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Research Title: Studying the relation of human, rat and season for the spreading of Leptospirosis in
Thailand by using Mathematical model

Researcher: Asst.Prof.Dr.Puntani Pongsumpun

Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Leptospirosis is a bacterial disease caused by spirochetes of the genus Leptospira.
This disease is found in urban and rural areas, developed and developing countries,
especially in Thailand. It can be transmitted to the human by rats through direct and indirect
ways. Human can be infected by either touching the infected rats or contacting with water, soil
containing urine from the infected rats through skin, eyes and nose. From the data of patients in
Thailand, it indicates that most of the patients are adults. Transmission of this disease is
studied through the mathematical model. We consider the human, rat and other factors. The
standard dynamical modeling method is used for analyzing the behaviors of solutions. The
conditions of parameters for stability are obtained. Numerical solutions are shown to support
the theoretical predictions. The results of this study point the way to decrease the disease

outbreak.

Keywords : Standard dynamical modeling, equilibrium point, mathematical model, Leptospirosis
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|
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pufines)
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Al, Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropriated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

dX
/N ¢ Al
dt . %) e

it f(t, X,) = 0 forall t 2t
If X, is an equilibrium point of (A.1)at t* , then it is an equilibrium point forall T 2 t’k
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every O > 0 and any t,
c R thereisa 0(d,ty) > 0 such that
lu(t,tg,y)| < 8 for every t > tg
whenever \ Y l < (d,ty) where u(t,Yy) isthe solution of (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt, 2 Othereisan € (t,) > 0 such that

lim u(t, tg,7) = 0 whenever [y < & [54] (A2)
t oo

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t, = 0 and a sequence Y, — O of initial points and a sequence t, such that
Iu (to +tm>tosYm) l > vy foreverym,t 2 0.

For more general setting, consider a system of two autonomous first-order differential

equations :

9 o a 1 oo
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dX
—=81(XY) (A3)
dt
dY
&g (xY) (A4)
dt -
where g; and g, are nonlinear functions. We let (X, Y) is the equilibrium point, then
g(XY) = g2(XY) = o (A.5)
Setting the solution at any time in the form
X® = X+ x(1) (A.6)
and
Y® = Y + y(b). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t) from

(A.6) and (A.7) into (A.3) and (A4),
;—t(i+x)=gl(§(+ x,?+ y) (A.8)
d —a L "
E(Y+ V) =g (X+x,Y+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we expand g;

and g, ina Taylor series about the equilibrium point (5(,?). Then we obtain

dX | dx = = = =<
— 4+ — = Y) + +
el | W2 g1 (XY + g1, (X V)x+gr (X V)y
(A.10)
+ terms of order x 2, y2, Xy and higher,
dy = dy iy o = v
— 4+ = = + +
el 02X V) +8, (X V)x+g, (X V)y
(A.11)

+ terms of orderx 2, y2 , Xy and higher,
_ _ p o
where g1, (XY is Eg—l— calculated at (X,Y)and similarly for
X

g1y (X, Y), 82, (X V), 82, (X,Y) and other terms.
iy - . dX dy
By the definition of the equilibrium point, we have E— = 0, E

o8} (;(,?) = 0and gz(i_\;) = (0. We consider only linear term. Thus from (A.10) and

>

(A.11), we obtain

9} I'd o = da @ &
HYIBANTAATINIT0 AT.WUDTU WIATUNUTD



-

o . - . o 107
M duusvesny wy iazggma dwsunsszoiaesTand Ty Tsdalulsemene lavnrs dhwudasamandarmand

& aj x+apy
dt 11 127>
d—y = ar1X+ g9y
dt 21 227
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
dg; 981
TV ar;  ap ox 0
JXY) = =l Sy
as; 2 g2 %82
ox 9y xy)
Letting o=aj +tay
P=ajjaz —appay
and Y= o2 — 4B is called the discriminant.

Then the characteristic equation is  AZ — oA + = 0

The eigenvalues are obtained from:

oty

A =
1,2 5

A linear system can have at most one equilibrium point, (0,0) if [ =det J #0.

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J have
negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the
characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be
determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of
eigenvalues of J.

i) The eigenvalues of J are real and distinct.
it) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

@ w d
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a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1).

74

Figure A.1 A stable two-tangent node.

N

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.
c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).
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Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.
a.If J isdiagonaland J is similarto the matrix as J = [0 7\'] ,then the
critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A.4).

L
AN

(a) Stable (b) Unstable

Figure A.4 A stellar node.
b.If T isnotdiagonal, then it is not similar to a diagonal matrix. The critical

point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

,:> x
£

(a) Stable

(b) Unstable
Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.
=a? - 4f is negative and then

aii\/——y
2

It is necessary and sufficient that 7y

Mo =

’

There are six possible behaviors as follows.

Y o as a ¢
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a.If O>0 and B >0, then the equilibrium point will be unstable node.
b.If Ol <0and B > 0, then the equilibrium point will be stable node.
c.If OL <0 then the equilibrium point will be a saddle point.

A1 o< 4B and O.>0 , then the equilibrium point will be an unstable spiral

node (Figure A.6).
J
LA
i 12 2
-+ ( B
Figure A.6 An unstable spiral node.
e. If o? < 4B and (<0, then the equilibrium point will be a stable spiral node

Figure A.7 A stable spiral node.

2

f.If o° < 4B and O = 0 mean that the eigenvalues of J are purely imaginary, then the

L
'

critical point will be a center (Figure A.8).

d o w
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
% , £i(Xp, X s X)  wherej =12,k (A.12)
or in the form of vector notation
cciT}t( C FX) (A.13)

for X = (X, Xy, X,) and F= (f, £,..., f,) where cach function f; depend on all or some
Y, Y,..., Y. The equilibrium point Y is obtained by solving F(Y) = 0. The next step is to
determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
T —
J = —F (A.14)
X (Y)

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det( J —Al) = 0. We obtain a
characteristic equation in the form
A b kb = 0 (A.15)
The stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.

Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

* w g

faeenansasd as.fust wedduiug



v - o . - 112
msfinurmduiufuean My uazqyna AmsumszzninvesTsnad nalu Isdahubmeinglaonsunemmendamand

' Take the characteristic equation (A.15), define k matrices as follows:

H =[b)],
by 1
sz[bl b }’
. 3 2
. b; 1 0
H3= b3 b2 bl
: bs by bj
[ b, 1 0 0 0
b b b 0
Hj= 3 2 1
baj-1 bgj_z bpj_3 bajs b;
by 1 0 0
by b, by - 0
H=| 2 2] .
0 0 - by

where the (I,m) term in the matrix H; is

b,., for 0 < 2l'm < k
1 for 2 = m
0 for 21 < m or 21 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium point X is
stable if and only if the determination of all Hurwitz matrices are positive which is
DetH, > 0 for j = L23,.,k

Next, we show coﬁditions of Routh-Hurwitz criteria for case k = 3 and 5 which are appeared
in the thesis.

Fork=3;

We need to show that DetH; > 0 for j = 1, 2 and 3.

H = [b] DetH,=b,
) by 1
H, = ; DetH,=b,b,- b,,
. b3 by
by 1 0
. H=|by by byl DetH,= bibybs —b3 —blby +bibs.
bs by bs

] o

9} o as a g a 4
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Since coefficients b, and b, in 3" order characteristic polynomial equation equal to zero
then we have
DetH, = b,
DetH, = bb,- b, and
DetH, =  bjbyby —b5 = b3(bjby —b3).
So the three conditions which correspond to DetH; > 0 for j = l,2and3are b, >
0, b, > 0 and bb, > b,
Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability in
3" order characteristic polynomial equation are
b > 0
i) b, > 0 and
iii) bb, > b,
Fork=35
We need to show that Det Hj > 0 for j = 1,2,3,4and5.

H = [bk DetH,=b,
et
H, = b3 b, 5 DetH,=b,b, - b;,
by & 70
H,=|b3 by by | DetHy= bjbybs —b3 ~bZb, +bbs,
bA\PS S bs
by \\ 60y 0
by by by 1
o= 23 AW

* lbs bg by by
b, bg bs by
DetH, = b,b,b,b, —b2b, —bb% ~b,b2b, +b,b;bs +2b b,b; — bl +bib,by —b,b,b,

—b,b,b, +b,b,,

by 1 0 0 0]
by by by 1 0
H,= |bs by bg by b
by bg bs by by
[bg bg by bg s ]

o

o s o fy &
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DetH, =b,b,b,b,bs —bZb,b; — b?b2b, — b b2b2 +b,b,bZ +2b,b,b} — b} —b;b,b3b,
+b2b, +b’b,b,b, +2bb,b,b, —3b,b,b,b, —b}b2 +b,bib;b, —b,blb,
—b’b,b,b, —b,b,b;b, +2b,b,b, +2b2bsb, —b b2 —bib,b;b, +b,b3b,
+b’b,b, — bbb, +b,b,b by —bZby —b’b by +b,bsb,.

Since the coefficients by, b, b, and b, in 5" order characteristic polynomial equation equal to
zero then we have '

DetH, =b,,

Det H;=b,b2- b, ,

DetH,= b,b,b, —bZ =blb, +b,b;

b,(b,b, —b;)=b,(b,b, —by),

DetH,= b,b,b;b, -blb, —bfbi —blbib5 +b,b,b, +2b,b,b; -b?

=b,(b,b,b, - b2 - blb,) -b,(b,b2 —b,b, =2b,b, +b;),

DetH,= b b,b,b,b, —b§b4b'5 -b’b3b; —b,b§b§ +b,b,b? +2b,b,b? — b}

= b,(b,(b,b,b, - b? - bfb4)-b5(blb§ -b,b, —=2b,b, +b;))

So the conditions which correspond to DetH; > 0 for j = 1,2,3,4and 5.

are b, > 0,
bb,- b, > 0,
b,(b,b, =b;)=b,(b,b, —b;) > 0,

b,(b,b,b; - bg- b,2b4)-b5(blb§—b2b3—2b,b4+b5) > 0.
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5" order characteristic polynomial equation
) b . > 0(=12345)
ii) bbb, > bi+bib, and
iii) (b,b, =b,)(b,b,b; - b§ —bfb4) >b,(b,b, —b3)2 +blb§ .

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is
complicated. It can be used for equations of arbitrary order by means of a transformation to a

as

3 4 as = g w o
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system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be

dx
dt
dy
dt

dz

— = h(x, v,2z,t
™ & y,z1)

with initial point (X, ¥,,Z,,t,) and interval length h.

f(x,y,21)

g(x, ¥,2,1)

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each step is
+ (2375k | +11264k 3 + 10985k 4 — 4104k ¢

X = X
n+l n 20520
4 N (2375r | +11264r 5 +10985r 4 — 4104k 5
Yn+1 Yn 20520
(2375s | +11264s , +10985s , ~4104s
Z, = z, +
20520
where

k] B hf(xn’yn’zn7tn):
k r S h
k, = hfx . +—L,y. ++,z +=L t +—),
2 ( n 4 yn 4 n 4 n 4)

k, = hitx, & Bk, +9,) R o (Br, +9r,) I % (3s, +9s,) t, +&)’
32 32 32 8
kL =\ s (1932k |, — 7200k , + 7296k )
¢ " 2197 :
\ (1922r | - 7200r , + 7296r ;)
Y 2197 ’
- (1932s , - 7200s , + 72965 ) - 12h )
2197 13
K. = hix . + (8341k , — 32832k , + 29440k , - 845k ,)
s g 4104 ’
s (8341r | - 32832r , + 29440 r, - 854r )
Yo 4104 ’
- (8341s | - 32832s 421g429440 s, - 854s ) e,

@ @ &

faierans1sd asfusil weddudus
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(-6080k |, + 41040k , — 28352 k, + 9295k , - 5643k ;)
20520 ’

k, = hfx, +

, (-6080r | +41040r , — 28352 ry +9295r , - 5643r ;)

Yo 20520
(-6080s |, + 41040s , —28352s , +9295s , - 5643s ) h
z, + 20, +
" 20520 2

and the error for each step will be

k, 128k, 2197k4+k_5_
360 4275 75240 50

Error =

I,,I,,..., Ioand the error of y value can be evaluated from the above equations.

$,,S,5 Sgand the error of =z value can be evaluated from the above

equations.k |, k,,..., k, and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

Definition A probability space (€, F,P) , a stochastic process (or random process) with state

space X is a collection of X-valued random variables indexed by a set T ("time"). That is,

a stochastic process F is a collection

{F :te T}

where each Ft is an X-valued random variable.

] o
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Mathematical Model for the Transmission of
Leptospirosis in Juvennile and Adults Humans

P. Pongsumpun

Abstract—Leptospirosis  ocewrs  worldwide (except the
poles of the earth), urban and rural areas. developed and
developing countries,  especially in Thailand. It can be
transmitted to the human by rats through direct and indirest

ways. Human can be infected by either touching the infected rats’

or comtacting with water, soil containing urine from the infected
rats through skin, eyes and nose. The data of ihe people who
are infected with this disease indicates thal most of the
patients are adults. The fr ission of this di is studied
through mathematical model. The population is separated into human
and rat. The human is divided into two classes, namely juvenile
and adult. The model equation is constructed for ¢ach class. The
standard dynamical modeling method is then used for
analyzing the behaviowrs of solutions. In addition, the
conditions of the par for the di free and endemic
states are obtained. Numerical solutions are shown to support the
theoretical predictions. The results of this study guide the way to
decrease the disease outbreak.

Keywords—Adult
mathematical model.

human. juvenile human, Ieptospirosis,

I. INTRODUCTION

EPTOSPIROSIS is an infectious disease caused by a type

of bacteria called a spirochete. This disease is transmitted
by many animals such as rats, skunks, opossums, raccoons,
foxes, and other vermin. It is wansferred though contacting
with infected soil or water, The soil or water is contaminated
with the waste products of an infected animal. People contract
the disease by either ingesting contaminated food or water or
by broken skin and nmcous membrane (eyes. nose, sinuses,
mouth) contact with the contaminated water or soil.
Leptospirosis occurs around the world, but it is usually found
in the tropical countries. There are 7 strains due to
Leptospirosis. such as Leptospira interrogans, Leptospira
kirschneri. Leptospira noguchii. Leptospira borgpetersenii,
Leptospira santarosai. Leptospira weilil and Leptospira
inadai. Leptospirosis has enterged in Thailand since 1997, as a
major health concem [1,2]. The characteristics of the patients
due to Leptospirosis are high fever, headache. chills, muscle
aches. conjunctivitis (red eyes). diarrhea, vonnting. and kidney
or liver problems (which may include jaundice), anemia and,
sometimes, rash. The duration of symptoms due to this disease
may last from a few days to several weeks. After infected.
some patients can be mild and without obvious symptom [3}-
[7]). The season and the environmemal factors effect to the

P. Pongsvmpun is with the Department of Mathematics, Faculy of
Science. King Monglant's Instirute of Technology Ladksabang, Chalongkrung
road. Ladkrabang, Bangkok, Thailand, 10520(phoue: (662)-329-8400 ext.320;
fax: (662)-329-8400 ext.284: e-mail: kppuntang@kmitl ac.th).

outbreaks of this disense [8]. A deterministic model (consists
of a set of differential equations) have a long madition in the
study of infectious diseases. In 2006, J.Holt and et al.
constructed a mathematical model for the transmission of
Leptospirosis in Tanzania [9). In 2007, W.Triampo and et al.
considerad a deterministic SIR (S = Susceptible, I = Infected,
R = Recovered) model for the transmission of leptospirosis in
the Thai population but they did not consider the age group of
the patients [10). SIR model can be used for describing the
wansmission of many infectious diseases [11]. From the data
of Leptospirosis patients during 2002 and 2009 in Thailand
[12]. we can see that there is the different number of cases
between juvenile and adults humans as shown in Fig. 1.

10-15yemald
_ $Sl5yemdd

202 ME Z UG NG AT Im W W

yexr

Fig. 1 Reported cases of Leptospirosis in Thailand. year 2002-2010
12]

In this paper, we consider the transmission of Leptospirosis
in Thailand through mathematical modeling. The difference of
transniission rate for this disease between juvenile and adult
humans is considered. The basic reproductive number of this
disease is analyzed. The aliernative way for controlling the
outbreak of this disease is introduced.

II. MATHEMATICAL MODEL

We formulate the mathematical model of this disease by
considering the dynamical equations for hwman and rats.The
Inuman is separated into two groups; juvenile and adult groups.
Each group is divided into three sub-groups such as
Susceptible(S). Infections (I) and Recovered(R). The rat is
divided into two sub-groups such as Susceptible(S) and
Infectious (I) because the rat never recovers from infection.
We assume that total human are rat populations are constant
[13]. For our dynamical equarions, the definitions of variables
and parameters are given as follows:

b is the birth rate of human population.

9) 1 4 as =Y < a7 u’/ o
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d

Ny is the total human population,

is the death rate of human population,

NI s the total Jjuvenile human population,
Na is the total adult human population,

NR s the total rat population,
)

5

is the transition rate from juvenile to adult humans.
is the recovery rate of human,

IR s the birth rate of rat population,

Hr is the death rate of rat population.

87 is the transmission rate of Leprospirosis from rat to
Juvenile human populations,

04 is the transmission rate of Leptospirosis from rat to adult
human populations,

Br is the wansmission rate of Leptospirosis between rat
populations,

5 is the munber of snsceptible juvenile human populations,

Iy . . W0 L >
7 is the number of infectious juvenile human populations,

Ry is the number of recovered juvenile human populations.
Sa is the number of susceptible adult human populations.

I is the number of infectious adult human populations,

Ra is the number of recovered adult human populations.

The transmission diagrams for Leptospirosis of human and rat
populations are represented in figure 2 and figure 3,
respectively.

BN, T
85,
- 8,5,1 m sI =
| 3, A A i, }—A":RA
dg"l dTAl el

Fig. 2 The transmission diagram for human population

g Ng By gRTR R

Sy I

l“nga lhin

Fig. 3 The transmission diagram for rat population

The dynamical equations for human and rat populations are
given as follows:

267

119
& oy, - 05 -6+ 0 W
‘L—It’=ej§,ﬁ—(s+a+dﬁ', @
By - @+aR, ®
%=5-§] ——GA'SNJ.fR -dgj (4)
-ddI—tA=eA§AYA—(S+5+d)‘iA (5)
R =Ty - G+dR ©)
ds v =
-~ IRNR ~@rSp IR ~HrSy ©)
di, ~ =
o =ORSRIR -hRIR ®
where Ny =Ny +N,, Ny =§J +T +Ry.
NA =§A+YA+iA and NR =§R+TR' (9)

The total human and rat populations are supposed to be
constant. So the dynamical change of each populations equals

dN, dN; dNp _dNg

to 0. Setting =0, then b=4d,

dt dt dt dt
J
)‘%:b—+§,ﬁﬁ=§ and 1z =pg. We nommalize our
Ny b Ny

dynamical equations by setting
SJ =§]'/NJ,IJ =’i}/‘N1, RJ =§.J/N],SA =§AINA'
IA =YA[NA: RA =§A/NA=SR =§R/NR and IR =TRINR,
then the reduced equations become
dSy

it = (d+8)(1'S]) —BJSJIRNR (10)
di;
T:GJSJIRNR -(d+8+S)IJ an
-d:TA= d(1-84)-04SaIgNR 12)
dl, ] R .
——=9ASAIRNR+(HJ-(S+(1)IA (13)
dig L
10 (0gNg -1p)Ig —8rNRIR ¢
with the conditions R; =1-S, -I;,R, =1-S§, -1,
Sy =1-1;.

I1I. ANALYSIS OF MODEL
A. Model

To find the equilibrium states. we set the right hand side of
equations (10) to (14) equal to zero. So the equilibriwm states
are

1) disease free state: S

Ey = (1,0.1,0.0) (15)

AFMEAT19150 AT AUTU WIATNAUS



msfnmandsiudacan wy wezgane dwfunszuanedimmialuifalulmalnlaonmafiuudesmadnmant

World Academy of Sci E

120

and Technology 72 2012

ii) endemic disease state: E, = (S},I}.S;,Iz\,l’;‘) (16)

where
- 1 - b I‘ . 1
] = . = IR ..’ SA = v
1+ nlIR (1 +l]2)(l +l]1IR) 1+ I]3IR
1:\=I;z N4 —+ N5 1, I;1=l MR
l+mlg  1+nglp 8xNg
OJNR s GANR OANR
= = 3= S Me= d
MEYTs T as T g A P
oy
M5 @+s)(1+m)

The locally asymptotical stable of each equilibrium state is
determined by the sign of eigenvalues for each equilibritun
state. If all eigenvalues have negative real pats, then that
equilibrium state is local stability [13]. The eigenvalues are
obtained by solving the following characteristic equation

det(Ic. = Ag)=0 an

where I is the identity matrix dimension § x 5 and Jg, is the

Jacobian mauix of the steady state D;:i=1.2. For the disease
free state C) =(1,0,1,0,0) . the Jacobian matrix is given by

—(d+8) 0 0 0 -0;Np
0 -(d+d+s) O 0 0yNp
Jo=| O 0 -d 0 -0,Np.
0 d 0 ~(d+1} 6sNg
0 0 0 0  —(d-8xNp))

The characteristic equation is
Q.+ d+8)(t+ d+8 +5)p+d)¢+d+8)+ g —8gNR) =0 (18)
The eigenvalues are

7 =08, kp=-t-B8-s, Jy=-d, by =-d-s,

(19)
We can see that al} eizenvalues have negative real parts for
Gg <1:where Gg = SrNR h (20)

HR
In the same manner. for the endemic disease state

)-.5 =-HR +9RNR 3

Cs =(57.17.52.Ta.Ig) . the Jacobian matrix is given by

@HENL 0 o 0 -4N§
eNL @) 0 0 aNS
JC: 7 0 0 'de.\bg;z 0 'GANRSZ\
0 d G,J‘{J; ~d+1) OAbLS:\

0 0 0 0 4y HNO-2)

the characteristic equation is given by

O+ d+8+6N;, —"?Té’)(k+d-:-8+s)0\+d+s)0g+d+6‘Nl —&)OAORN,. ~pg) = 0.

el
@n
The eigenvalues are
3 =—d-5-0N, + ";"’ Ay==d-8-s}h, =—d-s,
1
B9
by ==d=0,Ny +5=hy = -8, Ny -+, 22}
R
The above eigenvalues have negative real parts for Go > 1:
where Gg = 8xNg 3 (23)
R

Therefore, we can conclude that the disease free state is
locally asymptotical stable for Gg <1 and the endemic

disease state is locally asymptotical stable for Gy >1. where

8g N . . . .

Gy = R-R The basic reproductive number of the disease is
53

evaluated from the averaging of the number of secondary case

that one case can produce if he/she is introduced into a

susceptible human. This number is represented as G'o = 1/Go .

B. Numerical Simulation

In this paper, we are interested in the wansmission of
Leptospirosis between the human and rat populations. The
different transmission rate of Leptosiposis to juvenile and
adult humans is considered. The values of the parameters used
in this study are as follows: d = 1/(365x70) per day
comesponds to the life expectancy of 70 years for human
population. s = 1/15 per day corresponds to the 15 days of the
recovery for the human populations. 8= 1/(365<15) per day
satisfies the 1S years of the transition from juvenile to adult
human populations, pg =1/(365x1.5)per day satisfies the
life expectancy of 1.5 years for rat population. The other
parameters are arbitary chosen as follows: the total juvenile,
adult humans, transmission rate of Leptospirosis from rat to
juvenile unans, transmission rate of Leptospirosis from rat to
adult humans, transinission rate of Leptospirosis between rats
are Nj= 13,000, N =7,000, 6;=0.001, 64, =0.01 and 6 =
0.000001, respectively.

268

9 1 o o A s o o
AYIATRTINTY AT AUTU WIFTUWUD



”

nsfinmanndiufrasa wy wazggnie Amfumsznasadimaingll s halssmalnelasnmaluudeeomendnaant 121

World Academy of Sci gineering and Technology 72 2012
g - === s [N -
S / sz
Z om axon i
g ., srau|
oy
- 7 [ p s
§ ! k | e
5 ¢ a0 i ; ——
s s ERLEE
EIE | LY [T-E
b < sam;
§ ; § sen P < i
B umlf \_.5_ v
i ¢ € P I M w3 da W b = Py
] TR = R R W R
Tnedey TNty Thttxy
Jecos :
§ 2060328 ] 4 nmﬂ%
uem : =
H & romu swaEr
H
;em et g LA i :nm{
s
gowe) * | R
3. i 2001 \ o] V- -.nm..l f
N i 4 :
g o St '~ by L
i NN 4 — 8 oot
PTRT i
“9”"! e IR w 8 @ e D3 B0 Lo
T W Q8 BN e et O RRY Jaid nat iy
Te iy Tiardpy
scin
¢
as0ess § ey
! g oot
¥ § 230433,
H T aame
£ X i
X sxwt 3 AP
EET
S~ | HE LS 36 1D 30 W1 W

¢
Wi 10F LN N0 M M W
T

Fig. 4 Time series solutions of our dynamical equations. The
parameters are d = 1/(365x70), s = 1/15, § = 1/365x15),
flg =VGEE5XL3), Ny =3,000, N, =7,000, B, =0.001,
B , =001,6 ; =0.000001, N, =100, G, =0.05475.

We can see that the solutions approach to the disease free
equilibrium state (1,01,0,0)

269

Te M

Fig. § Time series solutions of our dynamical equations. The
parameters are d = 1/(365x70), s = 1/15, 6 = 1/(365x15),
HR = 1/(365 A 15) 8 NJ =3.000. NA = 7,000, e] =0.001, BA =
0.0, g =0.000001. Ng = 50,000, Gg = 27.375. We can see that

the solutions converge fo the disease endeniic state
(0.0000046,0.0033,0.00000081.0.00059.0.96)

From fig.5 and fig.6, we can see that the solutions converge
10 the disease free state and endemic disease state for Go <1

and Gg > 1. respectively
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Fig. 6 Bifurcation diagrams of (10)-(14) demonstrate the equilibrium
solutions of susceptible. infections juvenile humans, susceptible.
infectious adult humans and infectious rat populations. respectively
for the different values of Gy withd = 1/(365~70). s== 1/15, 8=
1(365-15). ug =1/(365»1.5) . Ny=3,000, Ny =7.000, 6y=
0.001. 8, =0.01. By =0.000001. ### represents the stable
solutions and %2 © represents the wnstable solutions. For Go <

1. E{ will be stable. For Gg> 1. Eo will be stable

IV. CONCLUSION
The basic reproductive number of the disease (Gg) is

defined as follows: Gg = el:lNR , From figure 6, if the basic
R
reproductive number is higher, this means that one patient can
produce the higher number of secondary cases. If the basic
reproductive number is greater than one, the normalized
susceptible juvenile and susceptible adult hwuman decrease.The
normalized infectious juvenile human, infectious adult human
and infectious rat populations increase. The normalized
infectious juvenile and adult human first increase to a peak
and then decrease. This subsequent behavior occurs because
there are enough susceptible juvenile human and adolt human
to be infected from infectious rat population. Furthermore, we
compare the behaviors of time series of solutions when there
is the different transmission rate of Leptospirosis between rat

populations.
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Fig. 7 Time series solutions of our dynamical»equations. The
parameters are d = 1/(365x70), s = 1715, & = 1/(365<15),
ug =1/(365%1.5), Nj=3,000, N =7,000, 65 =0.001,
8, =0.01. Ng = 50.000
7a) Og =0.000001, G =27.375 7b) By = 0.00001, Go=273.75
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We can see that when there is the smaller transmission rate
of Leptospirosis between rat populations, the Dbasis
reproductive number (Gg) is higher and the duration of

reducing the outbreak for this disease is smaller. The basic
reproductive numbers are produced to be the alternative way
for decreasing the outbreak of the diseases [14,15]. The output
of this study should introduce the way for controlling the
outbreak of Leptospirosis.
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