s S S ~ S
=bN [ 1= |+ (0+k)S| 1 - 2L |+ kot 20— 20 22 | 5 1-22
R (o e e ()

B

+kS[S_S_§_]+[bSV<E1)sIIi] 2 ()s(liJ

2 5 5, 7 y ) N ;
|64k 20 R i g ap[1-L Jrer LB
0, O I 1, &

ar & ar as o
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N I{sz+eI kQ, +el, Q3J (b+g)Q3[ _%J

kQ, +el sz + e[ O, ;
(4.103)

= bN’}c,(b+k)§2—kg‘,bS +N (B +T,5, =4S, eI, = (b+g+k)D, and

T

kQ, +eI, = (b+ g)0,, aums (4.103) ansoon i@y
S,

k0, +e73 k0, +e13 Q3

B s |18 (500l (b k)R el | 2oy L
b S3 Q2 2 2 2 Q2

s+l kQy+el, kD, +el, o} b
\ kQ2+e1 kQ2+e1 Q3 o, |

(4.104)

o - o o o
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& —k% S, dmsuyne S, 28, uavk—‘;— > §, dmfunng 0<S3SS3,then
-b K, _ 3"3 1__S_ <0.
b S,

2>k miuyng I, > I, uag .5 dmiunng 0<I, <7, , then

QZ ]2 QZ 2
-e“'{ 1—&][92 éDso

NG L

én %szZ—ml dmiuneq 0,>0, way I, > 1, G K el fmTunng

O, kQ,+el, Q3 sz +eI
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Mathematical model of Influenza A(H1N1) virus

transmission
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Abstract

The viral infection due to an influenza A(H1N1) has been occurred in many
countries worldwide. It has been continuously announced. The infection can trans-
mit between the people through coughing or sneezing with the virus. In this paper,
we formulate the SEIQRS model to describe the transmission of Influenza A(H1N1)
virus transmission. We assume that after each person is infected, that person can
be infected again. The standard dynamical modeling method is used in this study.
The basic reproductive number is obtained to examine the stability of our model.
The numerical solutions are shown to confirm the results. The results of this study
should point the new allernative way to reduce the transmission of the influenza
A(HIN1) virus.

Keywords: Inuenza, standard dynamical modeling, equilibrium states, basic reproduc-tive
number, local stability.

1. Introduction

A respiratory disease caused by influenza virus type A, so called Swine flu. In 2009,
There was the outbreak of Swine flu due to infection with HIN1 influenza A and was first
observed in Mexico. In 1976, there was an outbreak of swine flu at Fort Dix, New Jersey.
This virus is not same as the 2009 outbreak, but it was similar to influenza virus type
A, Swine flu also is an Emerging Infectious Disease (EID) because the Swine flu virus
has not circulated previously in human; the virus is entirely new [1]. It usually spread
among pigs and is not same as human flu virus. It does not often infect people, and the
rare human cases that have occurred in the past have mainly affected people who had
direct contact with pigs. But the current Swine flu outbreak is different. It is caused by
a new Swine flu virus. It has changed in way of the transmission. The new Swine flu
virus can spread from person to person, among people who have not had any contact with
pigs. In the beginning of March 2009, An influenza outbreak of North America was found
to be caused by a new strain of influenza virus, designated Influenza HIN1. On April
9, 2009 it became apparent to public health officials in Mexico City that an outbreak
of influenza was in progress late in the influenza season. On April 17, 2009. two cases
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in children were also reported in California near the Mexican border. As of April 27,
2009, the United States Government had reported 40 laboratory confirmed human cases
of swine flu, with no deaths. Mexico has reported 26 confirmed human cases of infection
with the same virus, including seven deaths. The current outbreak of swine influenza A
(H1N1) evolved so rapidly that as on April 29, 2009, nine countries officially reported
with confirmed cases of swine influenza A/HINI infection. Of these, Mexico, United
State, Austria, Canada, Germany, Israel,New Zealand, Spain and the United Kingdom
have reported laboratory confirmed human cases and deaths due to rapidly progressive
pneumonia, respiratory failure and acute respiratory distress syndrome (ARDS) [2].World
Health Organization (WHO) declared ever high stages on its “pandemic "scale-alert 6,
designating the Influenza HIN1 2009 a potential threat to worldwide health and declared
the outbreak as Public Health Emergency of International Concern (PHEIC) [1]. The total
report of swine flu cases worldwide more than 213 countries was 622,482 by November
27, 2009[3]. Updated data on swine flu deaths has reached a total of 16,931 deaths as of
March 21, 2010 [4]. Instead of misleading case counts, CDC has estimated the number of
cases, hospitalizations, and deaths belween April 2009 and April 10, 2010. The CDC has
estimated that between 43 million and 89 million cases of 2009 HIN1, between 195,000
and 403,000 HIN1 cases related hospitalizations, and between about 8,870 and 18,300
HIN1 cases related deaths [5]. D. Klinkenberg, A. Everts-van der Wind, et al. [6] studied
the strategy for emergency vaccination during an epidemic of classical swine fever virus
(CSTV) and presented a mathematical model of CSFV transmission between pig herds
which quantify the effect of control strategies with and without vaccination and estimate
the model parameters from data of the 1997/1998 CSF'V epidemic in the Netherlands. In
this paper, we study the transmission of Influenza A(H1N1) virus through mathematical
modeling. The standard dynamical modeling method is used for analysis the behavior of
solutions. In this paper, the formulation of model is presented in section 2. The analytical
and numerical results are presented in section 3. Finally, the discussion and conclusion of
our mode] are presented in section 4.

2. Mathematical model

We consider the transmission of influenza A (H1N1) virus between the people. The
people are separated into 5 types such that susceptible, exposed, infectious, quarantine
and recovered. We suppose that after cach person is infected, that person can be infected
again. The diagram of the transmission is presented in figure 1

University of Economics and Law(UEL), VNU-HCMC

FOIFIAATINIGG AT WUTI WIAFINUT



. N c oo X - voe oo
wuusresnsssnadmivlsalivdnlucjaeniuglunie nfluenza vins 180 A seWustiotiia H1NT

118
186 ICMA - UEL 2011, December 20* — 2272, 2011
(0]
CE®
'%S'(‘)I SOEBH®) IO
ANg -
Figure 1. Flow chart of the model.
Let

S'(t) be the number of susceptible human at time t,
E'(¢t) be the number of exposed human at time t,
I’(t) be the number of infectious human at time t,
Q’'(1) be the number of quarantine human at time t,
R'(¢) be the number of recovered human at time t.
The dynamical equation for each human can be described as follows:

dS'(t S (E(t I'(t

if( ) _ ANg =~ ) /(V:+ (&) + cE' (1) + bI'(t) + R (1) — pS'(t) (2.28)
dE'(¢ S (BN + 14 )
20 SO~ (229)

ar(¢ , ;

% =eF'(t) — (B +b+ )l (1) (2.30)

dQ'(t '

WU _ sr - @i (231)

dR'(t ,

% =0Q'(t) — (@ 4+ )R (t) (2.32)

with the conditions:

Np=8"(t)+ E'() + I'(t) + Q'(t) + R'(t)

where

A = the birth rate of human population,

Ny = the total human population,

v = the contact rate of HINI virus transmissiog,

¢ = the rate at which the exposed human become to be susceptible human again,

jin = the death rate of human population,
€ = 1/TIP where ITP is the intrinsic incubation period of HIN1 virus,

University of Economics and Law(UEL), VNU-HCMC
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b = the rate at which the infectious human become to be the susceptible human again,
¢ = the rate at which the quarantine human become to be the recovered human,
a = the rate at which the recovered human become to be the susceptible human again,
B = the rate at which the infectious human become to be the quarantine human,

The total size of population is assumed to be constant. Thus, the rate of change for each

human group equals to zero. We set dNy = 0, then we obtain A = u;. We normalize our
equations(1)-(5) by letting
S'(t) E'(t) I'(t) Q') R(t)
i) = = —2 - —=1 = =
S() = 55 B = S 1) = 2,000 = S R =

then the reduced equations become

“‘Zﬁ“ = gy, = ySEE@) + L(t) + cE(t) + bI(t) + a(1 — S(t) = E(t) — I(t) — Q1))

= St (2.33)
B o) (B0 5 10) = (e =+ ) E) (0.3
dfj—iﬂ =ecl{) —(B+b+un)l(t) (2.35)
%9 = BI(t) = (4+ ) Q1) | (2.36)

with the conditions

1= S+ B(t) +1(t) + Q1) + R() (2.37)

3. Analysis of the mathematical model

-Analytical results
The steady states are obtaired by setting the right hand sides of equations (8) to (9)
equals to zero, then the steady states are as follows:

1) Disease free steady state: Ey = (1,0,0,0).

ii) Disease endemic steady state: E} = (S, E*, I*,Q").
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where
Ry [La(unLyr + (B + pn)e + a(Ly + €)) + Bec]’
o+ 1° <b+cﬂ+ Iaﬁ;)
S = 5 e . VA (3.39)
Bn+ I‘E(Ll +€)
E=1r (%) , (3.40)
B
Y= It 3.41
9 (L4> ’ (3.41)
where
b+ B+ e+ ) (L1 +¢)
Ry = - , 3.42
" b+ B+ un)(c+e + ) L (, )
Ly = b+ B+ pn, (3.43)
Ly =c¢c+€+ i, (3.44)
Ly = o+ u, and (3.45)
Ly'= 0+ (3.46)

Theorem 1. The disease-free steady state Ep of equations (6)-(9) is locally asymptolically

stable in D if Ry < 1, and is unstable if Ry > 1, where

D={(SEIQIS>0,E>0T>0Q>0,S+E+T+Q<1}.

Proof.To determine the local stable of the disease-free steady state Ej, we evaluate the

Jacobian matrix J(Ep) as follows:

—v = fip -y c—« —v+b—-« —a
I = 0 v —{c+e+ ) Y 0
0 0 e —(B+b-Fup) 0

0 0 8 —(0 + un)

The eigenvalues of the above Jacobian matrix are

B[ =

m = —La,s0 ==Ly, 34 =

[(y= Ly = Ly) £ V4]

where A = dzy + 2 + 2yLy + L} — 2yLy — 2L, Lo + L3

If Ry < 1, then we have

’)/Ll - L1L2 + e < 0.

Consider

A = (]_1] [/‘_7 - 7)2 -+ 4(",’L1 — L1L2 + ’)’5)
< (L] LQ - ",’)2.
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That is

VA <L+ Ly —+ywhen Ly + Ly — v > 0.

1 1
da=5l(r=Li— L)+ VA < l(y = Li= L) + Li+ Lo =) = 0,

1 1
Ay = 5[("/* Ly - L) + VA] < 5[(7—[41 —Lo)— (L1 + Ly — )] L 0.
Therefore all roots of the characteristic equations have negative real parts for By < 1.
Thus, the disease-free steady state Eg is locally asymptotically stable for By < 1 and

unstable for Ry > 1.

Theorem 2. The disease-endemic steady state By of equations (6)-(9) is locally asymp-

totically stable in D for Ry > 1
Proof.The Jacobian matrix at E; is given by:
—(E*+ ) —a—pn —y+ S tec~a —4S +b—a

Jo = Yy(E+I7) YS* — (c+ €+ pn) ~vS*
b= 0 £ —(B+b )
0 : 0 8

The characteristic equation is

7t +aan’ + aan’ +'a1n +ag = 0

where

nmg=a+b+xy+7X; +6

-

0
— (0 + )

(3.47)

(3.48)

ap = Ble+e) + BEry + eLpy+ ByI) 4+ eyl 4+ 381 + 3y + 3epn + 35y,
4 8y Iyt + 6k 4 BySy + evSh +3vunSy 4 w304+ ¥ X0 + b(c + 24 3y

+ X, +6) + b +z3 +9X; +6)

(3.49)

ay = pp(en(3(c+€) + dpn) + Y26 + 3up) X5+ b(2(c + £ + v X)) + 3pn
+ 29X7)) + (bmg 4+ wn(2(c + €) + 3u) + v(s +20) X;)0 + a((b+ B)ma
+ pun(2(c+ )+ 3“’.") + (e + 21) X5 + (b + B8+ m2)8) + Bun(2¢ + 3pn

+ 29Xy + (¢ + 2pup + 7 X3)0 + e(y(Ef + 1) +2uh + 0))

ao = (B(cpn + ma(v(ER + I3) + pn) + vuaSi) + pn(b(e + ma) +

(3.50)

(c+ ma)pn

+ yma Xp)) (g + 6) + a((b(s + ma) + (¢ + ma)en + yma X5 ) (pin + 6)

+ B(ms(pn + 0) + 2(v(E; + 1) + i +0)))

where

(3.51)

Xp=Sy+E,+Izs=08+c+ec+3up,za=8+c+e+4du,,my=c+e+2u +vX5,

my =cH+pp+vX5, My =€+

From the Routh-hurwits criteria, the Disease-endemic steady state is local stability when
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it satisfied the following conditions:

i)a3 >0
i)ay > 0 (3.52)
ii)ao > 0

iv)ayazaz — a? — a3ap > 0

By using MATHEMATICA, the above conditions are satisfiéed when Ry > 1 . Thus, the
endemic disease steady state is locally asymptotically stable for Ay < 1.

- Numerical results

In this section, we analyze the model given by equations (6)-(9). The parameters are
1
define by ¢ = 30 per day satisfles to the 30 days of the exposed human become to be

the susceptible human again, p), = corresponds to the average life time of 65

1
365 % 65
years for human population, ¢ = g Per day means the duration of intrinsic incubation
. 1 ) : . .

of HIN1 is 10 days, b = 0 per day satisfies to the 40 days of infectious human become
1

to be susceptible human again, 0 = Foper day corresponds to the 6 days of quarantine
$]

1 .
human become to be recovered human, o = T day corresponds to the 30 days of

recovered -human become to be susceptible human again, 8 = s per day corresponds
to the 8 days of infectious human become to be quarantine human, the contact rate of
HI1NT1 virus transmission () is arbitrarily chosen.The trajectories of the solutions when
the parameter values will lead to a disease free steady state and when they will lead to
the endemic steady state are showi in the following figures.
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Figure 2: Behaviors of our model for Ry < 1. The values of parameters are ¢ =

8l-gl~

1 1 1
per day, ju, = per day, € = 7o Per day, b= 0 Per day, 0 = 5 per day, o =

1
1365 x 65
per day, f = 3 ber day, vy = 0.05and R, = 0.625.

2a) Time scries solutions of susceptible, exposed, infectious and guarantine human
proportions, respectively.

2b) The trajectories of the RN e projected onto the (S,E), (S,1), (8,Q), (E,I), (E.Q)
and (I,Q) planes. The fractions of populations (S*, E*, I*, Q") approach to the disease
free steady state(1,0,0,0).
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1
Figure 3: Behaviors of our model for Ry > 1. The values of parameters are ¢ = 0

1 1 1
per day, e = 10 per day, b = 0 per day, 8 = 3 per day, o = —

v day, ), =
per day, u, 30

1
365 x 65
per day, 8 = é per day, vy = 0.8 and Ry = 10.

3a) Time series solutions of susceptible, exposcd infectious and quarantine human
proportions, respectively.

3b) The trajectories of the solutions projected onto the (S,E), (S,1), (S,Q), (E.I), (E,Q)
and (1,Q) planes. The fractions of populations (S*, E*, I*,Q") approach to the endemic
disease steady state (0.100043,0.193052,0.128665,0.0964747):

4. Discussion and conclusion

In this study, the mathematical model of H1N1 transmission is analyzed, the threshold

number is defined by

Y+ f+¢€+ pp)

Ro =
0 b+ B8+ w)(c+e+ )

If the threshold number (Ry) is less than one, then the disease free state is local stability.
The endemic disease state is local stability for Ry is omater than one. The bifurcation
diagrams are shown in figure 4.
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Figure 4: Bifurcation diagram of equations (6)-(9) demonstrate the steady state so-
lutions of susceptible, exposed, infectious, quarantine and recovered human proportions

1 1
for the different values of ith ¢ = — g = day, e = —
or the di 1eren values o 1?0 with ¢ ) pler day, us 365 x 65 Per davs g Per
day, b = — per day, § = g per day, @ = 3G Per day, 8 = < per day. — represents
the stable solutions and - --- represents the unstable solutions. For Ry <1, Ey will be

stable. For Ry > 1, E, will be stable,

The basic reproductive number is defined by R = v/Fy [7]-[8]. It represents the average
number of secondary patients that one patient can prodice if introduced into a susceptible
population. From the bifurcation diagram, if the basic reproductive number is less than or
equal to one, then an infective replace itself with less than one new infective, the disease die
out. If the basic reproductive number is more than one, then the proportion of susceptible
classes decrease and the proportion of infectious classes increase. These behaviors occur
because there are enough susceptible human to be infected from H1N1 infectious human.
Seasonal influenza occurs every year and the viruses change in each year, but many people
have some immunity to the circulating virus that helps limit infections. By contrast, the
pandemic swine flu virus was a new virus when it emerged and most people had no or
little imrunity to it [9]. The results of this study should point the way for decreasing the
outbreak of this disease. '
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The Re-infectious Model of HIN1 virus
Transmission

Puntani Pongsumpun

Abstrace—The HINI virus transmission is caused by a new
strain of type A intluenza virus. The transmission of HINT virus is
studied through mathematical modeling. The human population is
separated into  susceplible,  exposed,  symptomatic  infected.
asymptomatic infected. quarantine and recovered human classes.,
After cach human is infected. heishe can be infected again. The
standard dynamical modeling methed is used for analyzing of our

“model. The numerival solutions are presented for the different
situations, The threshold condition is found w be the way for
reducing the outbreak of this discase,

Keywords—IiN virus. Jocal stability, mathematical modeling,
standard dynamical modeling method.

1. INTRODUCTION

ENERALLY the three types of influenza viruses. that

cause _human flu are influenza A, -influenza B and
influenza C. Influenza A viruses also infect both pigs and
birds. influenza C viruses infect pigs but do not intect birds.
Pigs can be infected with influcnza stmins that usually found
in pigs. birds and humans. When influenza viruses from
difierent specics infeet pigs. the virus can be reassortment, a
process through 1wo or more influenza viruses can sy ‘ap
genes, produce new and dangerous - strains < | 1], When
reassortment occurs. the emergent virus will have some gene
segments from cach_of the infected parent viruses und may
have difterent characteristics  than cither of - the parenlal
viruses. Many reports of carly analysis repeated that the swine
influenza stmin contained  genes  from five  differem flu
viruses.  Swine Mu is caused by a new strain of wpe A
influenza virus., The virus shows some similaritics with o flu
scen in pigs. although “this new strin is transmitted from
human o human. The wansmission of'a swine o virus from
pigs to humans is occasionally possible. However, sporadic
human infections” with lu- have oceurred. Most
commonly. these cases oceur in persons with direet exposure
to pigs [2]. Risk facton that may contribute 10 swine-to-
human  transmission inchide smoking and; cspuecially, not
wearing  gloves when working with sick animals. Swinc
influenza viruses are not transmitted by food. Eating properly
handled and cooked pork products are safe. Cooking pork o

swine

an internal temperature of 160 ° F kills the swine flu virus as it
docs with other bacteria and viruses [3]. This virus can spread
from person 1o person mainly by infected people coughing
and sneezing. The virus spreads when droplets from a cough
or snceze of an infected person are propelled through the air

P Pongsumpun is with the Department of Mathematics, Faculty of
Science. King Mongkut's Institue ol Technology Ladkratang, Chalongknung
road.  Ladkrabang, Hungkok, THAILAND, H520(phone: (662)-329-8400
€x1.320; fax: (6625-329-8400 exL284: e-mail: kppuntangd kmitl.ac
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and deposited on the mouth or nose of people nearby (within
approximately one metre). The virus also setiles on surfaces in
the surrounding environment and can live on a hard surface
for up to 24 hours and a soft surface for around 20 minutes.
This virus transmission was first scen in Mexico, it was
identitied in the United States in Aprit 2009. In just a fow
months. the virus spread throughout the world. Swine Hu also
is an Emerging Infectious Disease (EID) such as SARS. avian
influenza and Chikungunya discase. Because the swine flu
virus_has not circulated previously in human; the virus is
entirely new. For people, who experience flu-like symptoms,
retrn home and siay at home to avoid spreading the discase
to others. It is advised 1o remain at home for at least 7 days
after the start of the illness. In addition: take plenty of rest,
drink plenty of fluids, avoid smoking and eat nutritious food.
Treatment with anti-viral medicine will be focused mainly on
those people with severe symptoms or those in high risk
groups. These symptoms include difficulty breathing or a high
fever that lasts beyond three days (4] D, Klinkenberg. A .
Everts-van der Wind. et al. [5] proposcd the strategy for
cmergency vaccination during an epidemic of classical swine
fever virus (CSIFV) and presented a- mathematical model of
CSFV - wransmission between pig herds which quantitivs the
cffect of control strategies with and-without vaccination and
estimate the model parameters from data of the 1997, 1998
CSIV epidemic’ in' the  Netherlands. P.Pongsumpun |6
analyzed - the “mathematical  model of swine flu virs
transmission but the re-infection of the swine flu cases was
not considered.

C

TLTRANSMISSION MODEL

Hi N1 transmission is studied through mathematical model.
The repetitive infection of HINT is considered in this study.
The' population is scparated into six classes: susceptible,
exposed. symptomatic infected.  asymptomatic  infected.
quarantine and recovered humans.  The diagram of the
transmission of H1 NI with repetitive infection is presented in
fig. 1.
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The total human population is supposed to be constant. The
dynamical changes for human classes are described as
tollows:

S (0=by N+h (1) +hyTa(0+gL(1)
U CORTORIPIO)

+ 7R =dy, $(1)

N

L : 88}

T a SOME) + h(y+12(1))

N

~(ghdy ay ba)ED
(2)
() = o B = (hy 4 4 dy Ty )
Tz‘(()‘—u:E(l) (hy 171 dy )3 () @
Q- }.JHI)I}.-_\T:IU'“|(|h)6(l.’ {3)
R 100y (v dy R(1) {7

where SO0 E(D + (D) e 120 - QO RN = N

The variables and parameters of our model arc given as
tollows:

N0)is the number of susceptible human.

() is the number of exposed human.

lI(t} is the number of symptomatic- infected human,

12(1) is the number of asymptomatic infected human.

Q(1) is the number of quarantine human.

R(D) is the number of recovered human.,

by, s the birth rate of human,

dp, 15 the death vate of human,

N is the total human size,

hy is the rate at which the svmptomatic infeeted human can
be suseeptible human |

Iy is rate at which the asymptomatic infected human can be

susceptible human |

g is the rate at which the exposed human can be susceptible

human,

s is the infection rate of HI N1 virus,

a is the rate at which the exposed human can be
symptomatic human,

a>is the rate at which the exposed human can be
asymptomatic human,

7y is the rate at which the symptomatic infected human can
be quarantine human,

7.5 is the rate at which the asymptomatic infected human can
be quarantine human,

| is the recovery rate,

¢ is the rate at which the recovered human can be
susceptible human,

L dN .

The total population is constant; s 0 then the birth rate

oquals to death rate; by =dy, .

The above systemis reduced by letting

JUSW  Eq () I
*‘“"_r(q)‘L“"_N)"“”*_IN () = ’;".
Q) R()
LA V0 P 2
Qv & (1) N

The normalized system is
S () = by Fhyllty 1 hylye 1 gl
SSOCE(D 1 L) 1)) +7R(D by &Y

)
E'(t) = SSUME -+, (04 15 (1)
g by oy 1w D
(R)
I g B Chy e bty (9)
13’(1)—(/.2[3('1) (542, rbh)lz(l) [41)]
QU #2101 2aa() (11 by JO() an
where SO B0 Lo 100+ Qo+ Rt - 1. (12)

I ANALYSIS OF THE MODEL

A Analytical Resulis
The steady states of (7).10 (1) are found by sctting the right
hand side of (7) to (11) equal to zero. Then the results are
given as follows:
i} the disease free steady state:
By - (10.0.0.0)

ii) the endemic steady state:

By (ST ET 7. 15.07)
where

DD, Dy ;

(s tayDy 1 Dol

aQ

o

o - o o
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.o 3(2y(Dy + Dy + 8} ¢ aa(Dy 1 Dy = 8) + (Dy + Dy}2D, 1 Dy Dy £ 43))
MR (14 To= > »

1 b (D} # Dy)(D; + D3HD5 + Dy)
a2 (135 Therefore  the disease  free  swady  stte is  locally
T Dy asymptotically stable for Ty <1. and unstable for T, >1.

. @Dy 1aaDaty Theorem 2. The endemic equilibrium state of (7}(11) is

(16) locally asymptotically stable in ¢ for Ty > 1.

s " °F
DD,

Proof.  Consider the endemic equilibrium state, the Jacobian

£ =2l an matrix at By is
.\2 JBI “
where [-D5-S(E ++1)) D88 D=3 Dy -y
Xp= DaDDADIDID; (0D - (e -DDYby ), (18) PoXe shel) DS 8 0
Xa= 03Dy 1ty + Dy)D)SDDLDID; ¢ eDA(Dylz b hy) ! 0 o ~Dy o o
1))+ DD, D7+ Deha v 5 {19) } 0 “ 0 h 0
Vi) e BREINEIE RS P i
)+ Dy 1 7) s gDz Dyha v 7)) | 0 o i B
and .- Lo
R , The characteristic equation is
By "g"b'_' iy g (20) 23RN RyE R VR Ry =0 (31)
Dy - hytay1by. 21) where
Dy-hy12:4by, (22 Ry=DpiDy Dy s DyiDg v S(E + 1} 13 8. (32)
Dy - T+by. (23) Ry = DyDy ¢ DyDs + DyDg(Dyt Dy 5 DL WE
1Dy £ Dy D@SAT 113) 1 DDy + Dy 1 Dy 1 D,
I'heorem 1, The discase free steady state of (7)-(11) is locally FAE 4T 213004 Da(Dy 1+ Dy s Des SE 11

asymplotically stable in 6. where
6= U8 EN LT QI 2 0.E20,1 20,05 20,Q20.
SYE4 T4 12 1Qs1y,

DDy Dy Dy SE 1 130 ST i (a1
i Dy e Dy 2 DS

(33
> acohi: tsease free steady siate | .
l.rnuf. J:u.()hmn matrix - at the  diseasc frev steady state is Ry= D3040+ (DaDy + (Dy  Dy)Dg 1 yDy 1 3Dy WE
givenas follows: L N,
1UD3Dy 24Dy # DYIDg #aqDz + 13D WLl + 1y)
[ibpog  Sug w0 Soyoh S oweby o cv ] FDDLDs  AET T T 103000 DDy Dg ¢ S(ES (1] 1 13
A Dy 8 d b P02 DDy g 3Dy 1 DDs LDy ¢ Dy - DS”
oo D 0 0] 1] | Ll ton ] '
lLl 0] Al . . . ) - - LI
* h rDADE cfy c 1) Dy(Dg : S(E 21, [, S )
P y 0 Dy S| P war _')_‘(_'.( g’
i b A S Dyl F D30+ Dt HE 3 1] 138 ) - s § Dy)SST)
(34)
The characteristic equation of the above Jacobian matrix is Ry D040 - SE 2 1 s 1)yt DatDy(Dg 1 SE - Iy« 101
G D 18957 1 s b8 s (24) DDy 7Dgd ’E L L) U 41 v [XD,D,D,
where $ DDy Dy or 2Dy Dyt w7y s wgrig)
s2= Dy Dy Dy v, (25 1 DDy sy ¢ DHDYDs (D5 DYIDLS)
sy DaDy e DUDy P D) (o) tay s Dy ¢ Dyl (26) ¢ DyDyIDs  &E 1 1 17187y SDGE ¢ 1 - T3 1 DS
Su - D03 1 (aDy 1 tiry D)D5)8 Q7 : (33)
The cigenvalues (7,::1 - 1.2.3.4) can be found by solving (24).  Ry= D,D:D;D4(Ds VSCET el v 13 M D3 (DyDy 1 2)

Theretore - -py. The remaining cigenvalucs 45 and ED2D04D,, 1 w2DDy vy 7h7)) ¢ LDy
. . - 9 .2 . : B 5"

rgare obtained from 2355932 4§50 55~ 0. We can see Hia = DIDD.DSES X

. . . . L (36)
at 7 has negative real part. We usc -Hurwitz criteric . . N

that 7, has negative real pxr.t We ll\\'R'Olllh .Hux vitz z,mu‘nfl where DDy p,and pare detined in (20) to (23) and

[7}-I8] to cheek the sign of the remaining cigenvalues. I it

satisfy the following conditions. the cigenvalues will have

negative real parts.

Dy, D,.D7and pyare define as follows: Dy wby, v, Dy-g- 7.
Dy=v by and D=5 b, To test the local asympiotically

i)s,50 (28) stable. we use the Routh-hurwitz  criteria [7)-[8]. The
i) 5 =0 (29) Cond'i.(ions are o
R, »0;j=01234 37N
HE) sy 5y 0. (30} R, 0:5=01

. . . L. . i 1.R2 . 3R
I'rom our cvaluation. we found that condition (28) 10 {(30) are ) RRR; RERIRY) -0 (3%

satistied when 1,12

2

w
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i) (R4R; - Ro}R4R3R; -R RiR;) Ry(R.R; -Ry)*
‘R,R;>0. (39)
By using MATHEMATICA, the above conditions are
satisfied when Ty >1. So the endemic steady state Bjis
locally asymptotically stable for T, > 1.

seatassion
s
2
L
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B. Numerical Simulation
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In this scction. we find the numerical sohutions of our model
by using the paramcters as follows: by, = 1/(365x63) satisfies 0.0 Ny

to the average lite time of 65 years for human, g = 17220
satisfics to the 20 days at which the exposed human become to
be the susceptible humian. by = 1716 and h, = 1/10 correspond

Taean

to the 16 days and 10 days at which the symptomatic and
asymptomatic infected human become 1o be the susceptible
human, respectively. o= 1/14 and u ;= 1412 correspond 1o

the 14 days and 12 days at which the virus incubate in the
human and then become to be the sympilomatic and
asymptomatic infected humans, respectively, 2= 1720 and

72> 1224 satisfy to the 20 days and 24 days at which the 5
infected human become 1o be quarantine human. | - 122 he
satisfies 10 the 22 days at which the human recover from LR
infection. s is arbitrarily chosen, MR B G BB oW rw
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Fig. 2 Numerical solutions of our model for Ty <1 . The values of ? - e
parameters are by — 1/{365x63), g= 1720, h) = 1716, h;= 1710, é - -
wy= 1, aa= V120 = 12200 7.5= 124, | = 1722, 5 = 0.05, il ’f'
To - 043, The fractions of populations (S‘.E..lI,l‘z.Q‘) g . .
approach to the discase five steady state By =(1,0.0,0,0) g " .'\\
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{ Fig. 3 Numerical solutions ol our model for Tjy > 1. The values of
e parameters are by, - 14365%65). ¢ = 1,20, h;= 116, hy=1/10,
Cononn W= L g = 112, 7= 1220, ha= 17240 1= 1722, = 0.8 and
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V.
The HINI rtransmission is studied by constructing the
mathematical model and analyzing the resubts by using
standard  dynamical modeling wmcthod. The Threshold
condition is defined by

1 L 3ey(Dy +Dy ) reniDy 1 Ds ¢ 8) +(Dy + D@Dy £ Dy rDy )
(D) + D2)Dy + Dy}D; 1 Dy)

It Ty is less than one. then the discase free steady state s local

DISCUSSION AND CONCLUSION

stability. The endemic equilibrium state is local stubility for
To is more than one. The Threshold condition is used for
controlling the outbreak for many discases [9]-110].
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Fig. 4 Numerical solutions of our model for the different durations of
yuarantine

We simulate the fraction of cach human class Tor the different
durations at which the infected human is quarantined. We can
sce that if the longer periods of quarantine. then the steady
state - solutions -~ of  exposcd.  symptomatic  infected  and
asymptomatic infected human classes are increasing but the
steady state solutions of susceptible and recovered human
classes are decrcasing. The time of outbreak is increasing.
Becuuse it we don’t quarantine the infected human suddenly
after we know that._person is infected, that infeeted person can
transmit the discase 1o the other susceptible human and the
HINT cases will be higher. this ‘effects to the outbreak of
HINI trunsmission .
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Dynamical Network Transmission of HIN1
Virus at the Local Level Transmission Model

P. Pongsumpun

Abstract—A new strain of Type A influenza virus can cause the
ransmussion of HINI virus. This virus can spread berween the
people by coughing and sucezing. Because the people are always
movement. so this virus can be easily spread. In this study. we
construct the dynamical network model of HINI virus by separating
the human into five groups: susceptible. exposed. infectious.
quarantine and recovered groups. The movement of people benween
houses (local level) is considered. The Lehaviors of solutions to our
dynanical model are shown for the different parametess.
local | level.

Keywords—Dynamical  network.  HINIvimus,

simulation.

I. INTRODUCTION

INT vimus is-an orthomyxovirus. This virus has three

groups. called as rype A. type B or type C. Only type A
viruses can infect pigs. This rype of vimus is also can be
subdivided into subtypes based on their hemaglutinin (H) and
neuraminidases (N). In humans. there are 15 hemaglutinins
(H) and 9 neuramindases (N) that have been identifted in
humans. animals and birds. Because it is an RNA virus,
antigenic drift can occur as genetic material is exchanged
between viruses, The pig populations can be infected with
three main subtypes of classical swine influenza virus: HIN1,
H3N2. and HIN2 [I]. “Pandemic Influenza™. Novel
Influenza™ or “Swine Flu” is occumed from the subtype
identified HIN1 (2009). This type of influenza virus can
cause respiratory disease in human. The spread of a swine flu
virus from pigs to humans s occasionally possible. However,
sporadic human infections with swine flu have occwred.
Generally. these cases occur in persons with direct exposure to
pigs [2]. Factors that may influence to the transmission of
swine flu between human include smoking and. especially. not
wearing gloves when working with infected animals.
However. food is not the factor of HINI virus transnnssion.
Eatmng cooked pork products are not risk to the infection of
this disease. Cooking pork 1o an intemal temperature of 160
°F can kill the swine fhu vims as it can kill other bacteria and
viruses. The swine flu virus can spread berween the human by
coughing and sneezing of the infected people. The virus
transmits when droplets from a cough or sneeze of an infected
person are propelled through the air and deposited on the
mouth or nose of people nearby (within approximately one

P. Pongstmpun 15 with the Deparment of Mathematics. Faculty of
Scrence. King Mongkut's Institute of Technology Ladkrabang. Chalongknug
road. Ladkrabang. Bangkok. Thailand, 10520(phone: (662)-329-8400 ext.320;
fax: (662)-329-8400 ext.284: c-mail: kppuatanZkmitl.ac.th).
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metre). The virus also is on surfaces in the swrounding
enviromment and can live on a hard surface for up to 24 hours
and a sofi surface for about 20 minutes.

When the person touches droplets of the virus on surfaces
and then touches their own mouth or nose before washing
their hand. it usually takes 1 to 4 days before each person is
sick. Infected adults may transmit the disease to the others
people for one day before symptoms appear and up to seven
or more days after becoming sick. The younger children might
be contagious for longer periods [3]. The swine flu virus has
symptonis - similarly to the general influenza-like illness.
Fever, cough, sore throat. muscle pain. headache. nuny nose,
chills and fatigue are symptoms of this disease. Some people
with swine flu also have reported vomiting and dianthea
associated with swine flu. Swine flu may take chronic medical
conditions worse [4-8]. This influenza virus was first
proposed to be a disease related to human influenza during the
1918 flu pandemic. when pigs become sick at the same time
as human. Ten years later. the first idenrification of an
inflnenza virus as a cause of disease in pigs occurred m the
United States in 1930 [9]. Since that time, they have become
an economically inportant cause of respiratory disease in pigs
thronghout the world and a human public health visk. For the
next 60 years. swine influenza strains were alimost exclusively
HINI. Then. between 1997 and 2002, new strains of three
different subtypes and five different genotypes appeared as
causes of influenza among pigs in North America. In 2009,
the first case of the cuurent HIN1 (2009) virus reported to
WHO on 24 April 2009 on the American continent. The virus
has spread in 160 countries and territories. By mid-year of
2009. there were 135.000 cases and 816 deaths recorded. The
HINI1 (2009) virus has spread from the American continent to
their world regions. including Europe. the Middle East, Asia.
the Pacific and Africa. In 2003. D. Klinkenberg. A Everts-van
der Wind. et al. [10] assessed the effect of control strategies
with and withow vaccination by presenting a mathematical
model of CSFV transmission between pig herds. In 2011 {11].
we analyzed the mathematical model of HINI virus by
classitying the patients into symptomatic and asymptomatic
cases. Recently [12]. we modified the wansmission mode! of
HIN! vims by including the effect of re-infection and
presented the way for reducing the outbreak of this disease. In
this paper. we formulate the dynamical model for the
transmission of HIN1 virus when there is the movement of
people between houses.,

II. TRANSMISSION MODEL

Transmission of HINL virus is studied through dynamical
modeling  with the movement of people. The human
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population is divided into five classes: susceptible. exposed,
infectious, quarantine and recovered classes. The transmission
of HINT virus at the local level (between houses) is studied.
The movement of human between houses is satisfied the

following assumptions:
AN A
o]

Fig. 1 The diagram shows the movement of human between houses

s

We assume that in each village has N populations. The
movement of people is considered by random process. This
process is done by random the 1% person to the N ® person
(with uniformly distribution) travel between houses everyday.
This village. all people can go only one time in one house per
day. Everybody has the same probability of visiting to each
house. There is no person come from the outside of this
village. Each person who stays in any house at the beginning
time will come back to his/her house at the ending time. At the
first day. there is ouly one infected human in one house and
there is no infected human for the other houses in the village.
Our dynamical model considers the transmission of HIN1
virus berween the people. The people are divided into §
classes;  susceprible. exposed. infectious, quarantine and
recovered humans.

The variables and parameters in our niode] are defined as
follows:

S, 15 number of susceptible persons in the i* house after
visited at day t.

E,, is number of exposed persons in the i™ house afier visited
at day 1.

L. 1is number of infectious persons in the i® house after
visited at day t.

Q.. 15 number of quarantine  persons in the i™ house after
visited at day t.

R,, is number of recovered persons in the i* house after
visited at day 1.

M is the rotal number of persons.

n s the rotal number of houses.

7 is the mansnussion rate of HIN1 virus between people.
ITP s the incubation period of HIN! virus.

is rate ar which the infections human change to be the
quarantine human.
b is rate at which the quarantine human change to be the
recovered human,
f s rate at which the infectious human change to be the
recovered human.
¢ s rate at which the exposed human change 1o be the
recovered htnan,

We assume that the rotal human is constant. The dynamical
changes for human classes are described as follows:

AS = =vSGE G + 1) M

=

ot}
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1
AE = ¥SyiEqi+1i)-7=E{i—¢cEy; @
1P
Al Li = #El,i -l ;—aly; 3
AQpi=  al;;—-bQy; @
AR i = ﬂm'{‘bQ 1,i + cE Li (5)

III. NUMERICAL SOLUTIONS

We simulate the results by using numerical analysis.
Simulations of the model are calculated to see the time
distributions of this disease. The time distributions of exposed
ed and dormant humans for the different situations are shown
in the following figures.

20 [
—e—40houses
A —~8-60 houses
16
—80houses
—— 100 houses
g 12
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£
-4
B
8 8
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0 " ]
1 i 13 18 25 31 a7 43 49
Time{day)

Fig. 2 Model ourputs display the time distribution of exposed human
for the different number of house in each village. The parameters
used in this study are N=100. =025 [IP=5.a=1/8, b= 1/6.c =

117, f=1410
g e NV Ve .. NS
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Fig. 3 Model outputs display the time distribution of infectious
human for the different number of house in each village. The
parameters are same as in Fig. 2
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Fig. 4 Model outputs display the time distribution of exposed human

for the different contact rate in each village. The parameters used in

this study are N=100,0 =40, IIP=5.a= 18, b=1/6,c = 177, f =
1710

25
——contactrate = 0.25
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infectious human
o b

31 37 43 49
Time(day)

Fig. 5 Model outputs display the time distibution of infectious
human for the different contact rate in each village. The parameters
are same as in Fig, 4
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Fig. 6 Model outputs display the time distribution of exposed human

for the different incubation period of HINI virus in each village. The

parameters used in this study are N =100, n1=40. »=0.25.a=1/8.b
=1/6,¢=1/7, f=1'10
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Fig. 7 Model outputs display the time distribution of infectious
human for the different incubation period of HINY virus in each
village. The parameters are same as in Fig. 6
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Fig. § Model outputs display the time distribution of exposed hunan

for the different rate at which the infectious human change to be the

quarantine human in each village. The parameters used in this study
are N=100.0=40, »=0.25.[[P=5.b=1/6, ¢ =1/7. f= 1/10
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Fig. 9 Model outpurs display the time distribution of mfectious

human for the different rate at which the infectious human change to
be the quarantine lunan in each village. The parameters are same as
in Fig. 8
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Fig. 10 Mode! outputs display the time distribution of exposed
human for the different rate ar which the quarantine human change to
be the recovered human in each village. The parameters used in this
study are N=100,n =40, y=025. IIP=5.a=1/8, ¢ = 1/7. f= 1410
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Fig. 11 Mode! outputs display the time distribution of infectious
human for the different rate at which the quarantine hunan change to
be the recovered human in each village. The parameters are same as
in Fig. 10
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Fig. 12 Model outputs display the time distribution of exposed
human for the different rate at which the exposed human change to
be the recovered human in each village. The parameters used in this
study are N = 100. 01 =40, =025 TIP=5,a=1/8.b=1/6,f=1/10
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Fig. 13 Model outputs display the time disnibution of infectious
human for the different rate at which the exposed human change to
be the recovered human in cach village. The parameters are same as

m Fig. 12
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Fig. 14 Model outputs display the time distribution of exposed
human for the different vate at which the infectious bunian change to
be the recovered human in each village. The parameters used in this
study are N = 100, n = 40, y=025, MP=5.a=18.b=16¢c=17
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Fig. 15 Model outputs display the time disiribution of infectious
human for the diffevent rate at which the infectious lunan change to
be the yecovered human in each village. The parameters are same as

inFig. 14

V.

The results of the simulations are shown when different
values of several parameters are used. Fig. 2 1o 3 show the
time distributions of exposed and infectious human when the
number of houses in each village is difference. Fig. 4 to 5
show the time distributions of exposed and infectious human
when the contact rate in each village is difference. Fig. 6 to 7
show the time disnibutions of exposed and infectious human
when the different incubation period of HINI virus in each
village is difference. Fig. 8 1o 9 show the time distiburions of
exposed and infectious human when the different rate at
which the infectious human change to be the quarantine

DISCUSSION AND CONCLUSION
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human in each village is difference. Fig. 10 to 11 show the
time distributions of exposed and infectious human when the
different rate at which the quaraniine human change to be the
recovered human in each village is difference. Fig. 12 to 13
show the time distributions of exposed and infectious human
when the different rate at which the exposed human change to
be the recovered human in each village is difference. Fig. 14
to 15 show the time distributions of exposed and mfectious
human when the different rate at which the infectious human
change to be the recovered human in each village is
difference. We will see that the epidemic sizes are higher
when the smaller number of households. the higher contact
rates, the smaller incubation period of HINI virus. the smaller
day at which the infectious human change to be the quarantine
human. the smaller day ar which the quarantine human change
10 be the recovered human, But when the higher day at which
the exposed human change to be the recovered human and the
higher day at which the infectious human change to be the
recovered human. the outburst of epidemic are longer. The
next step in this study is to formulate a network of villages in
a province and perform similar simulations of dynamics of the
wansmission of HIN1 at the next level. The results of this
study will be the way for finding the parameters which effects
to the epidemic of HIN virus when there is the movement of
people.

ACKNOWLEDGMENT
This work is supported by King Mongkut's Institute of
Technology Ladkrabang Research Fund. King Mongkut's
Institute of Technology Ladkrabang. Thailand. The author
would like to thank Prof. Dr. I-Ming Tang at Mahidol
Universiry. Thailand.

REFERENCES

[1] 3. A. Dee. “Respiratory Disease of Pigs.” In The Merck Veterinany
Manuath 9th edition. Pensylvania: Natonal Publishing Inc. 2003.pp.
1228,

CDC. Influenza (Flu): Key Facts about Swine Influenza (Swine Flu).
Decentber 6. 2006. Available: htp:/www.cde.gov-HINIflw/ga htm.
Massachusetus Department of Public Health, “"HINI Flu (Swine Flu).”
Public Health Fact Sheet. 2009.

Massachusetts Department of Public Healtlh., "HINT Flu (Swine Flu).”
Public Health Fact Sheet, 2009.

Centers for Disease Control and Prevention (April 26, 2009). CDC
Health Update: Swine Influenza A (HIN]) Update: New [Interim
Recommendanuous and Guidance for Health Disecrors about Sirategic
National Stockpile Matenicl.  Health Alert Network. Available:
hrep:/Awww.ede.goviswine flw/ HANQ42609 hum.

WHO. What is the pandemic (HINI) 2009 virus?. Available:
hupiiswww who. inticsr/disease/siwimeflu’  frequently_  asked_questions
‘nbout_diseasesen’index hem}

WHO. Antiviral drugs for pandenic (HIN1) 2009: defimuons and use.
-Available :
hupwwwowho.intesridisease/swineflu/frequently_asked_questions‘ant
naralsidefinitions_use/en‘index.html

[2)
[3]
{4]
(5]

(6]

(7]

[8] BMJ Group. Swine flu. Available.
Lup:/ bestreatments. biy. convbuk/about’1 2. heml.)
[9) WHO. Paundenuc HIND) 2009-update 70. (Online)

2009. Avalable:hinp’ www . who.ant‘csridiseasesswinflu ens.

D. Kimbkenberg. A . Everts-van der Wind. and et al.. "Quanufication of
the effect of control strategies on classical swine fever epidemics.” Math
BioSci. vol 2. pp. 145-173. 2003.

[10]

277

139

At} 1

{11] P.Pongsumg model of the symptonatic and
asymptomanc infections of Swine flu” Int. J. Math. Model and methods
in applied Sciences, vol. 2, pp. 247-254, 2011.

[12}) P.Pong: “The Reinfe Modzl of HINI Virus Transmission,”
Proceedings of World Academy of Science, Engineenng and
Technology. Issue 66. pp.240-246, 2012.

P. Pougsumpun received her B.Sc. degree in Mathenatics (second class
honors). Mahidol University. Thailand, in 1998, and her Ph.D. degree in
ics (1. ional P ). Mahidol University, Thailand, in
2004. From 2004 nll date she is an assistant Professor of Mathamatics.
Ph.D.Thesis and M.Sc.advisors in King Mongkut's Instinite of Technology
Ladkrabang. Thailand. Her research interests are Mathematical modelling in
wedical science. differential equation and numencal analysis.

Math,

o

ol o 7o
SENPﬂﬁﬂi’li]’]iJ AT WUTU WIFTUNUD



o ¢ o o , . , 4 X Py o -
uum1nmmﬁ::mmmum'l‘m'lﬁwm'lwymﬂwuiﬂuuvna Influenza virus TUM A AMUNUGEBLTUA HINT 140

Far East Journal of Mathematical Sciences (FIMS)
Volume 73, Number 2, 2013, Pages 201-229

Available online at http://pphmj.com/joumnals/fjms.htm
Published by Pushpa Publishing House, Allahabad, INDIA

3Ry . 1
3 1N

ANALYSIS OF MATHEMATICAL MODEL FOR SWINE
FLU TRANSMISSION BY AGE GROUP

T. Changpuek!, P, Pongsumpun'** and I-Ming Tang?

'Department of Mathematics

Faculty of Science

King Mongkut’s Institute of Technology Ladkrabang
Chalongkrung Road, Ladkrabang, Bangkok 10520
Thailand

e-mail: kppuntan@kmit].ac.th*

*Department of Mathematics
Faculty of Science
Silpakorn University
Nakorn Pathom 73000
Thailand

Abstract

Effect 'of age group in the human population is considered for the
transmission of swine flu. Susceptible-Exposed-Infected-Quarantined-
Recovered (SEIQR) model is used for describing the transmission of
this disease. From the swine flu data in Thailand, age of patients 1s
influenced to the transmission of this disease. The human population is
separated into three groups such as 1-10 years, 11-20 years, and more
than 20 years, respectively. The transmission rates of the disease in all
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age groups are assumed to be different. Local stability analysis of this
model is given. Four equilibrium states are found and the conditions
for stability of these four equilibrium states are established. Numerical
solutions are shown to confirm the analytical results. The bifurcation
diagrams are shown. The basic reproductive number is found and the
altemative way 1o control the disease is discussed.

1. Introduction

The swine flu was an outbreak of a new strain of HINI influenza virus,
derived originally from a strain which lived in pigs, and this origin gave rise
to the common name of “swine flu”. The outbreak began in the state of
Veracruz, Mexico in April 2009, and it continued to spread globally. In June
2009, the World Health Organization (WHO) and US Centers for Disease
Control (CDC) stopped counting cases and declared the outbreak as
pandemie [1]. The total report of swine flu cases worldwide more than 213
countries was 622,482 by 27 November 2009 [2]. Updated data on swine flu
deaths has reached a total of 16,931 deaths as on 21 March.2010 [3]. The
virulence of swine flu virus is mild and the mortality rates are very low
compared with bird flu virus. The HSN| virus has a mortality rate between
60% and 70% {4}, but the HIN! virus has a mortality rate 3% [5].

The swine flu virus appeared to be a new strain of HINT which resulted
when a previous triple reassortment of bird, swine and human flu viruses
further combined with a Eurasian pig flu virus [6]. It has been determined
that the strain contains genes from five different flu viruses: North American
swine influenza, North American avian influenza, human influenza, and two
swine influenza viruses typically found in Asia and Europe. Pigs have been
termed the mixing vessel of flu because they can be infected both by avian
flu viruses, which rarely directly infect people, and by human viruses. When
pigs become simultancously infected with more than one virus, the viruses
can swap genes, producing new variants which can pass to humans and

sometimes spread amongst them {7].

Despite being informally called “swine flu”. the HINI flu virus capnot
be spread by eating pork or pork products; [8, 9] similar to other influenza
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virus; it is typically contracted by person to person transmission through
respiratory droplets [10]. Sometimes people may become infected by
touching something such as a surface or object with flu viruses on it and then
touching their face. The symptoms of HINI flu are similar to those of other
influenzas, and may include a fever, cough (typically a *“dry cough™),
headache, muscle or joint pain, sore throat, chills, fatigue, and runny nose.
Diarrhea, vomiting, and neurological problems have also been reported in
some cases [11, 12]. People at higher risk of serious complications include
those aged over 65, children younger than 5, children with neurodevelopment
conditions, pregnant women [13] and those of any age with underlying
medical conditions, such as asthma, diabetes, obesity, heart disease, or a
weakened immune system (e.g., taking immunosuppressive medications or
infected with HIV) [14].

The virus was found to be a novel strain of influenza for which extant
vaccines against seasonal flu provided little protection. A study at CDC
published in May 2009 found that children had no preexisting immunity to
the new strain but that adults aged 18 to 64 had 6-9%, and older adults had
some degree of immunity 33% [15, 16]. While it has been thought that these
findings suggest the partial immunity in older adults may be due to previous
exposure to similar seasonal influenza viruses. The HINI vaccine was
mitially in short supply and in the U.S., the CDC recommended that initial
doses should go to priority groups such as pregnant women, people who live
with or care for babies under six months old, children six months to four
years old and health-care workers [17].

People in at-risk groups should be treated with antiviral (oseltamivir or
zanamivir) as soon as possible when they first experience flu symptoms. The
risk groups include pregnant and post partum women, children under two
years old, and people with underlying conditions such as respiratory
problems [18]. People who are not in an at-risk group who have persistent or
rapidly worsening symptoms should also be treated with antiviral. Antiviral
drugs are most useful if they are given within 48 hours of the start of
symptoms and may improve outcomes in hospitalized patients [19]. Both
medications have known side effects, including lightheadedness, chills,
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nausea, vomiting, loss of appetite and trouble breathing [20]. The CDC
wamned that the indiscriminate use of antiviral medications to prevent and
treat influenza could ease the way for drug-resistant strains to emerge, which
would make the fight against the pandemic that much harder. According to
WHO, the reported 314 samples of the swine flu cases tested worldwide have
shown resistance to-oseltamivir (Tamiflu) [21], but no circulating flu has yet
shown any resistance to zanamivir (Relenza) [22]. The epidemic models are
used for predicting ~many emerging infectious diseases through human
population. Zhou and Ma [23] analyzed an SEIQJR model for SARS
transmission and _control in. China. Iwami et al. [24] considered an avian-
human influenza epidemic’ model based on SI-SIR model. Dumont et al. [25]
constructed an SEIR-ISEl ' model to  investigate the spread of the
chikungunya disease. In this' paper, we analyze the mathematical model of
swine flu'in Thailand. The data of swine fluin Thailand-is shown in Figure 1.

tasber of petised by sgeygrwp, dote of oamet
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Figure 1. The data of swine flu in Thailand between April 28 and July 8,
2010.

From Figure 1. we can see that there 1s the different distribution of this
disease in cach age group. In this paper, we modified the model of Jumpen et
al. [26] by incorporating the age structure of human population. The report of
Minmistry of Public Health, Thailand has showed that the most swine flu cases
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in Thailand occur in children under the age of 10, 11-20 and the people
above the age of 21, respectively. The purpose of this paper is to study the
age structural model of swine flu. In Section 2, we introduce a mathematical
model to describe the transmission of this disease. In Section 3, we analyze
our model and give the local stability analysis of the equilibriums states and
also the numerical results. In the last section, we discuss the basic
reproductive number of this disease and the bifurcation diagrams are shown.

Il. Mathematical Model

We formulate a mathematical model to study the transmission of swine
flu by introducing age structure into the SEIQR model. The human
population is divided into three age groups such as groups of the people 1-10
years, 11-20 years, and more than 20 ‘years, respectively. Each group is
constant in size and is sub-divided into five classes, i.e., S’, individuals

susceptible to the disease; £, individuals who are latently infected
(exposed); 7', infectious individuals; Q. isolated or quarantined individuals;
and R', individuals that have recovered and immune to the disease. The age

structural SEIQR model is described by the following system of differential

equations:
G = vy - s ()
djf - 815{(}6"; Iy) —(+n+ o+ K)E, (2)
%:nEi—(p+8+B+Kﬁ)/]’, (3)
ot~y + 000, (4)
ﬁi%‘l:aEl’+B]{+ny—(u+K)Rf.- ()
LAY =KS{—62S§(€5+1é)—(u+K)S§_, (6)

df ‘/\’ 7‘
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—%= = KE] + \NT —(H+n+a+x)Ey, (7)
dl; . , '

= K NE — (e e eIy, (8)
y ,

B i s - (ary+ 003, ©)
dRy
W_KRI+G.E2+B12 +'YQ2—(H.+K)R'), (10)
asy - 83S53(E3 + 13) ,

I S e (1
dEy = 8383(E5 + 13) :
T-KEZ +T—(H+H+Q)E3, (12)
di; | \ ,
7,3=K12 +*nE3 - (u+e+B)13, (13)
d '
O T 1o (14)
dR“ 2 ’ ’

= KRy +wES + BI3 + y04 - uRj, (15)

with the conditions Ny = Np + Np, + Nryo Ny, =S| +E] + Il + O] + R],
Nr, =83+ Ep + 15 + Q5 + R and Nr, =83 + E3 + 13+ 04 + R}, where

subscripts 1, 2 and 3 denote the first age group, the second age group and the
third age group, respectively.

The parameters are defined as follows: Nt is the total population, NT]
i1s the total number of first age group, Ny, is the total number of second age
group, Ny, is the total number of third age group, p, is the natural birth

rate, p is the natural mortality rate, x is the rate at which the first age group
passes into the second age group and also the second age group passes into

the third age group, 8, is equal to ¢, in which ¥ is the probability of
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catching the disease per contact to the infected/exposed person and 9,, is the
average number of people contacted by each person per day, o, is equal to
W20, in which y; is the probability of catching the disease per contact to
the infected/exposed person and ®, Is the average number of people
contacted by each person per day, d4 is equal to ¥33, in which w3 is the
probability of catching the disease per contact to the infected/exposed person
and 3, is the average number of people contacted by each person per day,

is the rate at which the exposed - individuals £ become the infected
individuals /, € is the rate at which the individuals leave the infective
individuals / for the quarantined individuals O, a, B, y are the rates at which

individuals in the £, [/ and Q classes recover from the disease or die.

If we add (1)-(15). (1)-(5). (6)~(10), and (11)-(15), then we obtain:

d_NT dNT :
= N — N 1 = N — N N
di RTINS Ny = (W k)N
L/.f\"T_) ) dNT_
dt- = ;d\’ri —(p + K).!\’Tz. dIJ S K_!VTZ - pNT]. (16)

We 2ssume that total population, total number of the first age group, total

mumber of the second age group, and total number of the third age group
an dN anN

remain constant. Therefore Ay =0 and I T2/ 2 3 - 0. Setting
dr ar ar at

the right hand side of (16) to be zero, we obtain the following four relations:

N
Hp = p (birth rate equals to mortality rate), ik N (ratio between
NT H+ K
Nr, HK

total number of the first age group and total population), —2- = 3
T (p+x)

(ratio between total number of the second age group and total population)

Nt 2
and 3= (the ratio between total number of the third age group

; 2

Nr (u+ x)*

and total population).

ar | ey was o) e
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We normalize (I)-(15) by letting

M E| I o R
S:—L’E=4,1:_1’Q=‘]_’R: vla
B e e =

52 _ B ) _ 9 _ R
S2 - /VTE EZ - NTZ ’ 12 = NT ’ Q2 N , ’ R2 = 7, >

3 £3 13 O3 R3
Sy=aAii 3=, =0 5 95 L Ry

Ny, * ™3 " Ny 0 13 Nz~ =3 Npyo ™3 N,

The normalized variables satisfy the following new conditions: S|+ Ey + [
+Q| +R1 =1, Sz +E2 +12 +Q2 +R2 =1, and S3+E3+13+Q3 +R3
= |. Hence equations (1)~(15) can be rewritten as

s,

ar =81(1—Sl)-82S1(El+[|), (17)

dty

7 = BaSi(E + 1) - 83E, (18)

diy
dt

(I’ Ql
dr

:T]E|—8411, (19)

it

8/] ni esQI, (20)

as,
dr

281(51—52)—9652(E2 +/2), (21)

dE,

a1 = OB+ 06S3(Ey +15) - 03E,, (22)

dl N
—d,l = 011 + MEy - 0,415, (23)

a;% =010 +el; — 050,, (24)

dSs 5
dr

H(Sy = 83) = 8585(£5 + I3), (25)
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dE
d/ = ”—EZ + 9753(E3 + 13) - 98E37 (26)
als
o “12 + T]E3 - 9913, (27)
d
C% =Py +el3 - 01903, (28)
S1p
where 0) =+, 8, = y O3 =pn+n+a+xk, By =pu+e+fp+x,
u+ K
- 2
B = pn+y+K, 96:52&’ 0 93K g =p+n+a, 8=

7= T T
(1 +x)° (u +x)?
m+e+ B, and O =p+y.

II1. Analysis of the Mathematical Model

A. Analysis of models

The equilibrium points are obtained by setting the right hand side of
equations (17)-(28) equal to zero. We get four equilibrium states:

{1} The dissase fres equilibrium state
£ =(1,0.0,0,1,0,0,0,1 0, 0.0).
(i) The third age group endemic equilibrium state
2 =(1,0,0,0,1,0,0,0,35, £5) I, 05),
where

1 - > L
Sy ==, E5= ——[Ly -1} iy = —[Lo — 1],
Lo OsLo 8g09Ly,

-~ u]‘]e -~ . -~
=M€ 170 1], with £y =
= 05090, 024 Lo =1} 0 6589

(iii) The second and third age group endemic equilibrium state P =
(], 0, O, O, 3:2, EQ, 72, éz, 3:3, E’; 73, é:;) where

a o o o
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~ I =~ 6 -~ 6 ~
2 ==, E2 ‘—“*.1\.[ d = lrL —]
Ly 03L9 fo T 630,1, o —1)
~ Ome  ~ 5 uS:
O =1 =[I)-1), §=_—— 2 .
0384651 YT eyEs L) p
3 - ~ ~ ~
E, — Xy +9 X5 —4AX | X, .o MotnEy S u0, +ely
2X B E $E3 T
1 By 810
with

~ B6(1 +04)
Lo = 6 4
0 050, °

Xj =0708g(n + 8g),
Ao = 1889 + 67 (BT, — (1 + 69) 55 = (m + 89) Ey ),
and X3 = —[},129772 (§'_) + E?_ ) + }.120952 ]

(iv) The full endemic equilibrium state

PU= (ST EL 1T OF, 83 B35, 13,05, S5 813, 03),

where
* 1 * 0 * 0
SN"7o TEes =g ) A0l )
Lo 63Lp 61044y
. Oime__ '« 0,5

O =———=[L-1} §=
036,405L; £ 0

[y2 . s * - ’
E; _ —Y2 + YZ —4}])/3 1t = el/l +T]E2 Q‘ 61Q] +el5
2 E /D = =

06(Es + 15)+ 6,

2 2, « 0, 5
* ~ -2
St = Ko E} - -Tf2+NZh —4Z)7;
TO0(E3 + 1)+ p ' 2z, )

CWEenES . u0ie e
—T, Q} _T’
9 10

@ vwlial 2
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with
« B0,(n+6
Ly = %» N = 6386(n + 0y),
34
Y2 = 08384 +6,06(03/7 — (n+04)S —(n+0,)E"),
s = {80611 (ST + £))+ 070457 ] 2, = 8:05(n + 6).
Z2 = n8gly + 107 (6575 — (1 + 09) 53 = (n+ 89)E2)
and

Z3 = <W*B713(S3 + E3)+ 1205 F3 ).
B. Analysis of stability

The local stability of the equilibrium solutions is determined from the
Jacobian matrix of the RHS of the above set of differential equations
evaluated at the equilibrium solutions. The eigenvalues are obtained by
solving the characteristic equations: det(J(p)~ Al{5) = 0. where J(p) is the
Jacobian matrix at equilibrium point p, /15 is the identity matrix dimension
12 x12. If all eigenvalues have negative real parts, then the equilibrium

solution is locally stable [27, 28]. The local stability analysis of each
equilibrium state is given in the following propositions.

Proposition 1. if [} < |, ZO < | and 1:0 <L, thenthe equilibrium Py is

locally asymprotically stable.

Proof. For the disease free equilibrium state H=01,0001,0, 0, 0,

1.0, 0, 0), we obtain the characteristic equation
A+ )k +0,)*(n + 0s)* (A + 0,0) 27 + ajh + ar ][22 + b+ by ]

2+ eh+ o] =0, (29)

9 P dor el
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where

~ [3)6.6 .
a = Vot B, AL ay = 0304(1 - Lo),
n+ 9

by = (1-19)8304 + 16 | 0
n+ 0,

4 by = 030,01 - Ly),

(1 - Ly)0g09 + ndg
n +0y

C) + 99 and ¢y = 6869(1 - Lo)

From the characteristic equation (29), we see that the first six
eigenvalues are Aj = =i, Ay 3 =-0), Ay5 =05 and Ag = =09, all of
these eigenvalues are negative. The remaining eigenvalues are found by
solving A2 +ak +ay =0, W +b) + by =0 and A> + c;L+¢; = 0. But
for stability, we only need the sign of the eigenvalues to be negative. Thus,

we apply the Routh-Hurwitz criteria to the equation in form AL+ AN+
B =0, the stability holds if and only if 4> 0 and B > 0.

For A2 % ah+ ay =0, a >0 and a, >0, if L§ < 1. For A% + bk +
by =0, b >0 and & >0, it‘Zo<l. For )v2+cll+cz =0, ¢, >0 and
¢ >0, if 1:0 < 1. Thus, all the roots of the three characteristic equations

have negative real parts if Ly <1, Z«) <1 and ﬁo < 1, respectively.

Proposition 2. If Ly <1, ZO < l-and io > 1. then the equilibrium P is

locally asvmptotically stable.

Proof. For the third age group endemic equilibrium state P=(1,0.0,

0,1,0,0,0, 53, 53, i3, Q3), we obtain the characteristic equation
(0 + 0P (h + 05)° (A + 010) [ + @k + a)[MF + oy) + bo]

A3+ dp? F doh +ds] = 0, (30)

JRUFTATINGG AT WUDH WAFTIRUT
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where
) . .
dl =)J.+99 + n .7 +97(E3 +[3),
B9Ryp

(I’?_ = }.199 + gng7 + 9798(53 + j3)+ 6799(53 + 1‘3),
970

dy = 090304(E5 + I3),

with E3 = B—HL:.T[[,O — l] and i3 = ﬁ[ie - 1]
. 8 8§Y9LQ

From the characteristic equation (30), we see that the first five
eigenvalues are Ay 5 = -0, A3 4 =-05 and ks = -6y, all of these
eigenvalues are negative. The remaining eigenvalues are found by solving
Mot ay =0, K bA by =0 and A+ d|22 +dok + dy = 0. For
22 ajk+a> = 0and S bk + by = 0, all roots of these two characteristic
equations have negative real parts if LB <1 and Zo < 1, respectively. Thus,
we apply the Routh-Hurwitz criteria to the equation in the form A+ a’llz
+ dyh + d3 =0, the stability holds iff ¢/} > 0, o3> 0 and d|dy —dy > 0.
If Ly > 1, then we have dy >0, and d3 > 0, and it can be easily seen that
dydy — dy > 0 as the term of —d5 can be cleared with the produc.t of the
second term of dy and the third term of d5,. Hence the Routh-Hurwitz

conditions are satisfied.

Proposition 3. /f lf) <1 and Z() > 1, then the equilibrium P is locally

asymptrotically stable.

Proof. For the second and third group endemic equilibrium point P=
(1, 0,0, 0, §2, .Ez. 73 Q~2, §3, 53, 73, (j_; ), we obtain the characteristic

equation

TOIPIAATINGG AT WUDH WIFTUNUD
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(A +0)(h +05)2(n + 610) [ + ah + 4, ]33 + aX’ + eh + o]

P2 s g0, 31)

where

e = 91 +94 + T]eé + 66(52 + 77),
04 R 2

€y = 6]94 + n91.96 + 6693(52 + 72)+ 6684(52 K 72),
64R0

I

€3 869304(’52 + 72),
Nl =1 +68g+ By +87(Ey + T, - 53),
J2 =1(Bg +8y) + 0369 + 65(05 + 09)(E3 + 1) - 0753 (1 + m + 89),

3 =188 + 670409 (£, 4 13) - RB7(n + 0y) S5,

with £5 = O\L[ZO =~ and 7, = 91’1 (Lo 1]
E)3['0 8364[.0

From ‘the characteristic cquation (31), we see ‘that the first four
eigenvalues are A= -0, A2.3 = =05 and Ay = =019, all of these
eigenvalues are negative. The remaining eigenvalues are found by solving

WMok ahta, =00 4 e’ + ek + ey = 0.and 13 SN+ fht fy =0,

For A% + aih+ay =0, all roots of the characteristic equations have
negative real parts if Ly < 1. For A3 + e,lz ted+ey =0, if [0 > 1, then
we have ¢; > 0 and €3 > 0, and it can be easily seen that €y —ey > 0 as
the term of —e3 can be cleared with the product of the second term of ¢ and

the third term of €>. Hence the Routh-Hurwitz conditions are satisfied. For
~3 a2 - . ~ = ~ - .
o+ 07 S2h + f3 = 0,. since £3, 13 and S3 are defined in terms of

-~

Ez, 75 and 52 as before, hence J1. /> and /3 are also in the forms of Ez,

7 A3 WUBT YeATURUS
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.72 and S,. It might be complicated to show by hand that equation

3+ flkz + oA+ f3 =0 satisfies the Routh-Hurwitz conditions. We use
MATLAB to show the conditions in the following figures by assigning

various values of 8, in which Lo > 1 and the other parameters are fixed.

e e e e L e e ey :rr;-“———« e
] |
N : .’
R . rosrz i 1
i H
i {
_ _ = ; ?
onwr . EEN { uf
) g : H s
T Y B
e - i e ' 3 A
s K i i :
& o i
¥ i3 J )
gd i samee l o
% . i
: ; ! : |
: | — |
: { ! | i
& R bttt | s s o hi — g S v . -~ - i
u ) 1 a4 [ k,mz:"\: = :‘3 } 3? 1 ¢ 1 3 1 ' ’
e ) 2y

Figure 2. The pafameter space for equation A2 +f112 t oA+ f3=0
which _satisfies the Routh-Hurwitz conditions, plotted onto (fi-85),
(13.82). LN )2~ /5. 67, respectively. The values of parameters are p =
0.600273973. p = 0.000039139, 5 =011111}, ¢ = 0.142857, ¢ = 0.2,
B=0142857 v=07 and 83 = 1. From the above figure, the Routh-
Hwrwitz conditions are satisfied for Ly > 1.

Proposition 4. I Ly> 1. then the equilibrium P* is locally asymptotically
stable.

Proof. For the full endemic equilibrium point P* = (Sy, Ef, I, or,

55, E;. 13, 05, S3. E3, I3, 03), we obtain the characteristic equation
(- +05) (h + 010) A% + g2 + g + &3]V + mA2 + hoh + by

- [XB + il)\.z + 1'2}\. + f3] = O, (32)

where

9'7 * *
g1 =0 +0, + 12 02 (E) + 17),

*

04lg

a, ~ do e o
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*

g2 = 010y + 1% 4 0,0,(57 4 17) + 0,0,(E] + 17),
64L9

g3 = 020304(E] + 17),

hy =8) +65+8, +0g(E5+ 13 = 55),

hy = 8,83 46184 + 0304 + 65(05 + 84)(E3 + I3) = 06S5(0; + n + 0,),

hy 5616304 + 060384(E5 + 13) — 6,04(n + 6,)S3,

ij =+ 0g + 89 +65(E3 + I3 = 53),

i = (B + 09 ) + Bg6g + B7(6g + B9 ) (E3 + 13) = 0,55 (1 + 1 + 09),

3= OBy + 070009 (£3 + /3)~ 107 (n +69)S3,

. * 0 " * 91] *
with £) =—=L-{5 = 1] and 7} = —L_[72 g
0:L; ' 0l

From the characteristic equation (32), we ‘see that the first three

eigenvalues are & 5 =—0s5 and %y = =0y all of these are negative. The

remaining eigenvalues are found by solving p S g[kz + gA+g3 =0,

K+ AP hgd W hy = 0 and A2+ 022 + ik hig = 0.

For A%+ gﬂ\z + gk +g3 =0, if Ly> 1. then we have g >0 and
g3 > 0, and it can be easily seen that g;g, — g3 > 0 as the term of —g3 can

be cleared with the product of the second term of g; and the third term of
g2- Hence, the Routh-Hurwitz conditions are satisfied. For 3> + hl)«.z + A
+hy =0 and 3o+ ilk?' + ik + i3 = 0, since E3, I5. §3, E3, I3 and S3 are
defined in terms of £/, /{ and S} as before, hence My, hy, k3, ), iz and i3

are also in the forms of E. /" and S;. Proceeding with the same manner
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zs above, use MATLAB to graph the conditions of the Routh-Hurwitz, by

zssigming various values of 8, in which Ly > 1 and the other parameters are

fixed. The Routh-Hurwitz conditions are satisfied for Lj > 1.

C. Numerical results

We consider the numerical solutions for the transmission of swine flu in
each age groups. The trajectories of the solutions when the parameter values
will lead 10 each equilibrium state are shown in the figures. The values of
perameters used in this study are determined by the real life observations.

The values of the parameters are as follows: p =1/(365 x 70)day ™!,

céﬁewonding to a life expectancy of 70 years for human; each age group
deveiops into another age group is 10 years, so x = 1/(365 x 10) day_l. The
other parameters are arbitrarily chosen. Numerical solutions of system of
differential equations (17)-(28) are shown in the following figures.
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Figure 3." Numerical solutions demonstrate - the solution trajectories,
projected onto (Sy. £1). (81, 11), (Sy, O1), (S, E2); (83, 1), (S5, 0s),

(53, £3). (S3. /3), (83.03), respectively. For Ly <1, Ly <1 and Iy <1
with values of parameters are p = 1/(365% 70)day™, k = 1/(365x 10)day ™!,
n=1/9day™!. o = I/7day”!, ¢ = 1/5 day™", B=1/Tday™!, y = 0.7day ",
8 =06, 8, =09, 83 =015 Ly =039044693, Ly = 0.51246160 and
i(, = 0.59863369. The proportions of population (S}, £}, /}, 0. S,,

E3. 13, @2, S5, E3, I3, 03) approach to the disease free equilibrium state
(1,0.0,0,1,0,0.0.1. 0,0, 0).
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solutions . demonstrate the « solution’ trajectories,

projected onto (517 ;). (S, 1;)AS50)), (S2, Es). (85 17), (S2, Oy).
(S3. E3), (83, 13),(S3.' Q). Irespectively. For Ly <1, Ly <1 and Ly > 1

with values of parametersare. 5, = 1.45; 0, =1.65, 83 =1.25 L =

0.94358008,

Ly = 093951293, and Ly = 4.98861411 but the other

parameters are same as in Figure 3. The proportions of population (S, £y,

/|. Q,. Sz. Ez. /3. Qz. 53, E_}. /3. Q’;) spiral
endemic equilibrium state (1. 0, 0, 0, 1, 0. 0. 0.
0.00003992. 0.00001141).

into the third age group
0.20045647, 0.00012320,
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Figure 5. Numerical solutions demonstrate the - solution  trajectories,
projected onto (S, £), (Sp. 1)) (S), Q1) (820 E2). (S2. ). (S2, @a),
(S3. E3). (S3. I3), (S3,03); respectively: For L <1, Lo > 1 with values
of parameters are B, = 1.52, 8, = 2.5, 83 = 1.45, Ly = 0.98913223, Lo =
1.42350444 but the other parameters are same as in Figure 3. The
proportions of population (S, E}, I}, O, S3, Ea. 12, Q2. S3, E3, 13, O3)

spiral into the second and the third age group endemic equilibrium state
(1,0 0, 0. 0.70249166, 0.00036634, 0.00011861, 0.00003387, 0.17266629,

0.00008170, 0.00002649, 0.00000757).
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Figure 6. Numerical solutions demonstrate the solution trajectories,
pI‘OjCCICd onto (S], El)a (Sl* ]l)' (Sl, Q[), (S'_), EQ ), (Sz, 12), (Sz, Qz),

(S3, E3)y (S3, I3). (S3, O3), respectively. For Ly > 1 with values of
parameters are 8, = 6, 8, =7, 83 = 5 and Ly = 3.90446932 but the other
parameters are same as in Figure 3. The proportions of population (S}, £,
L, O, Sy, By, 1n, 05, S3, E3, 13, O3) spiral into the full endemic
equilibrium state (0.25611675, 0.00091599, 0.00029658, 0.00008470,

0.23726898,  0.00002434.  0.00000815, 0.00000237,  0.05010638,
0.00002884, 0.00000935, 0.00000267).
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I'V. Discussion and Conclusion

In this study, we get four equilibrium points A, P, P and P*. The first
point is the disease free equilibrium By = (1, 0, 0, 0, 1,0,0,0,1,0.0,0)
represents the state in which swine flu is not endemic in the human and it is
local stability for 75 < I, ZO <1 and Lo < 1. Figure 3 shows the proportions
of population (S, £, 1,, O, 82, Ey, 19, 05, 83, Es, 13, O3) approach 1o
the disease free state (1.0,0.0,1,0,0,0, 1, 0,0,0) when LB <1, ZU <1
and LO <.

For P =(1,0,0, 0, 1,0, 0,0, S5, 204, 0y), the second point is the
third age group endemic equilibrium which represents the state in which
swine flu is endemic only in the third age group and it is local stability for

Ly <1, Zo <] and 1:0 >1. Figure 4 shows the proportions of population
(). £y, 1 O Sy B, 12, @y, 83, Ex, 15, O3) spirals into the third age
group endemic equilibrium  state (L 0, 0,0, 1, 0,0, 0. 0.20045647,

0.00012320.0.00003992, 0.00001141) when I3 < I, Ty < I and Lo > 1.

For ﬁ = (l‘ O, 0 O, §2, Ez_, 72, éz, §3, E}, 73, é:;), the third point is
the second and the third age group endemic equilibrium which represents the
state in which swine flu is endemic in both the second age group and the

third age group and it is local stability for L, < 1 and ZO > 1. Figure 5 shows
the proportions of population (S, . Evdy Q,.83, Ey 1y, 0y, S5, E3, I3, 03)

spiral into the second and the third age group endemic equilibrium state
(1,0, 0,0, 0.70249166, 0.00036634, 0.0001 1861, 0.00003387, 0.17266629,

0.00008170, 0.00002649, 0.00000757) when Ly <1 and ZO > 1.

The fourth point is the full endemic equilibrium P* = (ST, EV, I, Q.
S5, E;, 15, Qs, S;, E;, l;, Q_{) which represents the state in which swine

flu is endemic in all age groups and it is local stability for Ly > 1. Figure 6
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shows the proportions of population (S, E, I}, @y, Sa, Ea, 15, O, S5,
£5, I3, O3) spiral into the full endemic equilibrium state (0.25611675,

0.60091599,  0.00029658,  0.00008470, 0.23726898,  0.00002434,
0.060000815,  0.00000237, 0.05010638, 0.00002884,  0.00000935,

0.00000267) when Lj > 1.

The biological meaning of the basic reproductive numbers Ly, ZO and

L:, are explained as follows:

e "&P*K tp+n+a+x/\p+e+B+x L+nN+a+x

is the reproductive number for swine flu in the first age group, where Oy 1s

is the ratio

the transmission rate per day of the first age group, 5

oerveen the total number of the first age group and the total population,

1s the fraction of exposed members who move to the

A7 Y= is:the average time that an infective individual
Ure>os X

1 . .
- 1. and i1s- the average time that an
B+ N+ o+ K

exposed member remains in that class.

The term

[ = _OaHK [ n J( 1 )+ I ]
0 (H+K)2 \H+m+a+xk/\p+e+pf+x H+n+o+x

is the reproductive number for swine flu in the second age group, where Oy

m EKK)Z is the

ratio between the total number of second age group and the total population,

is the transmission rate per day of the second age group,

the other terms are defined as before.

o
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~ 63}(2 n 1
The term L = +
. (H+K)2 p+n+a/)\p+e+p/) p+n+a

reproductive number for swine flu in the third age group, where &3 is the

J is the

,
. . K~ . .
transmission rate per day of the third age group, — I8 the ratio
(h+x)
between the total number of third age group and the total population, the
other terms are defined in the same manner as before.

The bifurcation diagrams of (17)-(28) are shown in the following figures:
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Figure 7. Bifurcation diagrams of the solutions of (17)-(28), plotted onto
(Lgs S3). (Lo, E3), (Lg, I3), (Ly, O3), respectively for the different values
of io. *-*-* denote the stable solutions and 0-0-0 denote the unstable

solutions.

We can see that when Zo <1, T} will be stable and for 1:0 > 1, T, will

be stable. If the threshold number of the third age group is greater than one,
then the third age group susceptible decreases. The third age group

infectious, quarantined and recovered increase.
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%2 can see that when Zo <1, T, will be stable and for ZO >1, T will

SOIRINNTI050 @5 WusT wadauwus



e o & . deioe e 1 165
LLuu'immmﬁzmma*ws’u‘fm'lﬁmmlummawuﬁ'luu 19 Influenza virus 70IM A sneiigeioasiia HIN
226 T. Changpuek, P. Pongsumpun and I-Ming Tang
e P n . X Lmereesmemanarsantes,
v n ' . - * n i
y 4 i
14 i ;“ e e i e
N 3 i
O : ;J . w { 1 f
b i a
L S g :
e . H H (Sl
n ; i n : : "
e L - e
: O Rt
e Tl p— ; . N
N 3 t i !
: L e G i
: ; : g i
; " .‘ . llu- B I
: o i
: - T H - I‘i
3 : " ! . n X y " \
H ~i ?“‘ﬂ*"!“"ﬂ:‘“‘r*“r*“. oG TR N e e
1A% S . e e
e i .. M 5 ; 0 n 5
t mn ° . T P
i 2 & N 3
z_ A . i ‘ ! H ) - . -
H : N 9 ]
i ; A" j:
1 b Py §
" : " i
Yol . u i 7 "
FoleTar ¢ B e e S -‘;“"""‘"'L""‘-"‘T‘“‘.""‘: L Bk e et

Figure 9. Bifurcation diagrams of the solutions of (17)-(28), plotted onto
(Los Sp). (Lg, £)). (Lo 1) (L3, 0)), (L5, S2). (Ly, £5), (L0:-13), (Ly, 05),
(Lo S3), (L5, E3), (Ly 1), (Lo, 03), respectively, for the different values

of L. *2** denote the stable solutions and 0-0-0 denote the unstable

solutions.

We can see that when g < |, 7y will be stable and for 1§ > |, Ty will
be stable. If the threshold number of the first age group is greater than one,
the susceptible of the first age group, the second age group and the third age
group decreases. The first age group infectious, quarantined and recovered
increase. The second age group Infectious, quarantined and recovered
increase. The third age group infectious, quarantined and recovered increase.

The local stability of all equilibrium states is determined by the threshold
numbers Ly, ZO and Lg. To reduce the transmission of this disease, we

should control the above threshold numbers. The threshold numbers are used
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Zr controlling many diseases [29-31]. The results of this study should be the
s%ermarive way for controlling the transmission of swine flu in Thailand.
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L Introduction

Swine flu is defined a5 an outbreak of a contagious disease that is rapid
and widespread. The swine flu outbreak is due to infection with the HIN1
virus. The swine flu caused by type A influenza virus designated as HINI,
because of the two major antigens, H! (hemagglutinin type 1) and N1
(neuraminidase type 1) are detected on its surface. Early in the spring of
2009, HINY virus was first seen in Mexico, it began increasing during the
summer 2009 and rapidly spread to the United States and to Europe and
throughout the world [1]. As of June 11, 2009, WHO raised the pandemic
alert to level 6 (the highest level of a pandemic alert) and declared the first
flu pandemic. It indicates that human-to-human spread of the virus is causing
commumity-level outbreaks in at least two regions of the warld [2]. The total
report of swine flu cases worldwide more than 213 countries was 622,482 by
27 November, 2009 [3]. Updated data on swine flu deaths has reached a total
of 16,931 deaths as of 21 March. 2010 {4]. On May 13, 2009, Thailand
confimeed two cases of swine flu, both of the individuals confimued a3
having swine flu had recently traveled back from Mexico {3]. Thailand was
the 31st comnry in the world with reported cases of the HIN1 flu. From 13
May 2009 to 10 March 2010, the accurmlated number of confimmed H1N1
flu patients was. 35,446 persons. The mmber of deaths amounted to 208
persons, 103 males and 113 famales [6].

In 2011, Pongsunpun and Kongmiy [7] studied the dynamics for dengue
disease fransmission in population containimg mother and infant with
maternal antibody and used Lyapunov fimction to demonstrate the stability
of endemic equilibrim state. Recently, Changpuek and Pongsumpun [8]
modified SEIQR model for describing the transmission of swine flu by
considering the effect of age group in the human population for the
transnussion of this disease. We found fowr equilibrium states and
established the conditions for local stability of these states.

In this paper, the global dynamics of the fifteenth-dimensional model of
swine flu transmission model incorporated the age structure of the human
population is resolved. We proved the global asymptotic stability of the
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equilibrium states and established the conditions for stability by using
Lyapunov fimctions.

I Formulation of the Model and Global Stability Analysis

We use the susceptible-exposed-infected-quarantined-recovered or
SEIQR model o study the transmission of swine flu by introducing age
struchiure into the SEIQR model. The human population is divided into three
age groups such as group of people 1-10 years, 11-20 years, and greater than
20 years, respectively. The size of each group is constant and it is separated
mnto five classes, i.e., S, individuals susceptible to the disease; E, individuals
who are latently infected (exposed); . infections individuals; {0, 1solated or
quarantined individuals; and R, mdividuals who have recovered and immme
to the disease.

A. Parameter of the model

Let Nr. Ny, N, and Nj represent the fotal population the total number
of first age group, second age group and third age group, where Ny = Ny +
Ny + N3 Each group population has size Ny, N and N; formed the
suscephible (5(r)). exposed {E(1)), infectious (J{r)), quarantined {(Qi1)) and
recovered (R(1}), where Ny =8 +Ey+ L+ 0, + R, Ny=5+E+
Li+Oy+ Ry, Ny=S8+E5+5+05+Ry and subscripts 1, 2 and 3
denote the first age group, the second age group and the third age group,
respectively.

The ofher parameters are defined as follows: b is the natural birth rate, it
15 the natural mortality rate, k is the rate at which the first age group pass into
the second age group and also the second age group pass into the third age
group, @ Is equivalent to 6,0,, ay is equivalent to 6,1, and a3 is
equivalent to 830, m which 6;, 8, and 6; are the probabilities of catching
the disease per each contact to the infected‘exposed person, o,,, 1, and o,

15 the average mmber of people confacted by each person per day, ¢ is the
rate at winch the exposed individuals F become the infected individuals I, ¢

@ o
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Is the rate at which the individuals leave the infective individuals  to become
the quarantined individuals . The parameters d, fand g are the rate at which
mdividuals in the E, J and 0 classes recover from the disease. '

B. Equations of the model
The age structural SEIQR model is descnibed by the following system of
differential equations;
i s (B +R) 3
Sitry = BNy = | L 4+ n+ k18, 1
101} = oNy [ N7 W j 1. )
Ein = ———a"sl(f} +h)_ (R +c+d+k)Ey, @)
T
Lity=cE =(n+e+ f+B)], 3)
Oiity=ely —(n+ g+ k). €]
Rify=dby + fly + g0y - (n+ k)R, )
,,.._> 4 _"GQ(EQ‘FIz). . 1
9a{t) = kS l Ny s }"}-52’ (6)
Eﬁ(r‘}=k€1+%§W—{u+c+d+k')&, Q)
Lty =k + cFy— (e + f + K)o, ®)
Ontr) =k +ely = (u+ g +F)0s, )
Ry = kRy + dEy + fT, + 80 = (n+ )Ry, (10)
S3if) = kS, - E‘E\l—*i—’ +uSs, (1)
\ T
B =i + B e 1)
L=kl +cEy -(p+e=+ ;. 13)
G5(1) = kQy = el3 - (1 + £10s, (14

o dol oy
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K1) = iRy +dEs + fI; + £03 - uhs. (15
If we add (1)-(15), (1)-(5). (6)-(10) and (11)-(15), then

Nz{f) = bNy - uNr, M(f) = bNy - (n + K)N,,
Naft) = Ny — (i + k)N, N3(f) = KNy - us, {16)
In this paper, we assume that the total population, total mmber of the
first age group, the second age group and the third age proup remain
constant. Therefore N7 (f) = Mj(t) = N3(f) = N3(f)= 0. Setting the right
hand side of (16) to be zero, we obtain the following four relations: b =

N b Ny bk Ny ook

- Syey, [ SR 2
NT b+k'?‘¢T (b-rk)‘ NT (bék)E

C. The epidemic

We can see that all equations described by (1)(15), the non-negative
octnt’ RS s positively invariant (where R} denotes the non-negative
region). With respect to (1)-(15), we have the followine results:

Proposition 1. Let (§y{) Ey{t) [ift), Gi(2) Ry, Sadh Ealt), o,
Oatt), Rated, Sl B3 I3() O5(F) Rst)) be the solution of (1)-(15)
with the initial condition (8103, Ey{0), £,0), 0,(0). Ry(Q), S50} E(0),
I{0). (h(0). R3(0). S50 E5{0), I3(0), 050, Rs(0)) and the compact set

= ]I(SL B DOy Ry 5y By b, O, B, S50 B3l O, Ry) e RY,

S T T bk .
<N = N n &Ny = Ny
JEN ﬂb+k’J\T= SN, 3 NT.
2
AT B j.w )
3 b+ k) IJ

Then, under the flow described by (1)-(13), 0y is positively imvariant set that

L plS
aftracts all solusions n R},
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Proof, We choose the Lyapunov function
J(e) = (Qyit), St J3(6)
S(G+E+h+Q+R, S+ B+ + 0y + Ry,
S+E+L+G+R)
posifive definife on RY and we have

a_(dy ﬂ&)
@\ EE
d

l' Sl + +de'

dp do dp d
mﬁ*m&ﬁﬁ‘m5+ﬂh

NE & I :
+mg R’&S whtgh- mq*m J

={bNy = (b= kS + E =] - Q) + Ry,
MS+E+h =0 +R) =4k +Ea+ L+ 03+ Ry),
MS+E + L+ Ov = R)-H5 + B3+ 55+ 05 +R;)

= {BN7 = (b + F)N). ANy = (B + KON, &N, — BN).

b bk

; 2 i =
We use the fact that Ny = b+k?\r Vz—b y 5 Nr. and N3
(b +4)*
L = N7. then we can prove that
(b=ky
‘Ul = _ & > M"T 7
=W RA S0 for f 2 L a7
K S A O Y ) T
a  b+k k (b+k]‘
2 2qr
Yy % v w0 for gy FNT 19)
(b4 Ry (b + kY

o
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From (17)(19), one has % <0 which implies that ©, is a positively
invariant set. In other words, by solving (17)-(19), we obtain
0 £ (Ar), Ja(t), J3(1)) € (BN7/(b + k)) + J(0)e~0+E)7

RNL /(b + b)) + 036 5 (kN jib + B + (0)e),
where J1(0), J5(0) and J5(0) are the initia] conditions of Jy{#), Ja()
and Jy(r). Thus, as t >, 0y Jait) J3it) < (N7 /(b + k),
BRNT b + k)°, k> Np /(b + k') = (M, Na. N3) and one can conclude that
0y s an attractive set.

D. Equilibﬁum points

The equilibrium points are obtamed by setting the right hand side of (1)-
(15) to zero. We obtain four equilibrivm points:

{1) The disease free eqm]ibﬁum point

Fi b}‘f 0.0,0,02Y 5500 “T 0000]
1b+k} (b+k)“ )

{11) The third age group endenic equilibrium point
(St Erody O B S0 By a0, By 83 By 1L By, Bs)

le—\vf— 00,0020 00008 £ L 0y |
.b [b"'n?)’

§y= AT [J_} N s Ll—-}—],
B+ B 7 prkibrceal R,

Wy 1)

ChekRbrctdpres N

o (
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bcek‘}q-
(b+k}'(b+c+d)(b+e Ne+g)

4

f_Bret o+t agf, 1)
3 bib+e+ f)b+g) 1 ROJ

b4

with
__ akbEctesf)
b+ kV (b c+d)b+esf)

(111) The second and third age group endemic equilibrium point
RS, BB O B S0, En B 00 B 85 B3 1, 0. ).

< g,{ L 00,008 BTy, 0o B 85 B T 05, |

b+k’
where
_ BkNy l I biNg [ 1 ’
Q‘w i %) 2 {b+A)Lb+c+d Bl &)
1= 4b+k}(b+c,+a' L)(b e+f+k)l %)

. beelNy ([ 1
g5 = (b+Eyb+c+d+ k) b+e+f+k]{b+g+k){ K@

2 _(b+e+f+k)(b+g+k}d+cf{b+g+k}+c&g"'l_l']
2T B+E)bre+ f+k)b+g+k) l B/

3.'3 - h’g‘ E* - —L2 + '\}L:} - 4.[.11.3

Y= e e 3
—;:%(E3+I3)+b 4
Nr
=I:".7'2+c'f2f3 L’Q‘s‘?f; K‘ kﬁw—dg +_]T +g03

3T htes S e Tbig

o g o o
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with
aqbk(b+c+e+f+k)
(b k) (brc+d+k)b+e+ f+k)

L= (b+c d)b+c+e+ ),

Ly=bb+c+ d{b+e+f)+ ((bfc A -B+ete+ £)SH+E5),

and

2 .
L3 ={}}\;3 Tz(gz + Ez)'.— bk(b + §+f)E2}

(iv) The full endemic equilibrivm point 24(S;, &7, Iy, OF 8. 3. Iy,
0:. 53, By I3, 03), where

oo N1 1 " BNy "l 1]
l—b”"‘,Rg, O {b+c+d+k} R5 :
re beNy NG IE:
1_(b+c+a’+k)(b+e+f+k){. EJ
o L beeNy o)
= (btc+d= k)(b+e+f+kib+g+k) RSJ
g tes Sl g Rd v b g vkt ol 1
N\ b+k)bte+ f+h)b+g+k) RS
St_ : kSl. E- ‘L?—JE“ 4L}L}
1= D A

FE B0 1
I = H! +(£"\ Q kO] +E’Iﬂ R»‘ RRI +dE‘) +ﬂ'1 '-gQ?
PThAer SR B T hegee ™ b+Fk -
52 = kS; ES = —L.{'x + h.{') —4A(fllrf3
’ az ,Eo I._ b’ ’ _Afl

E( 3430+

s v o a4
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o My +cEy e k&+d3 o KR+ B+ T3 + g%
Iy = bref & = & = b

with

R = abb+c+e+ f+k)
brk)b+ctdsk)bret f+k)

L!=%{b+c+d+k}(h+c+e+f+k),

I = b+ bibrctd=kib+ e+ f+h)

Nk((b+c+d SRE = Bet et f kNS + D).

r

sﬂk‘
L3 ﬂi NT II[SI +El)+k(b k)b+€+f+k)£l]

My =£,—3Tc'b+c+d})(b+c+g+f),

My =btb+c+d)b- e+f)—— (b+c+d)l;

~{btcte+ f)(S3 +E3)), and

M; =-—' .‘.\'ﬂ I’!(S} +E,,) bk(b'l'e'i’f)EZ‘ -

E. Global stability of the equilibrium states

The global behavior of the equilibrium states for equations (1)-(13) i3
determined from Lyapumov techniques.

Theorem L. Assume that

175
o = bg‘f 00)
(13 = E_E—T-
. 53

Qs ] Lo o
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For Ry <1, By <1 and Ry <1, the disease free equilibrium point R is
globally asymptotically stable on Q

Proof, Let us consider on ©; the Lyapunov function
p)= (S -SSP+ B+ 1+ Q + Ry +(5, - T InSy)
+Ea+ L+ + R +(55-5hS5)+ B+ L+ 3+ Rs.
The derivative with respect to time yields

d oo dofy S, d. d, d,.d
Ep(r)—-js{l Tl] ST LS PR

d 5 d d dod
d 3;] d
ki [ T En T Eh dro3+drR

= [wj_ = (auf’i: hh, b+ ﬂsﬂp = %

¢ o 4 \
o S{f&” \_(b+crd +hVE | +(cE - (be+ £+
+le - (b+g+ R+ {dE + 11+ g0y - b+ k)Ry)

tksl {“’—{E_\::ﬁww)s }[1-2—]

<

(o o ApsatEr + 1)
i

—{b+c+d+k}£2)

+ly = cBy-(bve= £+ KL+ (i + ey -+ g+ )G
+(:kR1+dE2+ﬂ2?gQ2—('b+kJR2.

[ (25 s 1]

< 7ol o e
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S3(E3

+(kE2 s 85t o c+d}E3}
. Nr

tkh +cEs =B re+ N)I;)+ (kD +ely - (b +)03)
+ (kRy +dE5 + f3 + g0; - bRy)

—bVT[l——] b+ 1), - b, - k’sl Sy + {0+ 0)3: - b5,

-ki_‘sﬁbs bs3-(£1+11}( af _ )
H{Er )| f? b:]+[Es +I;)[%§i—b:)
~ b0y ~ bRy = b0 ~ BR, ~ b0s ~bR; o
By vsing conditions in {20), we obtain
%p{'r)=b}v’[\ -%‘—w L;S’l(_ "ﬁl] letl—_]
+w+m{1-s_§} kSl——;j-]

+bS[1 gr] B0y = bRy ~ b0, - bR, ~ b0, = bR,
3
(A
“’I— :e;ﬁ]
. ) B .‘ 5'1} ) ')g"‘
NS 1-== [+ k5. _—' _—-—’
+(b+ | { 52,, 2 Sl S3 SS ]
—%]-bg—le—bQQ—bRg—bg—bR} o)
3
o o B b e v ke
Noting that on €y, we have § ik Sa-b;ksland;S;—-gS_lh

above equation becomes

Y = S w o
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dtp(f) bN;(I——]+bVTl1-—’+kS‘1(Sl %gz]m‘l( 5,2]

+ S') S’l S3 . 53 }
%B &&J%@$

= b0y ~ bRy ~ b0y - bRy - by - bRy,

i (3 S 55 5
4oty =bN| 251 lel 1"1__2]
df i T[_ ‘Sl SI S]_ gl S‘) S-)_

Sy 5§ 5y
B B B N M 5 T, S YY) R
h,yg %Jg f=t0 2R
~ 005 -0,

d g r (gl _ Slf _( - g‘? ) "
LAV A G Lo

= kSsul -§_~J

— b0y~ BR;. 3)

If==x ? for all \5; 2 §; ‘and :S%terall(k:&lﬁgl, then

'1

S 5.
-2
.,(_52 51,_J
Ifﬁzfg.l for all sgzzsgamig i forall 0< 8y £5,, then

We cn see that all of the terms in (23) are always non-positive. From
equation (3, 10(1) 0, then the fimcton 3 p() is negative defte

The limit set of each solution is contained in the largest invariant set for

@ =t dau o
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which Sl =S—1, Sz =§2, 33 -‘-§3, Q] =0, Rl =0, Qz =0, RZ =0,
O3 =0 and Ry =0 which is singleton {R}. LaSalle’s invariant pnnciple
[ref] implies that the disease free equiibrium R is globally asymptotically
stable on ).

To prove the global stabulity of the third age group endemic equilibrium
point P, we consider the following theorem

Theorem 2. If Ry >1, By <1 and Ry <1 then the third age group
endemic equilibrium state Pg(él, él: il: er él: §2, .ég, fz, Qz, éﬁ, §3, E},
I, 0;. Bs) € ) axisis and is globally asymptotically stable on € if

% (24)

Proof. The Lyapunov fimction of the form
Wit = (S - S )+ By + I+ O+ Ry 45, =Sy 5y)
‘.E')+.I'I+Q’1_Rﬁ 15 SIDS;) .Ea I3+Q3 Q"anB

Its denvative along the trajectories of (1)-(15},

d . dof $) d_ . d, d. . d

'&W(.f,)“gsl[l"g}f}fl+HI-.11+C—1,;Qi+H-r-R1
dofy, $) dp d, d, d
+352l1_§}‘—35 bzl gk

Sy 4. d 0
‘[1 S’"J astEht df@( Qs]

o L = o a o
JOIHIATI0150 AT AU WIATUNUD
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(g

+("151(51 +h)
. Nr

th -(brg+tb)Q)+{dE + I + gk - b”ﬂﬂl)

+18,- ["__"2 Crldls, ;{ - %,”_]

—(b+c+d+k)£1)+(c51 —{b+e+ f+k)]))

N7 A

4

a:sg(:Ez +Ig) 31 L ra \
———jh_—--(b'i-{‘-'{'d?k)EgJ

+(H1+C.Ez —(b-:‘-e+f—:-k)12)

+ (kO tely - (b g+K)0h)
+ (le‘F(iEQ +'fI2 *gg: —ib +k;lR:)

+ I:'kEI +

VN SJ
+ { \1 S_J}

+[k53+-‘55’—3M (b~ +d)£3

+ (s + cE3 = (b= e+ f)I3)

t

IS

I4
(k) +el; ~ (b g)Qs)[l—

3

= BNg| 1= L |5 (b 1), - B8 — k215, + b+ ) - 86,
5 5
53 a%
-5 S5 + 485 - 053 —[£1+11)[ J
H(Es - D) ?\;S’—bl {ﬁl—b d]E

ar ~t ¢ e
5’&’)\1?“?7@15']’1]']55 AT WUTU WIATUNWUT
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% . ¢
{Nr -b-e f JI3

-b0 - bRy - 'b + k—Q!:‘-)Qz -(+k)R

& ) |
2)0 ( ! —%] | 05)

Substifuting four conditions of (24) into (25), we have

L oiny= bN,‘ 1-ﬁ]+ (b+ ), -5 - k<L $; £ b+ k) Sy 85,
dat : Sl,. 5 2

'52 ) o d i ,QA;\
~ k2255 4+ bS; - bS5 - b0, - bRy ~ b+L—]Qz
5 - o)
~(b+ k)R

il e onf2)

2/

_apliis 5] Sb
_b}q—(l—g] (b k)Slll ]ms]sl Y

ko

S’J] kS’»[ S’; Sg 33)
SajRo Sy /Ry 53

b+ k)52[1-—

2/
+b§3(1—£3—)
L 5.
) R P
- Ql-le-le@JQz-(mez
(L LG 3] e
telil 2 -2 52 [+(b+ g)41- (26)
e LI_: I O3J 03[ I
Next, using the endemic relations in the third age group endemic equilibrium

4
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s BNy ¢ ks kS, .
state_.wehawSl-m,Sg b+ksl bS;-—R,O—andeh =(b+2)0s.
equation (26) becomes

S S
)= 1-—] BN 1-ﬂ]¢ _1___1_2J kSIl——]
=] ( 3 ”‘[1 5%,

88 53] 33]

145 - Sil1-32 - bR

[WRD $fB l ) s

“ Q;"‘] e\ .'[Is 139;] { Q;']

-1b+k==\0 ~{(b+k)Ry + 3| = - -5,
t 9-3,.92 AN Lo . &
d N R T S
=5 ” =bN[2— 1 +kSl 1 +1 ]
ert) T\_ 3] S, Si Sls S‘l
‘ %% } Hnorw J
Sk S/ROS UG

¢

J JQ3 931
=(b+k)Ry tely| > -F 5+ 1-52 ],
{ M + 3{1 I QB+ Q~

ity = by EL L (58" _.‘-‘(’; “ ]]
'S \\ 1

-b,§3([i1 g J 53 81/&,” le-le—{:bntk%}Q;

b+ kR«—eI3H1__ [%_%

Proceeding with the same manner as above for the second tem of (27),

for the third term, we see that, if 3 2 -.SL for all $»  $,/Ry and

53 5y

@n

55 gl 0< 5, <y /Ry, therefore,

S5 Sy/Rg

J
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—bS;lﬁl - ﬁ' 5 _,L)] <0,
SN SR

For the last term, if&:_z;i for all I; 2 I; and %—ii— for all

3 43 3
) e — .
0< I3 €15 thus -d;[\'l —%){%—- fJ’ <0

Therefore, all of the terms in (27) are always non-positive and %w(r}
£ 0. The limit set of each solution is contained in the largest invariant set for
which 5y = §, §3=83, S§3=8;. /=0, Ry=0, 0»=0, Ry =0 and
03 = 05 which is singleton {P)}. Hence, by LaSalle’s invariant principle,
the third age group endemic equilibrium P is globally asymptotically stable
on £2).

Next, we consider the global stability of the second and third age group
endemic equilibrium point B;.

Theorem 3. Jf Ry > 1 and Ry < 1. then the second and third age growp
endemic equilibrium state RiS, B 5, 0. K. 5. Ean b, 0, Ba. 55, B,

Ti, 05, Bs) e oy exists and is globally asympiotically stable on O if

bN
P=E
N2
{b+d\Ny
a‘) = ——
: 5 (8)
e DHdINT
] :'513
d=e+ f.

Proof. The Lyapumov function of the form
T)[:f} = (-.’Sll - §1 ln51)+ El +Il + Q! + Rl +(53 - 3'2 ].D.Sg)'{" E3 +IQ

+(0 -0 n0)+ (S5 - 5583+ B3 + I +{0; - I Oy),
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d o dof, §).d. . d
dz““"ES( SIJ+dt£1 FheghrgR

AS')
] 4g 48 Iﬁ*er’[l

l, =i 93!}‘@;_J
¢ [:bNT = [aﬂff‘:;ir: Dops k) 51](1 - %]
+ (——a‘%{ﬁl: b thso+d+ k).El.J

+(cE - (b+e+ f+h))

+leh = (b=g +k)A)+(dEy + Iy + g0y - (b+ KR

: 1k51 3 [(_——“?(Ef,; b, }sq }l - ;]

+[‘kE1 otk 1) (b+e+d -+ L)E),
. Ny

+ (kl) + ¢E5 —(b+e+f+k).73)

+ (¥ -

o[ ‘—1 J —}

+ {kEz + _“3"53{453 5 hecrd)Es j
y Nr .

+ (H3 +CE3 -{b-¢ +f:}f3\)

(k0 +ely - (b~ g)05) 1 =57

¢ o T T 4
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=bNT( -%l (b+ k)5 - b5 - ket S%+fb+k)$i bS,

—L§—§ +bS; - bS; +( 51”1)(‘113& ]—(b+k%,’gl

b+A)R1+E«(ﬂ‘:;§" ~b- d} 1,(“‘§2-b-g-f}
Ql ej—' Oﬂ 03§3 b J.E
(b+g+“0"l1_ J+ 7t Q’ N -
5 : {05
[ \r : J i + ell){}"%J
g A,
+(,b+g)Qsl 5 (29)
Substituting fowr conditions of (28) into (29), we have
;r” zwf]l-_j (b+k)§1—&5”1—k4§,i—§3+(b+k}$’3-ng
Sy = ) [ Qg AN
kg S+ bS;—hS;—\ LQ_J}QI-WUR‘
0y 0
+(b+y+L)Oaf\l—§}+eI«{‘l QJ
+(kQ;+eI3)[1—%]+{b:—g:@3 1—99—}
5 S 5 8
=bNp|1-2 |+ b+ )5 1-—) L ---——]
1773 l“ i [ "B\E TR
S 5 55
+(b+k) i[l——]ﬂé‘ 3 S1 53]

(x4 ,~\~"J _ﬁ 0 o= ol _ﬁ
+Lb.53+ AR I ,133)] % } N (E; +I_,}53[\1 5

i o o ‘o w7
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_(M%]Ql -+ bR +(b+g+‘f)@2(l‘%]

I’J __I_Q . < T kQ'_\‘F&I kQ1+€I3 Qa]
rehly, T,H.._]T (K, +¢ J)LOwe:I k0, + el &5
+ib+ g')é;[l . %] 30)

Next, using the endemic relations in the second and third age group

b\r e B e
£ (b;L)S‘z-E, bS; +

TG D)5 =i8 = b+ g 0D and iy s ey = (b0 - ),
T
equation (30) becomes

i., Vo= AN ( _E-_.]'_ . ( _ﬁ.‘); h = VS I‘M 'S,il - ”,S]-,_S:%
- n(r_)-b.?\rll 3 b)\TLI L T TR |

endemic equilibrium state, we have §; =

A “5'1[ ] ks.1[__§ﬁ_é‘]+-k§,[il_%]

iy

2 )" L I* Q" E

ar = a o o
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. )g(k@+el _Kptels QJJ
ELC/TT A Tr A R

d o &S sl S"{'& S Y
—N(t) = -bNp —=—="— = (b + k) $o| |1 - == || == = i
dfn” *SISI o+ 8) ’[[ 5 J\.S, Sl/'KO’lJ

LD - AR

Proceeding with the same manner as Theorem 1 for the third term of

(31), for the second term if 22> S‘ $,.2 §/Ry and 2o

239 ?

< §/R;. therefore

' Sy S5 .
—(b+k)§1{[ 57,] Stj—m}lxo

forthefonhterm,ifﬁ?gﬁ‘; for all §5.> 5 andkng?zS"; for all

5.
53 .

055 <5, then u'—-EJ[ <0

Fortheseventhtermlf‘g > for 311]7_1'» and == Q’ ﬁI‘ for all
0, TJ g

0_[8 A ”0

For the lostterm, if 222 221 g 0,50, and Iy 2

y  kOy el

T‘n then —é’yﬁ(
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G el pon0co <f md0<k <1 th
Q-kgz+273 0L -QZ-Qzan ~43 = 43: o

b+ gj)@a[[’l -%)( %- % i:‘g]] <0

Therefore, all of terms in (31) are always non-positive and %n(t’) <0. The

limit set of each solution is contained in the largest mvariant set for which
51 =85 =5,8=8.0=0R=00 =0, and ¢ = J; which
is singleton {F}. Hence, by LaSalle’s invariant principle, the second and
third age group endemic equilibrium 7 is globally asymptotically stable on
0,

Last, we consider the global stability of the full endemic equilibrivma
pomnt Py,

Theorem 4. If Ry > 1. then the fill endemic equilibrium state

ST B RO RLST B I, O RS S3LES 15, 05 Ry e 0y
exists and is globally asymprotically stable.on Oy if

(b+d)N

S
N ETIE

53 62
(b+d)Ng
E
d=¢+ f.

a =

Proof, The Lyapunov function of the form
= (S-S hSP+E+h -0 -0 @) +(5 -S1n5H)+ Ey
Fh =10~ 030+ (5 - S S+ Fs - I

+{0; -0 n @),

¢ Wl by oo e
TOIFTATINITE AT WUTU WIFTUNUD



. -~ e e - voes o
wuussansszinadmillsalindalngjaeniugluide mfuenza vins 390 A seiugtionsin HINT 192

78 T. Changpuek, P. Pongsumpun and I-Ming Tang
Lut=4 51(1-551]+i51+;11 dtg{ 91}

z—wll-— +%£)+d1,+dtg,{ g;]

_%s}[l_gi i o)) & J

=(:b.-\fr '\.M-{»IHLJSI)[{ 211]

AaSE+ L) \ 5
-,(QHTlrl)-(b+c+d+k)El]

(B ~(bresf + KL} +(ehy~(brg= L)Qll{

Pl@.

ay{Eq + Iﬁ i 5: |
[ - {__‘ 2l bk |s }!1-5}
|+ &‘}\M (b+c+d;‘—k)£-2}

() +cEy =thret+ f+ i)

(0~ ey = (b g 4 Ky [1—&]

A

-5

-(b=c+d)E; I

"103(}:-3 i I P

T[A;sg—l’. T Tb]

S*(E_; + I }
~ N7
byt By ~(btes )

- [;kEg :

.‘)

= (ks + eIy ~ (b + g) Q)[1-Q_°

as ~ do @ o
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31

L85+ b+ )83 - 55,

=bNT[1-%]+(b+k)s{ b5, -k

59 ot

_LS

53 +bs,-bs3+{“15! b~ J}El

ast o,
‘(Nr b-e f]Il

+ e.r,[i -%J +(brg+ k)Qf(I -gll—J

by

ﬂ'}gw ('aaS: A A j
t\—r—b d]E« L F b }12
1_&1 _9 ]
0 QZ /
232 53 ﬂ}S
l—»rw % 1
‘ ‘4 R 0 4
+(kDs + eI3_)’ 1—%}— b+ 2105 —é—j—] (33)

Substituting four conditions of (32) into (33), we have

gur) b\iyl——] +(b+ )5 - b= &S\Sg+(b+kj]35—b53
Sy e s o i 01‘}
— k2253 + bS5 - bS; 5 st (brg+k
53 3 l 01} )Ql Q
4!.1_),75;]»{ Q"+[b+g+k)01 ]
+{kQ> - el 2|+ (b+ g0 1 - ==
(kQ- 3.’ Q.:\ [ S | Q::,
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_bv[ "]+(b+k)R081(RO leg]]

.-.—g]_—-s_ls_.;.} '-_ . .)(- _ﬁ
+k5'1[' LS 5 J ([b gk {E Hhf ! 53
dy e e "r' S»: ot 5‘2 5'2 S;
eS¢ g
S N

» a3 ) - 4 S !
+(bs s B s Nl——J——E 4] 3[1-—}
B4y )3\ 5 (E3+13)83 5

8

¥l

25\ <y Ql')
+{b+g+k 1——‘
brg )Ql{ o

K0y - ely kO =Dy O }

ik !
0+ )kQI-eIa kOp +els &2

+(b+ °+HOJ'1——J

gy | s O )
KOS wely ks + el &5

+(fb:—g)Q§{1—§‘%} (34)

Next, using the endemic relations m the full endemic equulibrium state, we
have N7 = (b +k)RoS]. (b +Kk)5; + ;—;(EE + )85 = kSy, bS; +

a3

(B - 1383 = kS elf = (b+ g = QL KO} = el = (b+ g + )05
N1

and k(5 = el; = (b= g)0;, equation (34) becomes

o o ar ar 4
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x(t] b\;;ll- ]+bhr[i_ S ]+kS{Sl S S»]

RO ROSI Sl S] SQ

+kSl l'ﬁ '(ksl-(b+k)59} 1__ +k5" Sa 32 S3 ]
’ S’ S?. S? Sﬂ’53
s g

+ kS, 1—— ~ (kS5 = bS l +gIl 1 J
g PTG

+d1[ -ﬁ +ib+g k) 1"91*’4—’2 kQ, +ely Q-,]
4 g +els g+ ey ©2

+(b+o+L)Q,‘ -:_3J

| 2,

o T kQ”d’@}
s sy kgl O

+<:b+g:)95{1-%]:

'3

X LS R RS 81 N}
-lb—k)]—k?l—-sa‘}{l—%]%«%’{s—’ 255
bk 55 R T
Eeat] T e
L2 A N ¥/ O ¢ S
+b+g+k)0; kQ}HI’ el Q'-" 1—9%]
I‘Ql +€I3 i‘\'g +€I1 =2 Ql J
(KQytels ey (5 Q3
b+ 0]
) 8 +elQ‘ g
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A e . I .
4 ) = —lzNTll _3 {S_l —l.}-ks ( -5 [S} Y n

—(b+ L)[ 5y —Sq)l S—E}-ksg l1—5—3}5—-5—ﬂ
S5y ) L OSBNs 5
Aol B
., ; \ o4 I
(b= g+ )03 1—&][ el
: 92 —gI")
b+ w:QJ[ -ﬁ}{ﬁi-’@%*d’l l 33)
Q3 { 93 sz + &I_g iy
Sl 1 > Sl o BT A
If =< —forall 5; 2 S; and =L 2 — forall ¢ <. £ 5], therefore
51 RO 51 Ra
—b\'l i 51 1.}5'.0.
R
If ;51 </} for all §, 283 and b""slkzsq for all 04 S, < 55,
ﬂms-{b+k)[ 2 -&]1 i}]ﬁo.
A 2

Procesding with the same moammer as above for remaining terms.
Therefore, all of terms i (33) are always non-posiive and %1{({‘) % Q. The
liniit set of each solution is contained in the largest invariant set for which
S =8, Sy=51. 55=55. O =0. O>=0, and O3 =05 whichis
singleton {P,}. Hence, by LaSalle’s invariant prmciple, the :;ELODd and thurd
age group endemic equilibrum Py 15 globally asvmptotically stable on €.
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M. Conclusion
We define

__ akfh+ctetf)
B+k)PEB+c+d)bre+ f)

- abk(b+c+e+ f+k)
G+k)Y b+c-drk)bre+ f+k)

- ablb+c+e+ f+F)
(b+k)b+c+d+k)b+e+ f+k)
These parameters are called the basic reproductive number. It represents the
average mumber of secondary cases caused by an mfections individual in a
totally susceptible population. It depends on the transmissibility, contact
rates and the expected duration of infection. It can determine the disease can
spread through a population whether or not and also associates the
persistence of endemic levels.

and Ry

as the threshold parameters.

The global stability of our model has been resolved by using Lyapunov
functions. If Ry < L By < 1 and R§ <1, then the disease free equilibrivm
state 1s globally asymiptotically stable and the disease will die out If Ro =1,
Ry <land Ry <1 then the third age stoup endemic equilibrium state 1s
globally asymptotically stable and the disease is endemic only in the third
age group. If Ry > 1 and Ry « L then the second and the third age group
endemic equilibrium state is globally asyniptotically stable and the disease is
endemic in both the second and the third age group. If Ry > 1 then the full
endemic equilibrium state is globally asymptotically stable and the disease is
endemic in all age groups.
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CT-17. Stability analysis of HIN1 transmission model between two population groups
Puntani Pongsumpun, Department of Mathematics. Faculty of Science, King Mongkut's
Institute of Technology Ladkrabang

Influenza A (HIN1) virus is endemic in humans and can be tound worldwide. This
disease 1s spread between the people through coughing or sneezing. Some people may also
become infected by touching something. contaminated with flu viruses and then touching
their eyes. nose or mouth. Mathematical model of this disease is formulated by separating
the human into two groups depending on the chance of getting infected with this disease.
In each group, the human is subdivided into S classes, ie. Susceptible, Exposed, Infectious.
Quarantine and Recovered classes. The standard dynamical modeling method is used for
analysis the solution behaviors of our model. Numerical solutions are showed to confirm
the analytical results.
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Model for the Transmission of Influenza Pandemic Due to a New-Strain of
the HIN1 Influenza a Virus with the Risk of Infection in Human

Puntani Pongsumpun

Department of Mathematics. Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang,
Chalongkrung road. Ladkrabang. Bangkok. THAILAND

ABSTRACT

A New-strain of the HIN1 Influenza A Virus is transmitted between the people through coughing and sneezing.
The virus spreads when droplets from a cough or sneeze of an infected person are propelled through the air and
deposited on the mouth or nose of people nearby. This virus can also be contacted by touching something.
contaminated with flu viruses and then touching their eyes. We study the transmission of this disease by
constructing the mathematical model. The model is fornmlated by dividing the human into 5 groups such that
Susceptible, Exposed, Infectious, Quarantine and Recovered classes. The contact between risk and non-risk
groups is considered. Analysis of our dynamical model is done by using standard dynamical modeling method.
The analytical and numerical results are given.

KEYWORDS: Basic reproductive number, Influenza A virus. model, risk. Routh-Hurwitz. SEIQR model.

standard dynamical modeling method..

INTRODUCTION

HIN] virus transmission is usually found in many countries of the world, The most active areas of
pandemic influenza virus transmission currently are in parts of Southeast Asia,West Africa.and in tropical zone
of the Americas [1]. Influenza A. influenza B and influenza C are sub three types of nfluenza virns. Three
types of influenza can cause human flu. Influenza A viruses also infect both pigs and birds. influenza C virus
infects pigs but do not infect birds. When influenza vims from different species infects pigs. the virus can be
reassortment. a process through two or more influenza viruses can swap genes, produce new and dangerous
strains [2]. When reassortfment occurs. the emergent virus will have some gene segments from each of the
infecting parent viruses and may have different characteristics than either of the parental viruses, It has been
determined that the swine flu strain contains genes from five different flu viruses: North American swine
influenza, North American avian influenza, human influenza and two swine influenza viruses typically found in
Asia and Europe [3]. Over the years. different variations of swine flu viruses have emerged. At this time, there
are four main influenza A subtypes that have been isolated in pigs: HIN1. HIN2, H3N2, and H3N1. However.
most of the recently isolated influenza virus from pigs is HIN1 virus [4]). The HIN1 influenza virus is “very
unstable™. meaning it could mix and swap genetic material (reassortment) when exposed to other viruses. whereas
a stable (seasonal flu) virus is-less likely to take on genetic materinl. The HIN1 swine flu virus is a hiunan virus
spread by people and not by pigs. The only way to get the new swine flu is from another person.The cross-species
infections (swine virus to man or unan fu virs to pigs) have remained in local areas and have not caused
national or worldwide infections in either pigs or humans. The symptoms of HIN1 patients are fever. cough. sore
throat. body aches, headache. chills and fatigue. diarrhea and vomiting (may possible) In children. signs of severe
disease include apnea. tachypnea, dyspnea. cyanosis. dehydration, altered mental status. and extreme
irmitability{5).[6]. The virus can transmit when a person touches droplets on surface and then touches their own
mouth or nose before washing their hands. After infection it usually takes 1 to 4 days before each person becomes
ill. HIN1 cases can start spread flu germs upto a day before symptoms start. and for up to seven days after getting
sick [7). Seasonal influenza occurs every year and the viruses change in each year. but many people have some
imnnmity to the circulating virus that helps limit infections. By contrast, the pandemic swine flu virus was a new
virus when it emerged and most people had no or little immunity to ir. Therefore. vaccines from human seasonal
tlu would not provide protection from HIN1swine flu viruses. A study at the CDC published in May 2009 found
that children had no preexisting inumunity to the new strain but that adults. particularly those over 60. had sowe
degree of immunity. Children showed no cross-reactive antibody reaction to the new strain. adults aged 18 to 64
had 6-9%. and older adults 33%.New vaccines against HIN1 virus are made by growing virus particles in eggs. A
serious side effect to vaccines can occur in people who are allergic to eggs: these people should not get flu
vaccines. Individuals with active infections or diseases of the nervous system are also not reconunended to get flu
vaccines. Kids under age 10 years old will need rwo vaccinations. given apart three weeks [8]. The people who
have already been infected with the virus will not recejve the vaccine.

"Corresponding Author: Puntay Pongstunpun. Departnent of Mathenntics, Faculty of Scrence. King Mongkut™s Institute of Technology
Ladkrabang, Chalongloung Road, Ladkrabang. Bangkok. THAILAND. 10520 kppuntan@knutl.ac.ih
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Neil M Ferguson and et al. [9] formmlated themodel of influenza transmission to sinmlate theimpact of
neuraminidase inhibitor therapy on infectious rates and transmission of drug-resistant viral strains. D.
Klinkenberg, A. Everts-van der Wind and et al. {10] presented a model of CSFV transmission between pig herds
which quantifies the effect of control strategies with and without vaccination and estimate the model parameters
from data of the 1997/1998 CSFV epidemic in the Netherlands. Fraser et al. [11] constructed the dynamics of
influenza A (HIN1) inthe human population. bur they did not include cross-species transmission. In 2010.
P.Pongsumpun [12] formulated the dynamical mode! of swine flu transmission of HINI but the contact rate
between risk and non-risk humans was not considered. In this study, HINI virus transmission is studied by
constructing the mathematical model considering the chance of getting infected with this disease. The remainder
of the paper is organized as follows: In section IL Model equations are given. In section IIL. Analytical results of
our model equations are shown. In section IV, Numerical results are presented to confirm analytical results.
Finally. in section IV. Discussion and conclusion are given.

MODEL EQUATIONS

In this study. we consider the transmission of HIN1 between two population groups: risk and non-risk
groups. Each group is divided into four classes such as susceptible,exposed. infectious, quarantine and
recovered classes. We define the variables as follows:

S;(7) be the number of susceptible human class i® at time't ,

E;(r) be the number of exposed human class i® attime t,

" attimet .

1; (2) be the number of infectious human class {'
O; (1) be the number of quarantine human class i® at time't

R; (r) be the number of recovered human class i at time t;

where i=1 and 2 denote risk and non-risk classes, respectively. The idea of fornmlating our model is
givenin fig.1.

SUBULEL + 1)+ pra(Ez + I2))

a, b, OF, iZh 0,
S E, h Ll 0 > Ry
ds, dE, dr, aQ dR,
(1=, BN, Sy(Bn(Eyrdy)= B (B + 1)) Hy 20
— 5 Iz ¢ Rz
das. dl, do. dR,

Fig.1 Transmission diagram of HINI

The dynamical equations are described as follows:
For the risk human class:

%Sl (1)=a,.DN j,-S (OB ((E (DFT (1) )+ 12 (E5 (2)+12 () ))-dS, (1) . )

%El (D=S OBVE ()1 (1) )+ 2(E2 (0)+T3 () ))-(6 + d)E (1) . )

%1“,):551 O-(y + ) (1), 3

L o= (-G = DG 0. @
563
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d
ERI(IF';‘QI(")-(]RI(’) 5)
For the non-risk human class:
d
d—rsz (=10, )bN 1,-S 2 (NP 2a (E2 ()+1 (1) )+ (E () +) (1) ))-dS 5 (1) . (6
d , . S
EEJ (f)=52 (f)(ﬂzz(E: (f)':‘lz (f) )+ﬁ]2(El (I)+I] (f) ))'(0 + d)E'_) (f) . (&)
%Illf)=653(r)-(;)+(/)12(1‘). ®)
d . )
7 Q2(O0=3 (-4 = )O3 (1) Q)
d
IRZ (=40, (1)-dRa (1) . (10)

where the parameters are defined as follows:

b is the birth rate of human populations.

0. is the risk probability of human populations to be infected with H N,
Jit 111s the contact rate of HlN 1 between risk human classes.

P12 s the contact rate of H; N berween risk and non-risk human classes.
P27 is the contact rate of H| Ny between non-risk human classes.

J is the rate at which exposed human change to be infectious human.
¥ is the rate at which infectious human change to be quarantine human.

A is the rate at which quarantine human change to be recovered human,

N}, is the total human population.

d is the death rate of human population.

We define NV is the total risk human class. N5 is the total non-risk human class and N}, is the total

population. Suppose that the total risk group, non-1isk group and total population are constant. So rate of change
for each group equals to zero. We obtain the relations as follows:

b=d N, =aN,ad N, =(l-«,)N, .
We normalize our model equations by letting :
=G =F ./ N.i.=]. 3 .= . =R.SNF = 9
5 —Sj-/Nj,eJ Ej /Nj,lj IJ /Nj,qj Q} /NJ,)j RJ 7 Nj J =12 The reduced

equations become

d N, — :

— 5, (t)=a,b(1 + = )-(d + B, (e, +1)N, + Bi5(ey +1,)N,)s,. Qan
dt N,

d AN Q. . .

EeIHF(ﬁ“(el +I'1.)]\"1 +ﬁ11(83 +l': )Nl )Sr(d +())(!], (12)
Ezl(r)=oel-(d+ynl, (13)
d .

d—’(j](f)=;'ll-ld+/‘.)(j1, (19
d N ; . .
ES}(!)=ZJ(1-(1,- )+ (-0, )bT‘,"-(ﬂ' +Bafe Fi Ny + Baales +i3 )Na bss, (15)
d . _ N

E(f'_v”)=ﬁ]3(é’] Tip INySa + Saafe; +i3 IN2sy-(d <0 e, (16)
7

é?f_)(f,)=(562-(d+}')f3, an
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d . \
qu(f)=yi2-fd+/v.)(]2, (18)
with the conditions :
Sf+€,'+fi+qi+l'j=llj=l,2. (19)
ANALYTICAL RESULTS

We use standard dynamical modeling method for analysis our model. To find steady states of our equations,
we set the dynamical change of each population class equivalent to zero: ie.

d (r)=d (t) 9, t) d (t}=0,7=12
-3 —e; =-—7. = —0. = ’ = -
dr 1 G = () = L il 1) =0,
The steady states are given as follows:

1) Disease free steady state: M| = (1,0,0,0,1,0,0,0) (20)
® L N * * LR 2 *
. ii) Disease endemic state: M, = (sy.ep .0 41 52,€3,02,42) @n
' - *
b'(b'rO)ej o (D+9) a4 Yo, )

wheresj = 5 €5 = 5 ’J*q,f=b—+;'j'J—l" (22)
and i; »J = 1.2 are found by solving equations
Ao H(d+3 )+ +(d+0+3)(L5+(d+3)(d +y iy S gy + B oot 45N}, )=0and (23)
YAo+(d+8)(d+y Ry +(d=6+9)(-B+d+6)(d+ )i ) fyds + Basias Basts JN;, ) =0 (24

The locally asymptotical stable of each steady state is determined by the sign of eigenvalues for each steady
state. If all eigenvalues have negative real parts, then that steady state is tocal stability {13]. The eigenvalues are
obtainedby solving the following characteristic equation

det(.}‘k{’-}\ls) N O, j=1,2. (2s

where [ g is the identity matrix dimension 8 x & and J M; is the Jacobian matrix of the steady state Mj=1.2.
For the disease tree steadystate M | = (1.0,0.0.1.0.0.0) . the Jacobian matrix is given by

(ST [ N dis Jig oy Jig
Tav 'y day Jay Jas Jas (Tar Jag
Iyv g I3 Uy sy Jse dsg g
Ja Ja2 Jgz Jad o Js3s T46 Ja3 S48
siodso sy Jsy o dss odssl Js7 o ss
Je1 Je2 Je3s < Jea Je5 Jss Js1 Jes
June JrzdryoJae Jis o JiwsooJm s
Js1 Jsz  Jsz Js4 Jss Jss Js1 Jss

Ja=

where
Sy =412 = Q13 =0, By Jia = J1s = 0. )16 = J17 =1+ 0, 0815V, s =0,
J21= 0,722 =-d-0+ 0, BNy oy = @y By das = Jas =0, j2g = jn7 = (1-a, 182Ny, jog =0,
J31 =032 =6, /35 =-d-y. j34 = j35s = j36 = J37 = 35 =0,
: Ja1= 722 =0,J43 =y, jaq = -d-4, jas = jag = j47 = Jag =O.
Js1= 0752 = -0y 12Nk, 53 = -0p 12N}, Jsa = 055 = -d. jsg = (-1+ 0y )B2aNp. js7 = (-1 +ay B2V jsg =
J61=0.d62 = Joz = arB1aNy. Jga = Jos = 0. Jog = -d-6 +(1-0, )BarNyy. jsz =(1-0, B2 Ny, jeg = 0.
ST U712 = J23= J74 =J75= 0. J136 = 8,37 = -d-p, j25 =0,
J31 =752 = Jg5 = Jgg =Jss=Jge=0.J37 = 7. Jgg = -d-
The characteristic equation is defined by

P
<
wh

w o
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(d +i)_)2(d+/'. +)1_)2()/4 +A3;]3 +A2112 A +4y)
where
A3 =4d +26+y){(ar( P1-Bay )+ a2 )Ny,
Ay =6d(d+4 +67+ yIH 46+ y - 0r( Br1-Bar )+ Bra N3d + 23+ Yy YNy +(-1+ay Ja,.,
A= 2d+6)(d+y)(2d+0+y )0 (Biy-Baa )+ Boa J(3d7 +67 +3dy+y% +4d(5+3 )Ny
+2(-1+a, Jo(Biy-Pi1Bay J(d +6+y)NT,
A= (d=8(d+y ) (ap(By-Pra )+ P )(d +3)(d +y)(d +5+ ¥INy
(140, oyl fra-pufp Hd =5+ ;)2 NE,

Routh Hurwitz criteria can ensure eigenvalues with negative real parts [13]. If the characteristic equation satisfy
Routh Hurwitz criteria. we can say thar the steady state is local stability. Thus, this disease free state will be

(ar ﬁ]l + ﬁzz (l-ar )‘f\rh (56)
2bQ2b+5+y) -

On simularly method, we found that the disease endemic state will be local stability when ;o >1;

local stability when ;o < 1; where I_’-o =

NUMERICAL RESULTS

The output of our model are simulated for 2 cases. The parameters are given as follows: b = 1/(365*63)

corresponds to the life expectancy of 63 years for buman, & = 1/5 comesponds to the § days at which the
exposed human can change to be infections human, y = 1/10 corresponds to the 10 days at which quarantine

human change to be recovered human. The other parameters are arbitrary chosen.

Casel for ;o <1
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Fig.2 Time series solutions of susceptible. exposed. infectious and quarantine risk and non-risk human classes,
respectively. The parameters are &7, = 0.5, b=1/(365*63),
Byy=0.000001. By, =0.0000008. 5,.=0.0000002. 3 =13, y=110.
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A=1/1,N, =1,000, Vo =0.81.

Case2 for 70 >1;
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From fig 2 and fig 3, we can see that for ;o < L, the fractions of populations converge to the disease free state

M, =(1.0.0.0,1.0.0.0). For Vo > 1. The fractions of populations oscillate to the endemuc state M, =
(0.514,0.0001,0.0002,0.00014.0.710,0.00006.0.0001.0.00008)

DISCUSSION AND CONCLUSION
In this study, we formulate the mathematical model of HIN1 virus and the chance of getting infected with tlus
disease 1s considered. The threshold condition is defined by
70 = (a, ﬂu G ﬂ:z (l-a, )“V;.
20(2b+35 + ) '
The basic reproductive number (¥ ) is defined as the geometric mean of Vo [14 ]. It represents the number of

secondary cases that one casecan produce if inroduced into a susceptible person. We compare the solution
behaviors when there is the different basic reproductive numbers as shown in fig 4.
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Fig.5 The fraction of infectious human versus the contact rate between nisk and non-risk human classes.

From fig.4, we can see that the length of epidemic outburst is shorter and the fraction of populations is
higher when the basic reproductive number is bigger. The period of oscillations as they oscillate to the endemic
state by means of solutions of the linearized system are calculated, we get 9 days, 5 days for V=20 and F=
30. respectively. This means that if the number of secondary infectious cases reproduced from primary cases is
higher, then the time for conirolling the epidemic outbreak is shorter. From fig.5, we can see that the fraction of
infectious risk group is higher than the fraction of infectious non-risk group because the risk group has the
higher chance of getting infected. The basic reproductive aumbers are used for reducing the transmission of
many diseases [15-18].The simulated output of this model should introduce the way for reducing the
transmission of tlus disease.
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ABSTRACT

The respiratory disease caused by the Influenza A Virus is occurring worldwide. The
transmission for new-strain of the HINI Influenza A virus is studied by form-ulating a SEIQR
(Susceptible-Exposed-Infectious-Quarantine-Recovered) model to describe its spread. In the
present model, we have assumed that a fraction of the infected population will die from the
disease. This c-hanges the mathematical equations governing the transmission. The effect of
repetitive contact is also included in the model. Analysis of the model by using standard
dynamical modeling method is given. Conditions for the stability of equilibrium state are given.
Numerical solutions are presented for different values of parameters. It is found that increasing
the amount of repetitive contacts leads to a decrease in the peak numbers of exposed and

infectious humans. A stability analysis shows that the solutions are robust.

Keywords: Disease transmission model, SEIQR model, Influenza A virus, repetitive contacts,
standard dynamical analysis.
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Introduction

Influenza virus can be divided into three types: influenza A, B and C. The virus is spread
when droplets from a cough or sneeze of an infected person is propelled through the air and
deposited on the mouth, nose or eye of persons nearby. The virus can also land on surfaces in the
surrounding environment and survive on the surfaces for 24 hours if the surface is hard and
around 20 minutes if the surface is soft. The subtype HIN1 (2009) influenza virus 'is one of the
influenza viruses that can cause respiratory illnesses. It is related to the virus which caused the
1918 flu pandemic. It is now called the swine flu virus because the virus causing pigs in the
United States to become sick shortly after the 1918 pandemic was identified as being the HINI

virus [1].

Between 1997 and 2002, new strains of the HIN1 (three different subtypes and five
different genotypes) started to emerge as the causes of influenza among pigs in North America.
By 2009, a new virus began to spread among people in the American continent. It was identified
as being related to the virus infecting the pigs in Mexico and was labeled as the HIN1 (2009)
virus [WHO Bulletin, 24 April 2009]. This virus quickly spread to 160 countries and territories.
By mid-2009, there were 135,000 cases and 816 deaths. The HIN1(2009) virus has spread from
the American continent to across the world, i.e., Europe, the Middle East, Asia, the Pacific and

Africa, making this disease a pandemic.

In Thailand, HIN1 (2009) was isolated from pigs with an influenza-like symptom in 1990
[2]. In 2005, a new subtype of the virus HIN1 was isolated from pigs in Saraburi province [3].
Thai people quickly became sick with this virus. The most common clinical symptoms of the
2009 HIN1 influenza A pandemic was a fever, cough, sore throat, malaise, headache, vomiting
and diarrhea. Other common symptoms are chills, myalgias and arthralgias [4-5]. These are also
common to the symptoms of seasonal fever, so that proper diagnoses require laboratory tests. The
most active areas of pandemic influenza virus transmission are now in parts of Southeast Asia,
West Africa, and in the tropical zone of the Americas. The Centers for Disease Control and

Prevention (CDC) recommends the antiviral drugs Tamiflu (oseltamivir) or Relenza (zanamivir)
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for treatment and prevention of infection with the swine flu virus. Antiviral drugs work best if

started within 2 days of symptoms [6].

New strains of the influenza A virus constantly appear. For example, on March 29, 2013,
the Chinese Center for Disease Control and Prevention discovered three human infections with an
avian influenza A(H7N9) [7]. A total of 131 confirmed cases of human infection with avian
influenza A (H7N9) virus have been reported to WHO by China National Health and Family
Planning Commission and one case by the Taipei Centers for Disease Control (Taipei CDC).
Although cases have been reported in both sexes and across a wide range of ages, most cases have
occurred among middle-aged and older men. Thirty-two people have died, and most of the other
cases are considered severe. In addition to the case reported by Taipei CDC (with a history of
recent travel from Jiangsu), cases have been reported from Anhui, Fujian, Henan, Hunan, Jiangsu,
Jiangx1, Shandong and Zhejiang, and the municipalities of Beijing and Shanghai. Seasonal
Influenza A virus continues to spread among persons in area where H7N9 cases have been
detected. The Chinese Centers for Disease Control and Prevention had reported that rates of

influenza-like illness are consistent with expected seasonal flu levels.

Biological factors such as the duration of infectious period and social factors can influence
the spread of this disease. Repetitiveness of contacts is also known to be the relevant factors
effect to the transmission of droplet c;r contact transmitted diseases. In 2009, T.Smieszek,
L.Fiebig and R.W.Scholz showed that random mixing models provide acceptable estimates of the
total outbreak size if the number of contacts per day is high [8]. D. linkenberg, A .Everts-van der
Wind, et al. [9] presented the strategy for emergency vaccination during an epidemic of classical
swine fever virus (CSFV) and formulated a mathematical model of CSFV transmission between
pig herds which quantifies the effect of control strategies with and without vaccination and

estimate the model parameters from data of the 1997/1998 CSFV epidemic in the Netherlands.

Nishiura [10] that predictions based on mathematical modeling has two components;
projections and forecasting. Projections involves the simulation of what would happen if certain
assumptions and hypotheses are made while a forecasting is quantitative prediction of what will
happen in the future. Weather forecasting is an attempt to predict what the weather at some times

in the future will be. This can be done if the future is several days. Long term forecasting is

ar
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impossible since the equations used for the forecasting are input sensitive equations meaning that
the solutions depend on values of the initial values of the input which depend on random events.
Prior to the 2009 pandemic, mathematical modeling offered projections on “what if” scenarios.
Keeping this in mind, Chowell et al, [11] used mathematical modeling to make projections on
what would happen if nonmedical interventions such as school closing were used to control the
spread of 2009 Influenza A/HINI1 pandemic in Mexico. Zhou and Guo [12] made projections on
the spread of A/HIN1 virus when a vaccination program was used to control the pandemic. Jin et
al., [13] carried an analysis of an A/HINI epidemic if it occurred on a network and what it would
be if different vaccination policies were applied at different points on the network. Prosper et al.,
[14] looked at the control strategies for the pandemic HIN1 influenza in a background of seasonal

influenza which affects a greater number of people.

In this paper, we study the transmission of a new HIN1 Influenza A Virus in human with
the effect of repetitive contact taken into consideration. A statistical model was developed to
estimate the social contact network within a high school using friendship network data and a
survey of contact behavior [15]. We consider the transmission of a new-strain of the HINI
Influenza A Virus with the effect of repetitive contact included by constructing the mathematical
model. ‘We employ an SEIQR model (S denoted susceptible human; E, exposed; I, infectious; Q,
quarantine and R denotes a recovered human) [16] to describe the transmission of the new virus
in the population. Any new strains of influenza pose a danger to society since the populace does
not have any immunity to the virus and therefore there is a greater chance that some of the
infected people will die. We have taken into account the possibility that some of the infected
populace will die in the model. We have simulated the effects of varying the number of repetitive
contacts, the percentage of infected individuals being put in quarantine and allowing for infected

individuals to die from the disease.

Dynamical equations

We consider the transmission of HIN] Influenza A Virus’ in human. We have included the
effect of repetitive contact and take into account that people having a prior illness have a higher

mortality rate. We begin by defining

S(t) as being the number of susceptible persons at time t;
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E(t), the number of exposed persons at time t; ‘

I(t), the number of infectious persons at time t;

Q(t) , being the number of quarantine persons at time t;
R(t) be the number of recovered persons at time t,

Our model is based on the standard SEIQR (susceptible, exposed, infected, quarantine, recovered)
model for contact transmission. A susceptible human becomes an exposed person if he comes in
contact, direct or indirect (i.e., by touching a surface on which the new strain of the HIN1 virus
may lie). If C is the number of contacts a human makes with someone who could pass on the
virus, then C(E(t) + I(f)) is the number of contacts which could result in a person being exposed to
the virus. ‘S(t)/N(t) (N(t) being the total numbér of humans at time t) is the probability that the
person being contacted is a susceptible human. If a certain percentage of the contacts are
repeated ones, then the increase in the number of exposed human is given by

E(t) + I(t)

(1-1r,)CS() i

(M

where ;. is the percentage of contacts which are repetitious. These contacts do not lead to a new
exposed human. It.should also be noted that just because a person comes in contact with an
exposed person, he may not come in contact with the virus. We also do not know at what point a
person exposed to a virus becomes infectious, we must assume that an exposed person could

transmit the virus before he is placed in the infectious class.

The change in the number of humans in any group is equal to the number entering the
group minus the number leaving the group. Thus the change in the number of susceptibles is
equal to the number of people entering into the population ( Ay, is the birth rate of humans)
minus the number of susceptibles being exposed to people (given by eqn. (1)) and the number of

susceptibles dying from natural causes.

d _ . EM+10)
350 = MNO-@ rC)CS(t)—N(t) d,S(t) 2)
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The number of humans exposed to the N1H1 virus is equal to the number of susceptibles exposed

(again given by eqn. (1)) to the virus minus those who recover,

who become infectious and who die (by a natural cause or an induced cause), i.e.,.

d _ o EQ+I1) 1
G EO = (Lr)CSO="=0 - (oot dy +8dy)E() 3)

In this equation, 5dh is the additional death rate caused by the new virus for which the human
population has no immunity. The change in the number of infectious humans is equal to the
percentage of the exposed humans, who develop into infectious humans minus the number of

infectious humans who are place in quarantine, who die from any cause and who recover,
d 1
al(t)zﬁE(t)-(a+}/+dn+ ad)I) “4)

The change in the number of humans who are quarantine is equal to the percentage of infectious

humans who are placed into quarantine minus the number who die or recover.

%Q(t)=7’l(t)-(k+dn)Q(t) ®)

Finally, the change in the number of recovered humans is equal to the number of exposed
humans, infectious humans and quarantine humans recover minus the number of recovered who

die from natural causes.
d
E{ R(t) = pE(t) + al(t) + kQ(t) - d , R(t) (6)
The total number of humans is the sum of the five population groups at time t, i.e.,
N(t) = S(t) + E(t) +I(t) + Q(t) + R(Y). )
Then (7) becomes
%N(t) = ApN()-dy N() - 8dp, (B +1(1). (®)
With the assumption that A, = d,,, then we have

ns
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d :
a N(t) = -ddp, (E(t)+ I(t)) 9)
If the summation of I, and E, are not equal to zero, the human population will decline.

The flow chart of this model is shown in Figure 1. A summary of the definitions of the
parameters of our dynamical equations are given in table 1. We reduce our dynamical equations

by introducing the new variables:

_SM . _E® .. _ 10 _Q® .. _R@®
s(t) N(t),e(t) N(t)’l(t) N(t),q(t) N(t),r(t) NGO (10)
dR(M)
A N(D) I duS(0)
E— by R()
kQ(t)
(E()+1(1)

(1-rc)CS() NO

X/ a1 | Q(t)
E() L 1)

dy Q)

(dq +3dp)E(t)

v I(t)

(dg +8dp)1(1)

Fig.1 Flow chart of the dynamies in the model.
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Tablel: Definitions of our parameters in our dynamical equations
Parameters | Definition
Ay Birth rate of human population
I Percentage of contacts which are repetitive
C antact rate of HINI between the human population
d, Natural mortality rate of human population
6dh Increase in the mortality rate of human population caused by the disease per 1
time infection
p Rate at which exposed human change to be recovered human
P Incubation period of HIN1 in human population
K Rate at which quarantine human change to be recovered human
a Rate at which infectious human change to be recovered human
y Rate at which infectious human change to be quarantine human
N(t) Total human population at time t
Taking the time derivative of a normalized population x(t) = N—Et% then
“x =220 - S -x——neg )
dt N(t) N(t) dt N(t) dt
Substituting ditN(t) = -8d}, (E(t)+1(t)) in (11), then we obtain
L0 =~ S XO - X0 = (-84, EO+ 1)
dt N(t) dt N(t)
= S KOO (-5 ONO +ON)
TOIRAAT197130 AT AUTT WaRdURUT
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1 d

= E(EEX“) - x(t) ( -8dy, (e(t) +i(t)))
9 ==L X +x@) ( 8dp () +i())
dt N(t) dt " ’
Therefore, we get 4 x(t) = L—d—x(t) +8dy, x(t) (e(t) +i(t)) (12)
’ dt N(t) dt " .

With the above equation, the dynamical equations of the normalized populations are given by
d . .
as(t) =Ap - (T-1)Cs(t) (e(t) +i(t)) -d ys(t) + ddy s(t) (e(t) +i(t)) (13)

%e(t) = (1-1)Cs(t)(e(® +i(t) - (p +% +dpy +8dp)e(t) +8dpe(t) (e +i(t) (14)

%i(t) = %e(t) (@ # 7 +dy + 8dy)i(t) + 8dy, i) (e(t) +i(t) (15)

a0 = i)~k +dn)a #5500 e(0) i) 1)

S1) = pe(t) 0 +Kg(0) dar) +3d,r(0) (€0 +i0) a7
ANALYTICAL SOLUTIONS

The steady state of our dynamical equations are given as follows:

i) The disease free steady state E; =(1,0,0,0,0)

ii) The endemic steady state E; = (s*,e*,i*,q*,r*) where
o d, (&dyi* +(/IP))

dn(]/IP)—i*(52d}?+a(5dh = CA-r))+ &y (y+1AP)-C(1-1.))—(d, +y+(1/IP))C(1—rC)’

(18)
* ok
e*:l (oc+dn+*y+5dh(1-1 ) (19)
&dpi + (11P)

q* n ((Sdhl +(1/IP)) (20)

&dpi (@ + &y, +y+K)+(d, +k—38dyit )(1/IP)
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. _ i (Gdyi +(1/1P) y yk@pi® +(1/ID)
(/TP =8dyi (@ +&y +y+(1/1)|  &gi (@+&y +y—k)—(d,, —&dy, +K)(1/IP
(atd, +y+8y (1-i))p
| &pi” +(UIP)

2D
where i is the positive solution of the following equation:
&y (0+d,, +y+ &y (1~ )0t &+, +y+(1/T)
&y (/1D

dn (@ +dy, +y+(/ ID)Ei - +A/PC(Fr,)
d (V1P i (6%d%+ (@~ C(hto) &y + 1 /TPYC (1) ~(dy +y+(1IP) Ce))

—(0r+dy + & (1)) @y +dy +(1/TR) )

(22)

The local stability of each steady state is determined by the signs of all eigenvalues. The

eigenvalues (/1) are solutions of the characteristic equation;
Pe-A1 = 0; (23)

where Jg is'the Jacobian matrix at the steady state and I is the identity matrix. If all eigenvalues

produce the negative real parts, then the steady state is local stability.
For the disease fi-ee steady state E, :

The characteristic equation is given by

A+d) 2 dy +k)A2 +5,A+59) =0 (24)
where
sy =o+2(ady, +d ) +y+(1/IPH p—C(1-1,) (25)
and

Y =1 o o LY L4
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so=" 822 +y(1/IP}-(d,, +7)p+(d, +Y+(1/IP)dy —~C(1-1e))+0(8d), +d,, +(1/ IP)+p
~C(-r))+8,2d, +y+(/ TP+ p—C(-1.)).

(26)
The eigenvalues then become
Ao =y s =y, dys = (| F—4p). @)
I%meMmﬂM@meMWMQMMMﬁmmH%dme
Ry - C(q, +y+e{l/IPL(1—1,)+&p(1=1.)) .
(ce+édy +d,, +y) @y +dy +H(1/IPY p)+(d, +y+(1/IP) G
(28)

For the endemic steady state E; :

The characteristic equation is given by

(At dy =&y (e +i)PA+dy - &y (€ -+ ) KXEyi +(1IPYB2d%e (e +i7)
-&pe (dg# A+ (€ 1 )C(Fre))-(dy FAC R )s )+ (- &y, -d, e ~y-A+ 2817
(€ +i YO )&y +C1,)s +(A+d, +(e +i ) C(Fry)-&dy))R+d, &y (2 +i*-1)
+(1/IP} p-C(L-r)s )= 0

(29)
* ok k% *
where s ,e ,i ,q and 1 are defined in (18)-(22).
From evaluation, all eigeavalues have negative real parts for Ry >1 where
Ry~ C(d+y-+o( IP(~1)+8 (1-1.) |
(a+&dy, +d, +y)(&dy, +d, +(1/IP¥ p)+(d, +y+(1/1P)Cr,
(30)

R = /R is defined as the basic reproductive number of the disease because it represents the

average number of secondary cases that one primary case can produce [11].
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NUMERICAL SOLUTIONS AND DISCUSSION,

In this paper, we are studying the effects of various effects of changing var-ious
on the transmission of the HIN1 Influenza A Virus. The factors we are inter-ested in are the
degree of repetitious, the increased death of the humans when infected by the virus and the degree
of quarantine of the infectious humans. Wu et al., [17] has estimated that the increase in the
mortality rate due to the influenza virus during the pandemic was 11.1 per 100,000 each year.
Most of the deaths occurred in people over 65 years old. Ejima et al., [18] has cautioned against
the use of data taken in the early stages of an outbreak of a novel strain of influenza to estimate
the case fatality ratio of the disease. Nishiura, Chowell amd Castillo-Chavez [19] that the early
pre-diction of the transmission potential of the pandemic (2009 HIN1) virus were wrong because
of the sample size. One should not use a small sample to arrive at values for the parameters of the
model. This has not stop Nishiura, Mizumoto and Ejima [20] from making predictions about the
latest scare concerning the novel A(H7N9) virus which just appeared in China in 2013. Based on
20 confirmed cases, they came up with basic production number of 0.28, meaning that this

disease would not become epidemic.

We are interested in the endemic steady state of our dynamical equations. The initial

values of parameters used in this study are

1 1 1
= * = ) = = = —_— IP: = — =—,
dyp =1/(365%65), r. =10%, C=20, 6 = 3,dy, o S, p=r5 6=

1 1 —
==, k=2,R0=353
y=7 7+ Ro

These may not be the true values, but since we are interested in the changes in the projections of
the behaviors of the different time evolutions of the different populations when the values of the
parameters are changes, they will do. The time evolution of the susceptible human population is

shown in Fig.2. We see that this
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Fig. 2 Time evolution of the susceptible human population.

decreases as time passes, reaching an equilibrium value of 0.016, which is what is predicted by
eqn. (13). Figures (3)=(6) shows the time evolutions of the exposed, infectious, quarantine and
recovered populations. We can see that the solutions oscillate to the endemic steady state. As we
see, the equilibrium values of the four populations are 0.0000935, 0.000054, 0.000053, 0.964, the

values predicted by Eqns. (14), (15), (16) and (17).
With a mathematical model to describe the progression of a disease, we can

simulate the time Course of an epidemic when the values of various parameters are

as
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Fig. 3 Time evolution of the exposed human population.
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Fig. 4 Time evolution of the infectious human population.
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different. This would allow us to gain insights into how the epidemic might response

to change in the practices which could change the values of the parameters. Recently, Aldila,
Gotz and Soewono [21] in the context of another disease (dengue fever), used mathematical
modeling to determine the best strategy to control the spread of that disease. In study, we look at
the behaviors of the infectious humans when the per-centage of contacts which are repetitive is

changed. i.e., r. We have set r_to 10%,

30%, 50%, 70% and 90%. As r_increases, the effective contact rate to create newly exposed
susceptible decreases. This is clearly seen in Fig. 7 where the maximum numbers of infectious
humans (the peaks in each curve) decreases as r_increases. The lower frame in Fig. 7 is an
expanded version of the top frame. It shows that increasing the value of r_ causes the equilibrium
value of the infectious population to 'be lower. The equilibrium values are reached at an earlier
time as r, decreases (See bottom frame in Fig. 7). Fig. 8 shows the time evolutions of the
infectious populations when the death rate due to the virus increases. This happens when the
virulence of the virus increases. . Since the death rate of an infectious person is given as d, + 6dr
where d;='1/21, we have 5df>> d, , death rates for the various curves are 1/21, 1/7, 5/21, 1/3 and
3/7d". In Fig. 8, we have plotted the simulated time evolution of the infectious humans when the
fraction (6) of infected humans placed into quarantine is increased. Exposed human are not

placed into quarantine since many of them will not
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Fig. 5 Time evolutions of the quarantine human population.

become infectious and quarantine is a denial of a person’s human rights. This denial can not be

justified-on the basis of maybe he could become infectious. Looking at
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Fig. 6 Time evolutions of the recovered human population.
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Fig.7 Timeevolutions of the infectious human population for the different percentage of

contact repetitions

the time evolution of this population group, we see that the peak in the number and the number in

the equilibrium state decrease as the fraction of infectious humans is increased.
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Fig. 8 Time evolutions of the infectious human population for different increase in the
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Fig. 9 Time evolutions of the infectious human population for the different percentage of

infectious humans being put into quarantine.
Sensitivity Analysis

" We apply the sensitivity analysis to show that the solutions are robust. We set all the parameters

in the model to be the same but use different initial values of s*(0), e*(0), i*(0), g*(0), r*(0). As
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we can see, all the trajectories(solutions) converge to the same epidemic equilibrium state

(s*,e*,1*,q*,r*) = (0.0109, 0.00012, 0.000092, 0.000091, 0.98). The results are as follows:
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Fig.10 Trajectories of the different populations groups when different initial values are
used in the numerical simulation of the time behaviors of the populations (sensitivity
analysis).
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CONCLUSION.

Figs. 7, 8 and 9 show the effects of changing the rate of repetitious contacts, the
virulence of the virus and the fraction of infectious humans placed into quarantine. Fig. 7 shows
that the number of infectious humans at equilibrium decreases as the rate repetition (r,) increases.
Figs. 8 and 9 indicate that the number of infectious humans at equilibrium decreases as the
virulence or fraction of infectious humans increases. A further remark is that the repetition rate
is difficult to control and that the increase or decrease of the virulence of the virus is beyond the
control of public health officials.  The only thing that can be controlled is the fraction of

infectious humans that can be quarantine.
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