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Research Title: Using the techniques of formulating the mathematical model, stochastic process and
geographic i.nformation system for studying the transmission of Malaria

Researchér: Asst.ProfDr.Punmni Pongsumpun

Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang
ABSTRACT

Malaria disease is found in tropical countries. Transmission of Malaria is caused by the parasite
genus Plasmodium. There are four species of this parasite causing human malaria, namely,
Plasmodium vivax, Plasmodium falciparum, Plasmodium ovale and Plasmodium malariae. The
primary vector for this disease is Anopheles mosquito. This disease is usually found in Africa, South
America and Asia. In Thailand, Malaria is found along the border. Incubation of each Plasmodium has
the different periods. The incubation period of Plasmodium falciparum is about 7-14 days. The
incubation period of Plasmodium vivax and Plasmodium ovale are about 8-14 days. About 18-40 days
for the incubation period of Plasmodium malariae. Malaria with the incubation of Plasmodium is
studied by using mathematical modeling. First model considers the incubation of Plasmodium Vivax.
We separate models into two sub-models. First sub-model considers only Plasmodium Vivax
incubation in human. Second sub-model considers Plasmodium Vivaxfincubation in human and vector
populations. Second model considers the incubation of Plasmodium Falciparum. For the third model,
the dynamical equations are used for describing Malaria transmission when there is the commuting of
population. The stochastic process is used for analysis our equations. The standard aynamical modeling
analysis is used for determining the behaviors of solutions to each model. The conditions required of
the parameters for the disease free and endemic equilibrium points to be local asymptotically stable are
shown in this study. Numerical solutions are obtained to support the theoretical predictions. The results
of each model points to the ways for controlling the outbreak of disease. Reducing the bite raté and
decreasing the number of mosquitoes are the exemplary ways for controlling the outbreak of disease in
each model. In the future resarch, the model should be modified by taking into account about
environmental factors that are influence to the number of Anopheles mosquito.

Keywords : Stochastic process, standard dynamical modeling, equilibrium point, Plasmodium,

mathematical model, Malaria
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14, 15 =117, 15, = 1117, 1o =190, 15, = 1/120, rg = 1/60, 15, = 1/100, 11, =1/45
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropriated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research,

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

dX
— = f(t, X ) Al
m t, X) (A.1)

if ft,X.) = 0 forall t >t
If X, is an equilibrium point of (A.1) at t* , then it is an equilibrium point forall T 2 t*
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every 0 >0 and any t,
e R thereisa (d,ty) > 0 such that
Ih(t,tO,Y)| < 9 for every t > tg
whenever | Y’ < a0,ty) where u(t,?y) isthe solution of (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt, 2 O there is an € (t,) >0 such that
lim u(t,tg,Y) = 0 whenever M < g [54] (A.2)

t—yoo

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t, = 0 and a sequence Y, — 0 of initial points and a sequence t, suchAthat
| uty +tm,to, Ym) I > vy foreverym,t 2 0.

For more general setting, consider a system of two autonomous first-order differential

equations :

) 1 4 ar a do w o
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dX
—=81(XY) ' (A.3)
dt
dY
C oy (A4
dt
where g and g, are nonlinear functions. We let (X, Y) is the equilibrium point, then
g (XY) = (XY = o (A.5)
Setting the solution at any time in the form
X® = X+ x(1) (A.6)
and
Y = Y + y(b). (A7)

This method is called perturbation of tﬁe equilibrium point. We substitute X(t) and Y(t) from
(A.6) and (A.7) into (A.3) and (A.4) ,

:—t(f(+ x)=g1(§(+ x,?+ y) (A.8)

d — — —

E(Y+ V) =g (X+x,Y+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we expand g;

- and g, ina Taylor series about the equilibrium point (;(, ?). Then we obtain

dX  dx == - = = =
— + — = + +
el gr(X, V) +g1, (X, Vx+g1, (X Vy
(A.10)
+ terms of orderx 2, y2, xy and higher,
dY | dy = = = ==
— + = = + +
el g2(X VN +gy, (X Vx+gy (X V)y
(A.11)

+ terms of orderx 2, y2, xy and higher,
- p _ -
where gIX(X, Y) is —?— calculated at (X, Y)and similarly for
X

g1y (% Y), 82, (XY), g2, (XY) and other terms.
y S : dX dy
By the definition of the equilibrium point, we have E = 0, E
gl(?(,?) = Oand gy (?(,?) = 0. We consider only linear term. Thus from (A.10) and

3

(A.11), we obtain

@ d
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L ap x+apy
dt 11 125>
dy = as1 X+ g7y
dt 21 2%
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
dg; dg;
ey a;p  ap ox 0
JI(XY) = ol P
az; axn o8y 982
x &y
Letting a=aj tay
B=ajjay —apay
and y=0a? — 4P is called the discriminant.

“Then the characteristic equation is A2 — OA + B = 0

The eigenvalues are obtained from:

*
7‘1,2 = O‘_zﬂ

A linear system can have at most one equilibrium point, (0,0) if [ =det J # 0.

82

Theorem A.l1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J have

negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the

characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be

determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of

eigenvalues of J.
i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.

iii) The eigenvalues of J are complex.

The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

3/ v 4 Qs =4 4
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a. Ifboth eigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1).

v

' Figure A.1 A stable two-tangent node.

N

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.
c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).
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Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

0
a.If J isdiagonal and J is similarto the matrix as J = l:o 7»:' , then the

critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A.4).

]
RN

(a) Stable (b) Unstable
Figure A.4 A stellar node.
b.If T isnotdiagonal, then it is not similar to a diagonal matrix. The critical
point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

(a) Stable (b) Unstable
Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.

It is necessary and sufficient that Y = o? - 4 is negative and then

_axify
)

There are six possible behaviors as follows.

M2

aQ

o/
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a. If Ol>0 and B >0, then the equilibrium point will be unstable node.
b.If O <0and B > 0, then the equilibrium point will be stable node.
c.If Ol <0 then the equilibrium point will be a saddle point.

dIf o< 4B and OL>0 , then the equilibrium point will be an unstable spiral
node (Figure A.6).

Figure A.6 An unstable spiral node.

2

e.If 0° < 4B and O{<0,then the equilibrium point will be a stable spiral node

Figure A.7 A stable spiral node.

2

f.If o < 4B and Of= 0 mean that the eigenvalues of J are purely imaginary, then the

f 3

o X

critical point will be a center (Figure A.8).

o a

3} 1 L4 s ] 4 4
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
dX _
& = (X1, Xg500s Xy) wherej=12,...k (A.12)
or in the form of vector notation
o= (a13)

for X = (X,,X,...,X) and F= (f,f,...,f) where each function f, depend on all or some
Y, Y,,..., Y,. The equilibrium point Y is obtained by solving F(Y) = 0. The next step is to
determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtainéd by setting

a —
J = —F A4
X () (A.14)

. where J is a kXk matrix. The eigenvalues A of the matrix satisfy det( J —AI) = 0. We obtain a

characteristic equation in the form '
K +b A 4gb, = 0 (A.15)
The .stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.
Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

Take the characteristic equation (A.15), define k matrices as follows:

H, =[b,],

¥ o o

3t 4 LY a L4
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[b; 1 0
Hy=1b3 by by |
bs by by
by 1 0 0 0
b b b 0
= bz bj b; b, 0
|boj_1 baj_a boj_3 baj4 b;
b; 1 0 - 0
0 0 - by
where the (I,m) term in the matrix H; is
b,, for 0 < 2l-m < k
1 for 21 = m
0 for 2l <m or 21 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium point X is
stable if and only if the determination of all Hurwitz matrices are positive which is
DetH; > 0 for j = 1,2,3,...,k

Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which are appeared
in the thesis.

Fork=3;

We need to show that DetH, > 0 for j = 1,2and3.

H = [b] DetH, =b,
by 1
H, = by by ;  DetH,=bb,- by,
by 1 0
H=|by by by| DetH= bjbybs —b2 —blby +bybs.
bs by by

Since coefficients b, and b, in 3" order characteristic polynomial equation equal to zero

then we have

DetH, = b,

o

Yl o (3 = g LN
HTWANTAATIVITE AT AUTU WATUWUT
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DetH, = bb,- b, and
DetH, =  bybyby —b3 = by(bsby —b3).
So the three conditions which correspond to Det H; > 0 for j = l,2and3are b, >
0, b, > 0 and bb, > b,
Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability in
3“ order characteristic polynomial equation are
i) b, > 0,
ii) b > 0 and
iii) b,b, > b,
Fork=5

We need to show that DetHj > 0 for j = 1,2,3,4and5.

H, = [b]; - DetH, =b,,
by 1
H, = L;; b2i|; DetH,=bb,- b,,
by 1 0
H=|b; by by [ DetH= bjbyby—bZ —blb, +bsbs,
bs by by
by 1 0 0
by b, by 1

* |bs by by byl
b; bg bs by
DetH, = b,b,b,b, —b2b, —b2b2 —b,bZb, +b,b,b, +2b,b,bs — b +b?b,b, —b,b,b,

—-b;b,b, +b;b,,

H,- |bs by by by by
b; bg bs by bs
bg bg by bg bs
DetH,=b,b,b,b,b, —b2b,b, —b2bZb, —b,bb% +b,b,b? +2b,b,b —b% —b,b,b?b,
+b2b, +b?b,b,b, +2b?b,byb, —3b,b,b,b, —b’b2 +b,b2b;b, ~b,b2b,
—b%b,b,b, —b,b,b,b, +2b,b.b, +2b%b,b, —b,b2 —bZb,b,b, +b,bZb,

] 4
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+b’b,b, —blzbsb8 +b,b,b;b, —blb, —b?b,b, +b,bsb,.
Since the coefﬁcienfs bg, by, by and by in 5™ order characteristic polynomial equation equal to
zero then we have
DetH, =b,,
DetH,=bb,- b,,
DetH,= b,b,b, —b —blb, +b,b,
b,(b,b, ~b;) =b,(b,b, —by),

DetH,= b,b,b,b, —b3b, —b?b3 —b bib, +b,b,b, -l-2b1'b4b5 —b?

=b,(b,b,b, - bi- b’b,)-b,(b,bZ-b,b, —2bb, +b;),
DetH,= b,b,b,b,b, —b2b,b, —bZbjb, —b,b2b2 +b,b,b2 +2bb,b: —b]

= bs(b4(b|b2b3 - b§ - b12b4) "bs(blbj _bzbs _2b1b4 +b5))

So the conditions which correspond to DetH; > 0 for j = 1,2,3,4and5.

are b, > 0,
bb, - b, : > 0,
by(b,b, =b;) =b,(b;b, —by) > 0,

b,(b,b,b, - b§ - b12b4)-b5(b1b§—b2b3—2b1b4 +by) > 0.
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5" order characteristic polynomial equation
i) b, > 0(=123,45)
ii) bbb, > bZ+blb, and
i) (b,;b, —b,)(b,b,b, —b§ —b12b4) >b,(b,b, —b3)2 +blb§.

A2, Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is
complicated. It can be used for equations of arbitrary order by means of a transformation to a
system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be

@

3 » o o e o o
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dx

dt
. dy
dt
dz
dt

Y

fx,y,2,1)
g(x, ¥, 2, 1)

h(x, y,z,1)

with initial point (X, ¥4,Z,,t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of X,y and z at each step is

Xn+1

Yn+1

, 2375k | +11264k 3 +10985k 4 — 4104k

n

20520

_ L (23751 +11264r 5 +10985r 4 — 4104k 5
" 20520

_ o, (@375 +11264s , +10985s , —4104s
" 20520

k, = hix,,y..2,,t,)

k r S h
k, = hfx _+—2,y +-+,z +—L1,t +—),
2 . g I Ty T 4)
k. = hitx , Bk, +9%,) L Bri+9r) +Gsl+%2)t +gg)
’ " 32 o 32 e 32 g ”
k. = hfx +_(1932k | — 7200k , + 7296k ,)
¢ " 2197 ’
, (922, - 7200r , + 7296r )
" 2197 ’
, +(193zs1 - 7200s , + 7296s ) . 4_12h)
" 2197 13”7
k' _ e+ B34 | — 32832k , + 29440k , - 845k ,)
s " 4104 ’
| (8341r , -32832r , +29440 r, - 854r )
R " 4104 ’
, (8341s - 328325 , +29440 s, - 8545 ,) oh)
" 4104 oo ’

3 v 4 Qs = dy W &
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(-6080k | + 41040k , — 28352 k, + 9295k , - 5643k ;)
20520 ’

k, = hftx , +

, (6080r , +41040r , ~ 28352 r, + 92951 , - 56431 ;)

! 20520
(-6080s |, + 41040s , —28352s , +9295s , - 5643s ;) h
z, + .
! 20520 2

and the error for each step will be

k, 128k, 2197k4+k_5
360 4275 75240 50

Error =

I,,Ty,.., Igand the error of y value can be evaluated from the above equations.

S;>S;5.» Sgand the emor of z value can be evaluated from the above

equations.k,, k,,..., k, and error of x by replacing function f with_ function g and function h.
Runge-Kutta-Fehlberge’s rr;ethod can be applied directly to a system of n first-

order differential equations

Definition 8 A probability space (£2,F,P) , a stochastic process (or random process) with state
space X is a collection of X-valued random variables indexed by a set T ("time"). That is, a

stochastic process F is a collection

{F{ : te T}
where each F; is an X-valued random variable[14].

Definition 9 Geographic Information System (GIS) is a process of spatial information (spatial
data) with computer systems. The set-oriented data description (attributed data) and information
such as address, house number are associated with spatial location as latitude longitude in the
form of data tables and databases. GIS system comprises a set of tools that have the ability to
collect, maintain and search, to provide customized analysis, display spatial data, to meet
deployment objectives. The form and spatial relationships of all information can be used with GIS
to analyze meaning in relation to changes over time as such the spread of the diseases, the
migration movements, and the Intrusion damages [15].

[
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THE RELAPSED TRANSMISSION MODEL OF PLASMODIUM VIVAX

o . »
Choawaniti Teampae, Puntani Pongsumpun

Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology
Ladkrabang, Bangkok 10520, Thailand
“e-mail: kppuntan@kmitl.ac.th

Abstract : Malaria in human is due to 4 types : Plasmodium falciparum , Plasmodium vivax ,
Plasmodium ovale and Plasmodium malariae. Plasmodium faleiparum and Plasmodium
malariae destroy red blood cells at all stages because Plasmodium vivax and Plasmodium
ovale destroy only the red blood cells. Most Malaria cases in Thailand are due to Plasmodium
faleiparum and Plasmodium vivax. This disease occurs in Africa, South America and Asia. In
Thailand, Malaria is found along the border with Bunina , Cambodia and Malaysia. In 2010,
the provinces which have a large number of malaria patients are Tak , Kanchanaburi , Trad ,
Ratchaburi and Mae Hong Son. It is found in the forest area only. Malaria is not found in
urban areas. Anopheles vectors transmit this disease to the human. In this study. the
transmission of Plasmodium vivax malaria and the eftect of relapsing of Plasmodium vivax
are considered by using mathematical model .The population are separated info human and
mosquito populations. The application of the standard dynamical modeling method is used
for analyzing the behaviors of solutions. The conditions of the parameters for the disease free
and endemic states are obtained. The example of parameter which may reduce the outbreak
of this disease is given.

Introduction: WHO estimated that each year, the malaria cases are 300-400 million persons
worldwide [1]. There are about 1 million deaths per year, mostly in Africa. In Thailand,
Malaria is found along the border with Burma, Cambodia and Malaysia. Malaria in human is
due to 4 types: Plasmodium falciparum , Plasmodium vivax, Plasmodium ovale and
Plasmodium malariae. Most Malaria cases in Thailand are due to Plasmodium faleiparum and
Plasmodium vivax , the anopheles vectors transmit this disease. The symptoms of this disease
depend on the type of infection. Body aches, nausea, vomiting abdominal pain or diarrhea are
symptoms of the malaria cases. Some people may have a cough or flu-like in 4-5 days of
fever. The breakdown of red blood cells is not the same for all people. However, after malaria
were in the same period. Red blood cells are broken once every 48 howrs. Symptomn of
patients who be infected with Plasmodium vivax is usually not fatal, so called "benign tertain
malaria”. The Plasmodium vivax cases can be repeated within rwo years, the longest is 8
years [2]. Top ten provinces that found malaria patients in fiscal year 2010 are as follows.
Tak (1574.87 people per hundred thousand population), Mae Hong Son(649.49 people per
hundred thousand population), Ranong (506.12 people per hundred thousand population),
Phangnga (338.52 people per hundred thousand population), Yala (328.92 people per
lhundred thousand population), Chumphon (207.31 people per hundred thousand population),
Kanchanaburi (184.43 people per hundred thousand population), Trad (171.10 people per
hundred thousand population), Chanthaburi (166.59 people per hundred thousand
population), Prachuap Khiri Khan (91.00 people per hundred thousand population).

37® Congress on Science and Technology of Thailand 1
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In 2010, there were 25,639 Malaria patients cases. There are 13,425 cases due to
Plasmodium vivax 11,852 cases due to Plasmodium faleiparum. The data of Malaria cases
are show in the following figure.

Patient per bundred thousand populations

0+

Fiscal year

Figure 1. The graph shows the rate per hundred thousand population,
patients in the fiscal year 2007-2010.

To recognize the importance of people's lives and property at risk of this infection, we
study the problem of patients from the Ministry of Health from 2007 to 2010. We analyze
and find the solution to the problem by creating a mathematical model for malaria. We use
this as basic information on disease prevention. The output of this study should be the way
for reducing the outbreak of this disease.

Methodology: In this study. We analyzed the mathematical model for the Plasmodium vivax
transmission. The human population is divided into four types. We study the dynamical
change of human and mosquito populations:

S, = the number of population who is at risk of infection,

£, = the number of population who is infected but cannot transmit the infection,
I, = the number of population who is infected,
D, = the nunber of population who is infected with embedded,

The mosquitoes are divided into two types:
S, = The number of mosquitoes at risk of mifection.

I, = The number of mosquito that is infected.

The equations for the dynamics of the human population can be explained as follows.

o1,

ZN, ~E 5, &, xy D

Vi) 1=h An 20
Sh 75 Eh I h D (]
2 oy 1,8 T
[T % TpE T I

P x,7, Pl J %2
XD,

Figure 2. The transmission diagram of human

[38]
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Sy (t)=ZN,+x,D, (1) + x,E, (1) +x,I, (1)~ (py+a, 1 (1))S, (1)~ ex1, (1), €))
E (

’) ah v( ) ( ) (.Dh +8h +x1 h ’) (2)
15 (1)=6,E,(1)+x,D,(1)~(p, +x,)1I, (1), 3)
D;(1)=wx 1, (t)_(x2+ph+x3)Dh (1), ©)
C Sv avSth 1"
.5, P,
Figure 3: The transmission diagram of mosquitoes
Silr)=C=(p,+a g, (1))s, (1), %)
L(t)=asS.(0)1,(N-p4,(1). (6)
Where the parameters in the above equations are defined as follows
z is the birth rate of human population,
P, is the death rate of hunan population,

N, is the total number of human population,

@ is the percentage of infected human in whom some hypnozoites remain dormnant in the
liver,

X, is the rate at which a person leaves the infected class by recovering or by entering into
the dormant class,

X is the rate at which the dormant human relapses back to the infected human,

x, is thie recovery rate of the dormant human,

x, is the rate at which the imfected human can be susceptible human,

a, is the rate at which the P. vivax parasite is transmitted from the mosquito to the
human,

g, is rate of the population who change from an infected person (can not transmit
infection) to become infected (can transmit the infection),

a, is the rate at which the P. vivax parasite transmitted from the human to the mosquito,

C is the number of mosquitoes at the beginning,

. is the mortality rate of mosquitoes.
Wehave N, =S, +E, +1,+D, andN, =S, +1 .
We assume the total of populations are constant.

My _0 ana Do g
dar

From (1) - (6) we let
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s =S g B g b pelDi o S, e
h_N’ 'h_N) h"'F’ h"Ns v"N> v_N
h h h h v v

These give

S, (1)=p,+ %D, (1) + NE (1) +x,4, (’)"(P» +a,l, (’)Arv)sh. ()= ox I, (1),(7)

E, (N=a,1, (NS, (1)-(py + £ +%)E, (’) , ®
1" (0)=8,E, (1)+x,D, (1)=(p, +x,)1, (1), 9
1= a8, ()1} ()M, - pLy (7). (1)

D,

, and S, are obtained from the conditions : D, =1-8 -E -1 and S =1-1 .
A. Steady state

The Steady state (1,",5,".E,".1,) is found form setting the rate of change of each variable

equal to zero [3], this gives:
1) The disease Steady state £, (0.1.0,0) and

2) The endemic Steady state £ (7,7.S,",E,".1,")

where

. PXY, (P. REA )- [p'.r:x| (p. X+ Y+ NNa,ae, (p‘ +x, 4, ) P, X, 0%, (p, + X, + X, )]
= !

1

.
(.-N’la' b4 I =N N )( P¥, XX, + Nyx,a. +xa5 -Nae, )

$ = [P"+x,+(.\"—.\—‘+m:,)l.'](p‘+xl-¢l) )

' . al’y, a1’ alw,
b, vop, Tap, FpaN, =] +ea N = P, AN, F A, » AN, .
Rral N, Bral ¥ Rral ¥,

povx +(x -x cax )L [(p +x s2)
VTN TN TR ORI MR Y e,

'8
Y, . . B B
P+al N al N al N al N
o I:P: TP AP, "'P."".N.( = )+ "x“.'\?.( —— ]* P, FEF, TAX, 7 "’.".‘V.( - )}

Pialln, Peal’N P+aly,

(pl-*.\'li-:.)
avllh'l
—_

Peal'N,
1, is the solution of the equation 4, (7, )2 +4,1," =0, where

4 =pxx (p‘ +x +& ) - [p‘.\'ga" (p‘ +x +¢& ) tNNaace, (p_ +x 4+ ) +px o (p‘ +x +x )]
’

4 =(¥a)(x -x +ox ) (px + XY, +Nxa +x8 -Nag)

1, >0 when

DPyX Xy (Ph +x+ .S‘,,) J

G,>1,| G, = -
0T ( ’ 2% (D + 3 + 5, ) + N, Na,0.8,(p,+ %+ %)+ px,0x (p, + 5 + X, )

The local stability of each steady state is determined by the sign of all eigenvalues. If all
eigenvalues have negative real parts, then that steady state is locally stable. Eigenvalues ( 17)

for each steady state are obtained by setting

37" Congress on Science and Technology of Thailand _ 4

9 1 4 ar =] du w o
HEIWATATINGY AT WUTY WNFATUNUTD



a o a a a 4
ﬂ']icl‘i’f'l‘flﬂUﬂﬂ'ﬁﬁ%,']\ill‘uvmﬁﬂdﬂ']\iﬂﬁlﬂﬂ']ﬂ'ﬂ{ AszUIUMSsE InuATAn UASTLUUMTTUWNANNYUMTAT

Wethudnyinisssunveslsaniaiise . 97

det(J-nI)=0,
where J is the gradient matrix evaluated at the steady state and I is the identity matrix.
1) The disease free steady state F] (0,1,0,0) the characteristic equation is
(=pr—x, =% =)=y —xs =)y =&~ -n)(=p,—n)=0:
SO N=—Pr =Xy =X ] =—Dp = X3N] = =Py — &~ X1 ="Ds.
i1) The endemic steady state ;
the correspondent eigenvalues for each equilibrium point are found by solving the
characteristic equation; which is in the form
"+ K + K+ K+ K, =0.
By using Routh-Hwrwitz criteria, each equilibrium point is locally stable if the following
conditions are satisfied;

K, >0, (11
KK, —K, >0, (12)
K (KK, +KK,)-K,? ' >0, (13)
K (K, + KKK, -KK,}) 50, (14)

where

K, =3B +P+X,+X,+ X, + X, +I Na,+INa,+&,

K, =3B +3BR +2BX, + BX, +2BX,+ BX, + X, X, + 2RX; + BX; + X,.X; + 2RX (v BX + X\ X+ X, X, + X, X + U N,Ra, + [N, R,
+I N X,a,+ 1IN .X\a, + INXa, +3 N Pa, + I NXa, + L NYa, ~ LN Ya + LN X + LIINNaa, +2Bg, + ey + Xyg, + s,
+X,&, +INays, + I, N a5, - Xy X| )

Ky =B +3BR + B X, + 2RRX, + B Xy +2RR.Xy + BX\Xy + RX\X, + BIX; + XRRX, + BX\Xy + RX\X; + BIX, +2RRX, + R, X, + RX X,
“BX, X, + BX, X, + XX\ X, ~ BX, X, + BX, X, + XX, X, + I N Bl a, + 21, N.RRa, + | NP X:soy + LN B X, + LN, B X,a, + I NP Xy,
+I N BX,a, + LN PAX @, + INX X a,+INX X a, +3,N,Ba, + 2N, B.Xa, + 21, N,PXye, + LN, X X0, + 2L N, B X a, + LN, X Xsa,
RALNBX @, + LN XX e~ N, X, X0, + [N XX @, + 20 I NN Bae, + LILNNXaa ~LILMN, Xaa, + TINN Xae + B,
+2P,P.5, + PX &, + BXs&, + BXs¢, + BX;5, + BX 6, + BX 6y + X, X 5, + Xo X5, + LN Bays, + LN R, + LN Xya,8, + I NX;a,6,
2 N, Ba.e, + 1N X a6 ~ LN X 0,8+ LN X a6, + LI NN a6 — NN Siaa,6, + LNNS,oa.6 — BX,wXy - RXeX) - XXok,
=IN X a,0X; — LN X,a,0X] - XX + LN ag0oX;

=B(P~LNya)+ BB +LNa )X, + Xy + X+ X, + 1N, @, + )+ B(N;a, (-1 + LN, Sy 6 + L, (X, X+ X (X + X, + X))+ LN, Xy,
+IN X, « X,5,+ X6, +I N, a5, + X3(X, +IN,a, + 5, — X))+ P(X,X, + X, (X, + X, + X )+ I N X0, + I N X, + X6, + X8,

I N a8, + X, (X, + I N0, +&,—0X,)) + B(X,(X, X, + X,(X, X))+ £,(X,X, + X, (X, —0X, )+ LV,a, (X, (X +5) + X, (X, +£, - 0X,)

+5,0A)) + N, (=14 1IN, 8, (Xy + X, 8, + 1 (X, (X, X, + X, (X, —@X))+ 5,(X,X, + X, (X, - aX )+ LN, (X, (X, + )+ X, (¥, +5 -0X,)
+£,0X,))

n

From our calculations, we found that the disease tree steady state is locally stable for G, <1.

The endemic steady state is locally stable for G, > 1.

. . 1
The values of the parameter used in this study are as follows : p, =3—65-;—7—1-pe1' day

corresponds to a life expectancy of 71 years in human. The mean life of mosquito is 35 day :

p,= 3% per day. The parameters are assumed as follows: N, =1000; N, =900;

x =ﬁ;xz =%;.\'3 =$;x4 =ﬁ;a‘, =ﬁ; a, =01—5;s,, =0.001;»=0.001.

The conditions of Routh - Hurwitz Criteria are given in (11) - (14).
The conditions (11) - (14) with the above parameter are show in the following figures
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Figure 4: Tlie conditions of Routh-Hurwitz criteria in endemic disease state.

Results, Discussion and Conclusion: In analyzing the mathematical model of malaria, we
found two steady states. The local stability condition of each steady state is obtained. The
basic reproductive number (G, ) is used for reducing the outbreak of many diseases [4, 5]. The

result of this paper proposes an alternative approach, another way to reduce the spread of
malaria vivax. If we can define parameters to meet the conditions above, we can control an
outbreak of malaria.
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Plasmodium Falciparum Malaria Transmission
Model with its Incubation m Thailand

Puntani Pongsumpun

Abstract— Malaria is transimitted 1o human by biting of the infected
Anopheles mosquitees. Plasmodium falciparum, Plasmodium vivay,
Plasmodium malariae and Plasmodium ovale are four types of
Malaria infection. This disease is found every year in Thatland.
Plasmodium faleiparum is the commonest species spreading on the
tropical and subtropical countries. The severity of disease depends on
the type of Plasmodium which each persou is infected. In this paper,
we study the transinission of Plasmodium Falciparum Malaria in
Thailand through mathematical modeling. The incubation period of
Plasmodium Faleiparum in human and mosquitoes are considered in
this study. The analytical and nuerical solutions of our models are
obrained. The comparisons of nunterical solutions when there are the
different constant recruitment rates of mosquitoes and different basic
reproductive numbers are given.

Kevwords— Plasmodiim: Faleiparum, Basic reproductive number.
matheniatical model, nunierical solutions. mosquitoes,

I. INTRODUCTION

MALARIA is occwred long time ago. This disease is

caused by the multiplication of protozoa parasite of the

genus Plasmodinm. There are four types: Plasmodinm
Jaleiparum, Plasmodiin vivax, Plasmodium malariae and
Plasmodium ovale. Malaria is ranked among the top six of the
world’s serious diseases in the world by the World Health
Organization (WHO). More than three hundred million
Malaria cases are reported anmually [1). Plasmodiuni
Jalciparum is the species spreading on the tropic and
subtropics such as Afiica, South America and Asia. We can
find Plasmodium vivax in the widest area. It can be found in
many temperate zones, subtropics and tropic such as China,
Turkey, Latin America and Asia. Plasmodinm malariae is
found in the same Lreadth as Plasmodium falciparum but is
much less common in areas such as Central America.
Plasmodium ovale is found predominantly in tropic Africa, but
many occur in the West Pacific. The human (vertebrate) and
Anopleles mosquitoes (invertebrate) are host for the
transmission of Plasmodium. This disease can also be
transmitted accidentally via blood transfusion when the
donating individual has the malaria parasite. This is one of the
reasons why people who have been infected with disease can
never donate blood. Congenital infection of a newborn from
an infected mother also happens, but it is comparatively rare
[2]).

The relationship between host. agent and environment are
three factors which effect to the transmission of Malaria.

P. Pongsumpun is with Industrial Mathemarics Research unit, Deparnment
of Mathemarcs. Faculty of Science. King Mongkur's Institute of Technology
Ladkrabang., Chalongknmg road, Ladkrabang, Bangkok. THAILAND,
10520(phone: (662)-329-8400 ¢x1.320; fax: (662)-329-8400 ex1.284; e-mail:
kppuntan@kmitl.ac.th).
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Temperature and humidity are the most important
environmental factors. Malaria parasites stop developing in
ihe mosquitoes when the temperature is under 16 °C. The best
temperature for the development of diseases is within the
range of 20 — 30 °C, and the average relative humidity is at
least 60% [3]. A high relative humidity lengthens the life of
the mosquito and it enables them to live long enough to
transmit the infection to many persons. The .dnopheline
mosquitoes are insecis of the order Diptera, and genus
Anopheles. The male Anopheles feeds on nectar and fruit
Juices while the female takes both these plant products and
blood [4]). The number of life cycle for the mosquito is 4
cycles: egg, larva, pupa and adult. The emerging adult
mosquitoes copulate within a day or so, usually in flight and
after one or two blood meals. the first batch of several hundred
eggs are laid at the breeding site. The female may lay several
batches of eggs during ber lifetime. The eggs batch within
2 — 3 days, releasing the larvae into water, the larvae transform
into the non-feeding pupae. Within the pupae. over a period of
2 — 4 days, metamorphosis takes place, terminating in the
materialization of the adults [5].

The factors that effect to the choice of breeding site are
consisting of salinity, temperature. and amount of light and
shade. Apat from large expands of open water and clean
edged tanks and reservoirs mosquitoes will breed in anything
containing water.  Larval swroundings, transitory and
everlasting, are grouped under the broad headings [2]. Malaria
is still a problem in Thailand [6]. It has not been removed
because the land features are suitable for mosquitoes to breed
in and malaria is developing resistance to malaria diugs. In
Thailand, malaria is found along the border with Buwma,
Cambodia and Malaysia. Situation of Plasmodium falciparum
cases in Thailand is shown in fig 1.

—e—P.faltpanen

Incidende rate per 100,000 populstions
& n
s e
2 2
I
>

Fig 1. Reported cases of Plasmodium falciparm in Thailand,
year 1965-2009 [7].

The transmission of malaria is usually described by the Ross-
MacDonald (RM) model [6] but it can not describe the
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situation of Malaria in Thailand. To better understand the
problems of public health officials in Thailand, a new
transmission model must be introduced to understand the
situations of the Falciparum Malaria transmission in Thailand.
The incubation peried of Plasmodium Falciparion in human
and vector populations are introduced into our model.

II.MATHEMATICAL MODEL

This model considers the dynamical change of human and
vector populations. The human population is divided into
susceptible. exposed. infectious and recovered classes. The
vector population is separated into susceptible, exposed and
infectious classes. The total human and vectors are supposed
to be constant [8].

In owr model, we define the variables are as follows:

gp (1) is the number of susceptible hwmnan population.
Ep (1) is the number of exposed human population.
ip(l) is the number of infectious human population,
—R—p (t) is the number of recovered human population.
gm (t) is the number of susceptible vector population,
Em(r) is the number of exposed vector population,

Im(t) is the number of infectious vector population.
The schematic diagram of the transmission of Plasmodium
Jalciparum is represented as the following fig.:

E () —

ef; 0L(0 =
i, WO
=2 59— i !
]

2a)

5.0 | S50R0 [ fm Bt .08

13,00 1Y L1 (Y

Fig. 2. The compartimental diagrams of the model
2a) the human population 2b) the mosquito populations
For the human population. the rate of change for all groups are
given by

3 - - o i .
Sd,—(') = iy Np <81 Ep() + 831p () =8 Im()Sp (1) - 1, Sp(®) o
dEp (8 T NT 5 E
dr() = 8y Im(DSp () - (8) +lp+ey )Ep®) @
dlp 3 i1
d((‘) = e Ep® - (83 41 +82)1p () @

Re0 - 5,50 10 @

For the vector population;

()

b

100
%= M-8, T M8 () - 15w ® ®
Enl o L 05a 0 - +1,0Ea0) @
dl:((t) = ey Em (t) = 1\'Ym (‘) (7)

whereN, =S, +Ep 0 + T + Rp(n and

Np =Su® +En@+In® -

The parameters are defined as follows:

N = The total hunan population.

N,,, = The total vector population,

Ay, = The birth rate of human population,

1;, = The death rate of human population.

1. = The death rate of vector population.

8y, = The transmission rate of Plasmodium falciparum  trom

vector to human populations,
8, = The ransmission rate of Plasmodiumn falcipavion  from

human to vector populations,
8y = The rate at which the exposed human change to be the

susceptible human.
8, = The rate at which the infectious human change to be the

recoverad human.
83 = The rate at which the infectious hnman change to be the

susceptible human,
e, = The rate at which the exposed human change to be’the

infections human,
e.= The rate at which the exposed vector change to be the

infectious vector,

M = The constant recruitment rate of vector population.

Since the total human is constant, thus the rate of change for
each human population equals to zero.

We set N'p )=0 and N;n () =0, then we obtam 2, =y,
and Ng, = M/, respectively.

We reduce equations (1)-(7) by letting

Sp(0=Sp(t)N, . E,(1)=Ep(tyN,, 1,(0) =Ty (N, .

R, (0 =Rp(t/N, .S (0 = S (¥ (ML),

Ep () = En(t)/(M/,) and

IL.(O= I (1Y/(MA1,) . then the reduced equations become
ds, (0

2 = i +BE () 531500~ Op Nl 01,0 ®
E‘{;(—‘)- BNl S p@ -8y +en +11)EL (1) ]
ﬂ‘i(—l)= ehEP(()-(és'vﬁ:-slh)lp(l) (10)
EF:;—(‘)= (-1 BN, (D- BN, T, (D + ey +1,)E () )
-‘“‘:#: evEq®-1In(®) 12

with  the conditions 125,00+ E,0+1,0 +R, () and

1=S, O+ Eq(+1,0-

v 4 o = doy @ &
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II. MODEL ANALYSIS

A. Analvtical Results
The equilibrivm points are found by setting the right hand side
of equations (8) to (12) equal to zero.
So the equilibritun points are
(1) the disease free equilibrium poine E;=(1.0,0,0,0)
(ii) the disease endemic equilibrium point
E, = (§;,E;,I;,E:n, I:n) where
. dplevs +e By Ny

I, = 13
B 18y Ny v iviBy Ny 4 e 8, N ah

oy 5L 350,

5F=u‘;h (14)
B Nply +ly

.

o vk +6315)

Ep=—nT2pl as

; ]h_._‘.\

ehxmxu)

- _ "l\"{;.h

=, 16)

— = tvi

9, N I

m

1, O
—.—+‘4J
ethlm

! N )
Va=1=4vy, v3=——0
2 oM 83+02+1h

1+\'5l

with vy=7—,
o +ey +1h
Vy =V, —vVyd eyl
4 2303y N T v 18]
Y TS Ny, a9
The local stability of each equilibriwn point is defined
by the signs of all eigenvalues. The eigenvalues (n) are the
solutions of the characteristic equation:
P, -nf = 0:i=12,
where Jg, is the Jacobian matrix at the equilibrium point G,
11=1.2 and I is the identity manix. )
If all eigenvalues for each equilibrium point produce the
negative real parts. then that equilibrium point is local
stability.
1) The disease free equilibrium point E;=(1,0,0.0,0), the
characteristic equation is

IJ [ '1]1 =0 (19)
or
TR 5 o 8N,
0 —Grep+)-n 0 0 BNw .
0 o —B3+8,+lp)-n 0 0o |=0
0 0 N, —=l-y 0
0 0 ) 0 -r

(=lo —n]EG = +ip) - nlHG; =83 + ) —w)fey — L. —u)f- —n] = O-
The eigenvalues are

M o==ly.ny=—@ +ep +1,)

N3 =~By+dy+ )Ny =-ey =1,

and ns =-l,.
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We can see that all eigenvalues have negative real parts.
ii) The disease endemic equilibrium point
E; = Sp.Ep.Ip.Em.Ii)

»

where §,,E;, I E; and I, are defined in (13)-(18). The

characteristic equation is
}JG: —qII =0 (20)

or
.
- (O NI, +13) =0 8y 83
O NpIn —(@p+ey +1ly)-q [¢]
0 ey B3+ 8, + ) -y
0 0 (- 1008y N, — 0, N, Ep,
0 0 0
0 ~0,N S,
0 ehr\m P = 0
o 0
—(B,N I+, £l —8.N I
8. =L.-n
[~y N Iy + 1) = ]Gy +ey, +1,) =)@, +5; +1y)
=IO NI mee 1 )= —n] = 0 2.

The eigenvalues are
. B - B

N = -@p NI, + ]h). =0 No - Bailm = -
My == + ey +1y )0y ==(83 + 82 + 1)
Ny = =(O,N,IL v ey +15)
and s =-1;,.
Thus, the real part of the above eigenvalues are negatives

lhA )
8,N,,B
We can conclude that the disease free equilibrium point is
local stability for Ry < 1 and the endemic disease equilibrium
point is local stability for Ry> 1. The basic reproductive

number of the disease is defined by the averaging of the
number of secondary patient that one patient can produce if
hefshe is introduced into a susceptible human. This number is

represented as Ry = /Ry .

B, Numerical Results
In this paper, we considered the transmission of plasmodium
falciparom between the hwnan and vector populations. The
values of the parameters used in this study are as follows:

when Ry > 1.(Rq =

per day satisfies to a life expectancy of 70

1
= ——
(365%70)

years in human. The mean life of vectors is 25 days; Iy =2—15

per day. The other parameters are arbitrarily chosen
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Fig. 3. Numerical solutions of eqs.(8)-(12). demonstrate the

time series solutions of susceptible, exposed, infectious human

populations. exposed and vector populations. The values of

1 1
arameters are iy = ———— 1. =—, 8, =0.00001,
P BT BesxT70) Y 25 b
B, =0.00001, 8y ==, 8, =, 8y =L . e =1 e =L
v PTG T BT T Y

- N, =10.006. M = 400, R = 0.43 . The solutions approach
The disease free equilibrium point Ey= (1,0,0,0.0).

4b)
Fig. 4. 4a) Numerical solutions of eqs.(8)-(12), demonstrate
the timne series solutions of susceptible, exposed, infectious
human populations, exposed and vector populations. The
1 1

—_— 1l ==
(365%x70)" Y 25°

values of parameters are Ay =

237

A¥aemnans19158 as.usil wedduiug



” -

msldinadansadauuuinesnindamand nszurunsalnunadn uasssuumsmumangiimand

ﬁ. L] <1
l‘WBu'lu'lﬁﬂﬂ'lm'iSz‘lJ'IﬂﬂJaﬂ'iﬂll'lﬁ'IﬁU

World Academy of Sci E;
1 1 1
8, =0.00001, 8, =0.00001, §;=—, 83 =—. B3 =—,
14 20 14
1 1
=—,ey =—, N, =10,000, M =60,000, Ry =475.51.
en 7 ey 14 p ' 0

4b) The three dimension trajectories solutions of all
populations, the values of parameters are same as 4a). The
solutions approach to the disease endemic equilibrium point
E, = (0.000772,0.000664,0.000781.0.006875,0.12276).

TV. DISCUSSION AND CONCLUSION

The transmission model of Plasmodimn Falciparum is
studied and is analyzed by using standard dynamic modeling
method [7]. The disease fiee equilibrinm state is local stability
for Rg < 1.For Ry 1. the disease endemic equilibrium state
15 local stability. The numerical results for two conditions are
shown in fig.3 and fig.4. Moreover, we simulate the solutions
when the constant recruitment rates of mosquitoes are
different. From fig.5, we can see that the less time fo reduce
the outbreak of disease when the more constanmt recruitment
rate of mosquitoes.
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Fig. 5. Time series solutions of susceptible, exposed,
infectious human populations, exposed and vector
populations for the different values of constant recruitment
rate of vector populations. The values of parameters are

1 1
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Fig. 6. Bifurcation diagram of eqs.(8)-(12), demonstrate the equilibrium

solutions of susceptible. exposed. infections human populations,
exposed and vector populations for the different values of basic
reproductive numbers.

+¢4 represents the stable solutions and %9 represents the
unstable solutions. For Ry < 1, E; will be stable. For Rg > I,

E, will be stable.

The bifurcation diagrams of all populations are given in fig.6.
The basic reproductive number (R, ) is defined as

LA -

AR Crol @
From fig. 6. we will see that when the basic reproductive
number is higher, the susceptible human proportion is smatler
but the proportions of the other classes are higher. This
behavior occurs since there are enough susceptible hinan to
e infected from infectious vectors. If we can reduce the basic
reproductive munber as we define in (22), then the number of
infected human population will be decreased. This will reduce
the outbreak of Plasmodium Falciparum in Thailand.
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Studying the Dynamical Network of Malaria at the Local Level with the Effect
of Plasmodinms’ Incubations
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ABSTRACT

Anopleles mosquito is the epidemic vector of Malaria. This disease is usually found in Thailand for many years because
the physical features of the land in Thailand is suitable for breeding of dnopheles mosquitoes. Four types of
Plasmodiums {Plasmodium falciparum, Plasmodium vivax, Plasmodium malariae and Plasmodium ovale) are related
with this disease. The incubation rates of four Plasmodiums are difference. The people who work in the border of
Thailand are at a higher risk to infection with this disease. In this study. we formulate and analysis the dynamical
equations for the transmission of Malaria with the effect of Plasmodinms’ incubations wlhen there is the movement of
population at the local level. The analysis of each parameter is given to point the way for decreasing the outbreak of this
disease.

KEYWORDS: 4nopheles mosquito, dynamical equations. incubation, local level, movement, Malaria. Plasmodiums.

INTRODUCTION

In each year, there are about 300 to 500 nillion Malaria cases. There is 1.5 to 2.7 million deaths worldwide due to
this disease. This disease can transmit between the people by biting of the female dnopheles mosquito. Birds, mammals
and lizards are also the host of Malaria parasite. Protozoa parasite of the genus Plasmodium can cause the Malaria
disease. There are four types of malaria parasites: Plasmodium falciparum, Plasmodium vivax, Plasmodium malariae
and Plasmodinm ovale. These four types have the different incubation periods. The incnbation periods of Plasmodium
Salciparim, Plasmodium vivax, Plasmodium malaiiae and Plasmiodium ovale are 12 days. 13 days, 28 days and 17
days, respectively. There are about 60 different species belonging to the genus dnopheles [1]. Anopheline mosquitoes
are the only known vectors of malaria in hwnan that perform this fanction throughout the world. These mosquitoes
undergo an aquatic larval stage. pupate and then hatch into flying adults. .4nopheline mosquitoes are insects of the order
Diptera, and genus Anopheles. The male Anopheles feeds on nectar and fruit juices while the female takes both plant
products and blood [2). The females’ mosquitoes require a meal of blood to produce fertile eggs. The female mosquito
ingests the malaria parasite by biting a human who was already infected with the parasite. There is four phases; egg,
larva, pupa and adult for the life cycle of mosquitoes. The adult vectors copulate within a day or so, usually in flight and
after one or two blood meals, the first batch of several hundred eggs are laid at the breeding site. Lifetime of female
mosquitoes may lay several batches of eggs. During two to three days. the eggs will hatch and release the larvae into the
water, the larvae will transform into the non-feeding pupae. Over a period of 2-4 days, within the pupae. metamorphosis
takes place, terninating in the materialization of the adults [2]. The symptoms of Malaria cases are chills, fever, nausea.
vomiting, back pain, increased sweating anemia, splenomegaly (enlargement of the spleen). Temperature and humidity
are most important environmental factors for developing of Plasmodinmns in mosquitoes. If teniperature is below 16 oc,
then parasites will stop developing in mosquitoes. The average temperature between 20 — 30 OC and the average relative
humidity about 60% are the best condition for the development of this disease [3]. Most Malaria cases are from
Southeast Asia and the Western Pacific, although a significant number also be found in Africa and South America {4].
The dynamical model of Malaria was first explained by Ross [5]. the equations were constructed between human and
vector populations but the incubation period of Plasmodiim did not included into the model. In 2009 [6], we formulated
the transmission network dynamics of only one Plasmodium; Plasmodium Vivax, and the analysis of time distribution
for the different situations were given. In 2012 [7], we presented the mathematical model for the transmission of
Plasmodium Falciparum Malaria by separaling the human into juvenile and adults populations. Standard dynamical
modeling method was used for analysis owr model. Recently [8], mathematical model of Malaria was developed by
inclusion age of human and season. Analysis of the model was given. From the previous studies, the effects of
incubations of four Plasmediums (Plasmodium falciparum, Plasniodium vivax, Plasmodium malaiae and Plasmodium
ovale) were not considered for constructing the model, But in reality. all four Plasmodiiums have the different behaviors.
The human behaviors, social contacts and travel between cities should be inclnded in the model {9-10]. In this study, we
construct and analyze the dynamical equations for the transmission of Malaria with the effect of four Plasmodiums’
incubation when there is the movement of population at the local level (village).

*Corresponding Author: Puntani Pongsumpun, Department of Mathematics, Faculty of Science, King Mongkut's Institute of Technology
Ladkrabang, Chalongkrung road, Ladkrabang, Bangkok 10520, Thailand. kppuntan@knuitl.ac.th
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DYNAMICAL EQUATIONS

We study the transmission of Malaria with Plasmodiums’ incubations. The dynamical changes of human and
mosquito populations are considered. The human population is separated into five groups; susceptible, exposed,
infectious, dormant and recovered groups. The mosquito population is separated into three groups: susceptible, exposed
and infectious groups because the vector never recover from infection. The movement of people is considered to see the
distribution of this disease. Suppose that there are K persous and M houses in each village. The persons move to any
houses in this village by random process. We random the 1* person to the K® person g0 to each house. The uniformly
distribution is used for randomn processing. Bach day, one person can go ouly one time in one house of this village. The
probability for each person to visit each house is equivalent. Nobody come from the other villages.

In each house, the persons who stay at the first day will come back to their houses at the ending time. At the first
day, there is only one infected human in one house, no infected human stay in the other houses in the village.
The considered variables are defined as follows:
Shr.j is the number of susceptible persous in j® house after visited at day't

Ey, ; is the number of exposed persons in " house after visited at dayt,

Iy

. is the munber of infectious persons in j* house after visited at day t,

Dy, ; is the munber of dormant persons in j"’ house after visited at dayt .

Rp, ; is the number of recovered persons in j® house after visited at day t.

Sv, j is the number of susceptible vector in j® house after visited at day .,

E,, . is the munber of exposed vector in i house after visited at day t .

I, j is the number of infectious vector in j* house after visited at dayt.

The dynamical equations of human and vector populations are given by

ASth = —(711'. * e *Thg ¥ ho )I"Lj Shy,y + (Plf EE TR N JEh, ;- uly, + rlo)Ith
+ (13, + r3o)th,j +(rg, +r4o)Rhl,j +(1.6r +1g, + rﬁm +1g, )Ih'..i .

AEy v ("/hr e TTh T The )I‘.l.j sh(‘j - (flf R T L JE 4 (1)- (g +Any * Ay +3by JEL "y ®

th.j = (g +hpy +hpgy +hpg )Ehu -(rsf s, HTs AT, M, ¥ +(r2‘_ +h )Dh','
-()-6f +1Ig, +r6m + ‘bo)lh .

AD =a(y, +n )y . -3, +13,)D; -(r, +r_)D

b 1, + 1150 o T 30)Dn y {ry, +12,)Dp .
ARth = (rSf *I5, 4T s, )% iy ®- @y, +1‘4°)Rhl.j

AS":.j W=C- (Y"f Yy ey Ty )[h"j(l)s‘,l'j(() ‘vav;,j(‘)

AE\'(J (M= (".",f + :I' L TY " + ‘{Vo )Ih(_j ® S"l.j ® '(}‘Vf () + )'-v‘. M+ lvm N+ k"o (t))Evl_j )]

vy o 'V

-uE vij ®
Bly, 0= Oryg 0+ b O+ iy O+ by OEy 01T, (O

f - o
Y Transmission rate of P.vivax from mosqtiitoes to uman
by '
N Transmission rate of Panalariae from mosquitoes to-unan
Transmission rate of P. ovale from niosquitoes to human
Yy o
¥ Transmission rate of P.falciparum from human to mosquiitoes
e
Y Transnassion rate of P.vivax from human to mosquitods
Yy
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Transmission rate of P. ovale from human to mosquitoes
YVO
o " Péscentage of infected humans in whom sommie hypnozoites renain dofmant inthe liver. - -
r] Rate at which the exposed human change 10 be the susceptible hunan with P faleiparum
{
5 ’ . ‘Rate af whichthe exposed human change 16 be'the: susceptible human with 2. vivax -
I, Rate at which the exposed human change to be the susceptible man with P.malariae
m
' ' Rate at-which the exposed hum:m clnnge to ¢ susocpnble human m(h P, ovalo
_to. . .
T, R:\te at wlruch tbe dormax\x hum:m changc to be the mfccted hun.nn wnh P vivax
2y
o) Rate at which the dormant-human change 10 be the-infected hummn with P.ovale
) ) .
13, Rate at which the dormant human change 1o be the susceptible human with P.vivax
1 Rate at which'the dormant human change to be'thie: susceptible human with P.ovale
o
} h:— T ‘mmeMMmemdMMﬁMmw&mnww®EMMmmmRmm coT
T4 o
T,
e secovereduman
15 Rate ar which the xnfecnous human \\'ho “be infected with Pyivax change to be the recovered
v . uman
’ Ts Rate at which the mifsctious human who be infected with P.malariae change to be the
“m recovered human
LN -Rate at which:the: mfecnous human who be infécted \mh P.ovale chanze to b the xccovcrcd
< 39 : “huian . ;
ra . Rate at which the infectious humau change to be th: suscepuble huxmu \mh P falapamm
f
dgl Rnte at \\'luclx !he mfecnuuﬁ unm:m change o-bethe suscepnble humnn with Pvnax ;
1 R'lke at \\iuch the mfccnous human v:h;\ug: to be the susccpnblc human wnh P. malariae
m
T R “Rate at whichthe mfectwus hunnu ch:mge to be:the'susceptible h.um:m wnh P ovale
. S0
}"hf Incnlnuon rate of Pfalciparum in hnm:m
N Ay . " Incubation rate'of P.vivax-in‘huimn s
v ; e :
Ay Incubation rate of P.maiariae n human
m
Mlo Incubation rate of P.ovale:in hyman
by Incubati mcofP”‘, wm in
M3
hyor - Incubation rate of P.yivar in mosquitoes. -
Ay Incubation rate of Pmaiariae in mosquitoes
n
Ly Incubauon rate of Povale in mosq\mocs
Vo
Death rate of mosquﬂoes
4,
C - "Constant recrwtment rate 6f mosquito
K The total population
M " The humber of house .- - L
E The ending time

Table 1. Definition of parameters in our model.
NUMERICAL ANALYSIS OF OUR DYNAMICAL EQUATIONS

We simulate our dynamical equations in the different situations to see the time distribution of exposed and
infected humans. The results are as follows:
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Fig.2 Time series solutions of exposed human and infectious human for the different transmission rate of four

Plasmodiums in one village. The parameters are K = 10,000, M = 150, = 0.5, rl'f =130, g, = 1/60, T = 1/90,
m
1120 1, = 1/(5*30), 1y = 1/(5%30), 13, = 1/(3*30), 13, = 1/(6*30), 1, =1/(5*30), 1y, = 1/(3*30). TS = 1/30,

l'lo

t5,= V4, 15 =17, 55 = V17, 1y =190, 15, = 1/120, 15 = 1/60. fg = 1/100, Ay = 1/12. dy = /13, hy, =

1/28, Ap, =117, k‘,f= 1/12, k\,v= 1/13, }‘Vm= 1/28, hy =117, M, =145

11929

a

Aaveansnsd as.usil wedduiud



wa

»

a o o = a 4
mﬂ‘ff‘mﬂ‘uﬂﬂﬁﬁ%,'NLl‘lJ‘lJil'laE)\iWNﬂmﬂﬁ'lﬁﬂ{ nszuumsanuaain UAESTUUMTTUINANINYUAITAT

WwohwiAnyinisszuiaveslsamanse 109

J. Basic. Appl. Sci. Res., 2(11)11926-11935, 2012

s 3
—eughuz03 ——gohy= 03
—-—pite- 0t . ~—#na=0d
s —arae0! —— gt =07
——mtriDd ; ~e—iph12 03
14 c
2 H
F £
5 5
L3
H 2
3 $
‘ | E
!
; [
; ' 2 10 ™ n [ 18 1 20 3 58 7 96 15
i Tine{day) lime{day)
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V28, iy =117, hy = W12, by = V13, by =128, by = 117, 1 =1/45.
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Fig.4 Time series solutions of exposed human and infectious human for the different incubation rate of four

Plasmodiuns in one village. The parameters are K = 10,000, M = 150, Yop = 0.45, Yo = 0.35, Ty, = 0-15 Th, = 0.05,
v m

Yy =045, v, =035y, =015 y, =005 @=05 1 =130, f =160, r =100, § =1120. 1,

» Y ve

1/(5%30), I, = 1/(5%30). 13, = 1/(3*30), r3 = 1/(6*30). 1y, =1/(5*30). 13, = 1/(3*30), Tse = 1/30, I5, = 1/14, r_;,m

1/7, f5, = 117, r6f = 1/90, Tge = 1/120, 1'6m =1/60, Tog = 17100, i =1/45,
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Fig.5 Time series solutions of exposed human and infections human for the ditferent rate at which the exposed lnman

change to be the susceptible human in one village. The parameters are K = 10.000. M = 150. Yhe= 045, 7, =035,
v

Yh

1= V*30). 13,= 1(6*30). 1y SIAS¥30), 14y = VE¥30). 1 = 1730, x5, = V. 15 = T, 55, = 117, 1 =

= v = - v =035 v =015y = =0.5 1. =1/5%30). 15 = 1/(5%3
" 0.15. (l‘o 0.05. :“"f 0.45. {V‘_ 0.33, {‘,m 0.15, /‘_o 0.05. a =05, T, 1/(5%30). 1, 1/(5%30).

1190, 15, = 11120, 5= 1760, 15 = 1/100. A, = 1712, hp = 113, by =128 hy = V17, ko= 112, by = 1113,

)\‘,m =1/28, ;“"o =117, u, =1/45.

—o—rBPF = N0, 1P = 1126, (P ) = 4ED, 18(PO }= 1100 3 ——E{FF )= 1A, tRPV = LI, {PM §= 1AN, rA(PO }= 1100
——(BFF j= V100, (BIPY J= U130, iPWE ) = 70, PO 1= 1111
——rBIPF {2 17410, B(PY 1= 1114, r{PM ) = 130, iBPO.1 = 113 TR 100 APV ) 3. (0PI )- 17010070 ) - V1O
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Fig.6 Time series solutions of exposed human and infectious hwnan for the different rate at which the infectious nmuan
change to be the susceptible human in one village. The parameters are K = 10.000, M = 150. Yng =043, v, =035,
v
Vg =043, vy =005, v, =045y, =035y, =015y, =005 & =051, =1/30, 1, =160, 1, =1/90,
N, =1/120, v, =1/(5*30), 1 = 1/(5*30), 13, = L/(3%30), 13, = 1/(6*30), 1y, =1/(5*30), 1y, = 1/(3*30). Tsp = 1/30,
2y <

G5, = V14 x5 = U7, 55 = UIT, My = V12, g = VI3, dp = 128, h = V1T, A= 12, by =113, Dy =

1/28, Ay, =117, 11, =1/45.
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Fig.? Time series solutions of exposed human and infectious munan for each type of Plasmodiuin in one village. The

parameters are K = 10.000. M = 100, tne =045y, =035y, =0.15 Ty =005 v, =045y =035y =
v m o f v m

015, v, = 0.05 & =05 1 = 1/30. 5 = 160, 1, - = 1/90. n = V120, 1, = U(5%30). 1= LA5*30). 13,=

1
L(3*30), 13,= /(6%30), 13, SU/(5%30), 1y = L/(3*30). 15 = 130, 15, = 1/14, 15 = V7, 15, = 147, 1 = 1/90,

T, = 1120, 15 = 1/60, 15, = 1/100, e = 112, dy = VI3, by = 1428, Dy = 117, A= 112, Ay = 113,

by = 1128, hy = 1117, 1 =1/45.

} ~— P Faiciparum : ——P.Falciparum
; -8-P \Vivax +P,V|vax'
— P Malariae —P.Malariae
: —+—P.Ovale C s —=—P,Qvale
b2
i § -
L :
| = 21
i o
b {'\\ . B
a .8
A g
i 05
? ; !
0N 1 . 0 4 1
1 20 39 58 b4 9% 115 ! 1 20 3y 58 7 9 115
Time(day) Time(day)

ey

paramsters are K = 10,000, M =150, 1, =0.45. v, =0.35, 7, =015, y, =0.05, Ty, S04% 7, 035y, =
. v m o m

0.15, y, =005 a=05 r =130, n = 1/60. r, =1/90, n_= 1/120, r, = 1/(5*30), rp = 1/(5*30), r3,=
o f v Lin o 2y <o v
L(3*30), 13,= 1/(6*30), 14, =1/(5*30), 1,,= 1/(3*30). rg = 1730, 15, = 1114, 5= V7, x5 = 117, Te = 1/90.
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o, = V120, g5 = 1/60, fg,= 1/100, Ayg = 112, k= 113, hy, = 128, Ay = VLT, Ayp= 112, dy, = 113,

doy,, = V28, dy =117, 11, =1/45.

1 "
2 ——P Falciparum —+P Falciparum
—a—P.Vivax &P .Vivax
— P Malarige —=—P Malariae
—.—pvma]e --&~P Ovale
15 -
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: :
2, 205 A
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8 }'\ £
0.5 i
|
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1 20 39 58 77 96 115 1 20 i} 58 77 96 115
Timeday) Time(day)

Fig.9 Time series solutions of exposed human and infectious human for each type of Plasmodium in one village. The

parameters are K = 10,000, M = 200, The =045, v, =035y, =015y, =005 va =0.45, Yoo = 0.35. Yo =
m 0 ;

hy

0.15. y, =0.05 @ =05 1 =130/ f = 1/60, r, =1/90, § = 1120, 1, = U(5*30), 1y = 1/(5*30), 13, =

1/(3*30), 13, = 1/(6%30). 14, =1/(5*30), 14,
fg, = 1/120. xg_ = 1/60, 16, = 1/100, hpg = 1/12. A= 113, Apy, = 1/28, hp = V17, Joyp= 1/12. oy = V13,

i

1/(3%30), rsf = 1/30. L= N4, 1y =17, I, = 1/17, rdf = 1/90,
m

by, = V28, Ay =117, p1,=1/45.

! —e— P.Falciparum ! ——P.Falciparum
—a—P.Vivax —=-P.Vivax
—P.Malariae ——P.Malariae
—w—P.Ovale
075 —4—P.Ovale 075
2 0.5 I ,:;‘0.5
3
.2 3
g B
L
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os 04
1 20 68 96 115 1 20 58 77 86 115
Time{day) Time{day)

Fig.10 Time series solutions of exposed human and infectious uman for each type of Plasmodium in one village. The

parameters are K = 10.000. M =250, Yy =045, yy =0.35, y, =015y, =005, vy, =045 y, =035y, =
v m :

0.15. y, =005 x=05.r
Yo 1f

1/(3¥30), 13, = 1/(6*30), 14, =1/(5%30), 13, = L(3*30), 1y = 1/30, 15 = V14, 15 = 1/7, 15 = V17, 1 = 1190,

= 1/30, = 1/60, 1, =1/90, §, = 1/120, r, = V(5*30), Ty, = 1/(5*30), 13,=
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6, = V120, 15 = 1/60, 5= 1/100. Ay =112, Ay, = VI3, Ay = 1728, Ay, = 117, hyp= V12 dy, = 1113,

Ay, = 1/28, hy = 117, p1,=1/45.

Furtliermore, we consider the time distribution of infectious human when incubation rates of Plasmodiums do not
included in our dynamical equations.

4 3

4

100houses 150hotises

nfectioushuman
n
nfectious human
~
R S—— ]

’ 03 U s ol 1020, 0 1 ——M

! 1 20 3 58 12 95 1% . 1 20 39 58 7 96 115
: Time(dayj i Time{day)
|
2 2
200 houses 230hauwses
1.5 1.5
5 5
g 5
: 3
3 3
£ £
0.5 0.5
D S2& VI el 0 y vy PV AW P TS Y
1 20 58 17 96 1% 1 2N 39 SR n 9 115
Time{day) Time(day}

Fig.11 Time series solutions of infectious human for the different number of houses in Bi‘ieu\“*'iil;ig_é. The p;i-aiu-e'igis are
K=300. v =045, v, =035 y, =0.15 y, =0.05. Ve, = 0.45. v, =035 v =.0.15, 1y, =005, @=05,

1
T4, =1/(5*30), rq = 1/(3*30). Tse = 1730, 15, = 1/14, 5 = U7 15 =117 1,

ne = 130, = 160, 1 = 1090, 5 = 1/120, 1, = 1/(5*30), 5o, = 1A5*30), 13, = 1/(3*30). r3,= 1/(6*30),

5p = 190. 15, = 1/120. 15 = 1/60,

g, = 1/100, 1, =1/45.

DISCUSSION AND CONCLUSION

We show numerical solutions of owr dynamical equations. The different parameters are considered. Fig.1 show
tilne series solutions of exposed human and infectious human for the different number of houses in one village. Fig.2
show time series solutions of exposed human and infections human for the different trausmission rate of four
Plasmodiums in one village. Fig.3 show time series solutions of exposed unan and infectious human for the different
percentage of infected humans in whom some hypnozoites remain dormant in the liver. Fig.4 show time series solutions
of exposed human and infectious human for the different incubation rates of four Plasmodiums in one village. Fig.5
show time series solutions of exposed human and infectious human for the clifferent rate at which tlie exposed human
change to be the susceptible human in one village. Fig.6 show time series solutions of exposed human and infectious
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human for the different rate at which the infectious human change to be the susceptible human in one village. From the
model outputs, we can see that the epidemic sizes are higher when the smaller number of households, the higher
transmission rates, the smaller percentages of infected humans in whom some hypnazoites remain dormant in the liver,
the higher incubation rates of Plasmodiums, the smaller rates at which the exposed human change to be the susceptible
human and the higher rates at which the infectious human change to be the susceptible human. The epidemic outbursts
are longer when the higher number of houses, smaller transinission rates and simaller incubation rates of Plasmodiums.
Fig.7 to fig.10 show time series solutions of exposed human and infectious human for each type of Plasmodium when
different number of households are considered. We can see that the most Malaria cases are infected with Plasmoditm
Jalciparum, Plasmodinm vivax, Plasmodium malariae and Plasmodium ovale, respectively. Moreover, we consider the
time distribution of infectious human when the incubation rates of Plasmodiums are not considered. From fig.11. we
can see that the epidemic outbursts are longer than when the incubation rate of Plasmodiims are included. The results
of this study will point the way for controlling the transmission of this disease when there is the movement of
populations.
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nthh b41h
b3Dh
d ! 13 ’ 14 ] 7 r
3:5h = ANy, +b3Dy, + by Ey, + byl — byl — (my + vy, TSy, @
d ? I 14 ’
-d_tEh = Yn ISy — (my, + A, + bl)Eh ()
d , , '
EI;‘ = A, Ep, + byDy — (my, 4 byI, eX)
d 7 ' !
7Dh = nbyly —any, + b, +bg) Dy, (2.4)
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4 ) d -1 P ST , P
Taoft Sy, , Ey, , I, wasDy, @usemnstitosdonsaaie , Ussonsiiangoud bimnsadiononde
v da 2 da & . 1 o
14, Uisnnsiiia@e , Vssnnsfifidedaiaeg andiu
aud
munvamaafuogs fdi

1 7 ’
i Sl,) W Ih.Sv El’) Ava I,’,
m,Sy my,Ey, myl;

d ! ! ’ =
5 5v = H—(my +y, [)S, Q.5
d ! t ! !

EEV = vy ISy — (my + A)Ey 2.6)
d ! ’ !

EIV = AE, —myl, @n

o g . dd . . da X, . z

Tauil Sy , Ef nae 1, dhisnougilidssdonaade , snovgeiiaadond himmmtwneaie'ld uas
da w2 o 4

yeildndo amdwn e Ny = S| + Ef + I, + Dy, dhufwmnbzmnnnudifonm

]

v
war Ny = S, + Ej + 15, dludnougniome

o o 3
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» 'y Le » Y o
YoAIW tfeydnwal YoM Taydnual
1 4 @ a 14 - H a
shrmsaenearoriianaa T sangilunnnsfndoriian
doulwnd vingaldsenns Yh are TudonTand bs
o da & v .d < yeia X o
farnlisminIianiFouazauna sanigaasunindidaoua b
' & g I ' F 2 =
dwmoaie 1 lilugiidowionts b, anniatemsaie 18 TUDugitda Ay
a X & : £ yy
fAnre weuaz AuNIRGILNLAIT A
IPINIPES AREDLETIN Nv

EYR) % £ o4 3 oa
ANy En N saua e duRe

dN dN,,
—M=Qua—2=
dt t
! ’ ! ) ye. @ _d d ., d., d -,
vin Ny = §p + Ej, + 1, + Dy, velldh E;Nh —Esh + E]3h +Elh +5Dh

. . , o . X
et nnlsznanimuadumasilddusniovosmnadugudiio A = my
(AraavesdasInsiianay Gasmsnudedssanasudiinnim)
d d d d
1 1 ! o) 1 ! !
mN, =85, + E, + [, wldh—N, ==S, + —E;, +—1I
v \'4 v v dt v dt v dt v dt v
i . 2 . » - . H
dinnniadszmnsiombuind idmeniovesmnnfugudiiie m, = N

v
o o v i a ! . L
(ﬂ'I'r‘l»!ﬂi]Gﬁ1ﬂ1‘5ﬂ1U‘UU~Iq»!lﬂ']ﬂ‘1JUﬂﬂﬁ'lN'iS‘H’JN’MFN'T]UWTIﬂ1'3lﬂfﬂHJJ‘UNQQHUNU'INQHN}HM)

s, Ej I D;
fmualy Sy, = =2 =L p,==2
n=n, BTR TR D=
7 ! 1
_ v _ EV _ IV
Sy=-— E,= I, =—
I\ Ny Ny

. ot
ARNSATANNTG (2.1) - 2.3) Az 2.6) - 2.7) IRamns Imisais

d
o Sh =My + by + (by — b3)E), + (by — bz —nbI,

—(bg +my, + L,ypN,)Sy, (2.9)
Edt' Ey = NplpySpyy — (by + my, + 4,)Ey, @9
2 Iy = by + (A — b)Ey — baSy — (M + ba + b, @
Ed¥ I, = E,A, —m,l, @10
% E, = vp,Nplpm, — (m, + N, L) (m, + A,)E, Q.12)
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a N -1’
dmfurun1svoe Dy war Sy aunsamldnadonluaeluil Sy + By + 1, + Dy = luas Sy +
I+ E, =1

3 WANHIUHAD

P o = . = -
NN 2.8) -{2.12) ’l'x’f’fﬁ'msumuuumammwmnmm§1mmms1:1f U

3.1 9AaHQa

wanRa(ly, Sy, En, Iy, Ey) midnamsdamini @.8) - 2.12) niiugud o'ld
vV
yaauaaaoaforanganislfnnne131im £, = (0,1,0,0,0) uazanizisuiaioi
EZ = ([h- Sh- Eh: I‘., EV) 1ﬁa

by mZnb, (by +mp+ap)+ (L, (b +mp)mynb,
+{((ba+ba+my)NpNyynyy+bamynby )A)A,
~(ba+ba+mn)(bs+mp)my(by+mp+ip)(my+iy)
Npyv(my((bz +bg+mp)(bs+mp)—bznb1)(bs+my+Ay)
+((by +mp+Nyyp) (b2 +bz+mp)(by+my)—bznbi)
+((bz+ba+mp)(by +mip+Nyyn)+(—ba+Nyyp)nb)An)Ay)

Ih =

S, =_ —bg—my +in(bg—bs+1b;)
h = b+ + inNhNvYhYviy in(D1-ba)NyNvYhYvAv
3T g+ N yv) My +Av) (My+Hp Npyv)(b1 +Hlp FAR) (My+Av)

inNnNyynyv(=bz—mp+in(bz—bs+nbi))Ayv

Ep = vy +inNo 7o) B+ Ay + A
(bs +my +—DNnNyYnYvAv in (01 -D3)NRNyYnYvhy
3T My + i N yo) (My+Ay) (My+H NRYe) (01 + 0 +An) My +Ay)
_ inNnYvAy
Iy

- (my+iyNpyy)(my+iy)

— inmyNpyy
Vo (mytipNpvy)(ny t4y)

Taufl 1, Hhusamasvesmims A, ()2 + A,y
h 1\h 2

Az

HANABYBNTIN T HALRRDTBIRUMS Ra I, = 0 uas I, = ™ o
1
b,ménb, (b, + my + Ap) + (bo(by + mp)mynb,

Ay = +((bz + bz + mp)NpNyyRyy + bomynby)An)A,
—(b, + by + myp)(by + mpd)my(b; + my + Ap)(my + A,)
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Npyy(my ((bz + bs + my)(by + my) — bynby ) (b + my + Ap)
Ay = +((by + my + Nyyp)((bs + bg + my)(by + my) — bynby)
+((by + b + my)(by + my + Nyyy) + (—bz + Nyyn)nb)A)Ay)

douluiin
bam§nby (by+mp+Ap)+(bz(by +mp)mynby
4 +((by+bs+mp )Ny Ny YRYv+bamygnb)Apn)Ay
Iy > 0ie Ky > 1, (K, = 23 A . 2y
h 0 » (Ko (bz+b3+mh)(b4+mh)mv(b1+1nh+7\h)(mv+Av))

3.2 AR NN

Armnadvrnmvaagaaugan: finanlugUndnvacmnsveaniadnladon Hadauazmme fa
Fuay wanvinaduaatuiiamadesam  insanmaEneesm: I§nnaint Snsusam:
(Characteristic equation)
det (J — Vi)
n Qﬂmlaamﬂﬁﬁmwflﬁsﬂ51 = (0,1,0,0,0) Y@ AL
(=my = by — by = V)(=bs — my — LynNy — V)(=by — my — Ay = V)(=my = Nl — A, = V) (—my — V)

WIDV = —m, — b, — by, V = ~bg — my, — LyuN,,V = =b, —m,, — 4, V= —m, — ¥, NpJ, — 4,V = —m,

A e | ' = " &
'ﬂU’nuﬂ‘laﬂHm;’laVnﬂﬂuau\'N“uﬂ HAATIATNAAUANINDYTNININD Ko <1

L . . o
2 qﬂﬁxmamﬂﬁ'ﬁnnzisumwaN E, = (I, S, En, 1w, Ey) TRaunsdanyan Al
V54 GV + G V3 +G3V2+ G,V +G, =0
. X . ' ! o, . &
Ardnpaz RNz vananugamelfanrssaiTeiiniiiuay isasandeeil Roub-Horwirz Critesia 44

nraalédal

Gs , >0 G
GG, — G ' >0 3.2)
GsG4Gs3 + GsGy — G,G& — G >0 (33)
Go(GsG4Gs — G — G2Gy) — Gy (GsGF — G3Gy— 2GsG, + Gy) >0 G4
G1(G,(GsGyG3 ~ G2 — G2G,) ~ GE(G5sGE — G3Gy — 2G5G, +Gy) >0 3.5)
Tavfi
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Gs =by+ by + by + by +3Imp+ 2my +ipNw + ExNavp + An + Ay

Gy =baby + 2bymy, + 2b,my + 3mE + 2bymy, + 2bym, + 6mym, + mL + i, BNy, + (b Ny +
ZluthvVh + 2ty Nyyy + 1abaNayy + in by Npyy + 3ipmpayy + InmoNeyvy + EnipNaNp¥nde + badn +
byAn + 2mpdy + 2mudy + i Ny A + LNV An + (by + by + 3my + my + 1 Nyvy + Np¥e + An)A, +
by(by + by + by + 2my + 2my + ixNpvo+ )+ ba(by + 2mp + 2my, F i Nyyp + ElNkyy — by + Ap + 4y)

Gz =bzbymp + bymi + bymf + m} +2bgbym, +4b;mhm.§+ 4b;myry, + 6mEm, + bymi + bymi+

Imyng +iybab Nty;, F ipbympNeyn + i obympNoyyn + 1 ymiNew, + 28,0,m Noyy + 20,6, me Ny, +

4 m,.m.,,N,,.y). + i mIN s + L,,b;b41\,.r,, + 205b;muNLy, + 20 Bymp Neye + 3i:miEN,y, + inbym Noy +

abymuNey, + 3, mym Npy, + 128, B3N N, bRyt {alp By N Npya¥e + 21 ai,m N, A,,m'y,,+

i n i, M NN YR Y + By (baby + by + bymy + mf + 2bgm, + 2bym, + 4m,m, + mi+ xh(b;+ by +

2my + MmNy, + b2(by + my + 2m,, + inlNaYe —Mby)) + bybgdy + bymyp i + b;m;.l,. +mgd +

’b,mtit +2b,m A + dmpm Ay + mid, + i b Ny Ay + MmNy & + 20,mu Ny dp + Dby Ny, An +
abaNeypdi + 2ipmpNey o by + tom Noye di i N Npaw yeds +E Noyamb AL + by (b + b+ by + 2mp +

my + Ny )4, + (3'm,, + 3m, A+ 2(.mu N, )'_ + 1, .’VL.)';: + i Ny + RN Novey + (Qmy +

m,, i, Ny + Ny Yap + b, (2my + m.,,. +i,N,yy + ith)'y +AR) + by(by +2mp+ m, + i Nowy, +

falNeve + ANA+ baOmi + mi 4+ 21,.m Ny + Lom Noy + 126, NeNoye v, — 2m b, — i N, vpnb, —

EaNpyenby + 2m A + Ny A + o NR A ~ b A+ Oy + 8 Npye + 2 Neye — by + Ap)Ag + by (my +

2my + i Novp + 5 :'V,. c+ Ay + Ay )+ my(dm.+ 1 ’\',,)* + 2ip Ny, — nby + A + 24,,))

G, = 2bybymymy, +2bymim, + 2bymim, + 2mim, + bybyml + 2byrymi + 2bymemi + 3mimi +

20 bybymyNoyy + 28 bome v, Ny + 28 Bymym Nyyy, + 2ymEm Ny + EobymENyyy + 1,5, m3N iy, +

2t mymiN,yn+ b bymp Ny, + (hb,mﬂNhr,, + inbgmENLY, + {pmd Noyve + by bym Ny, +

2ipbymympNyyy + 20k bymp My Ny, + 3EamEmyNuyy + inhy By by MeNoyn Yo + i iubampNeNoynye +

 ndy by mMp Nu Ny e + Dty MENNLIR ¥y + iy Ny N Yy + € i by Ny Ny v +

Zlhl,,mhny,N,.vahn +2byhym, Ay + 2bymem A, + 2b,,mhm,,,1,, +2mEmy Ay + bymid, + bym3d, +

2my, nthdy + Z‘VbamvaYn1h+ 2i mympNyry &y + £, mIN Y Ay + EnBy by Yo Ay, + EnbamaNyy,dr +

i nbymuNyypdn + i gmENa oAy + inby MmNy Y dn + inbymyNavpdi + 2ipmamNyypdy + EntybsNpNoyrypdn +
Ealymy N NyRrydn + Dnipmp N N vode + 2i m.,-Nqub A + iniyNeNoypvombydy + (ma(mg +

MmuBGmy+ i Noyy = 31aNpy) + 20Ny Ony — (N, %)) + (nE + mp(@my, + 6, Nyyp — 200 Npy,) +

Nyyn (—ia(=1+ 0, )NpSpyp + (u(my: — i Ny (L + Si)yy, +nb DDA + by (mi + (my — TuNay, Y@ Nyyn +

An) + mpQmy + LNy — 20 Ny + A1) + by (mi + 1Ny (mp — EpNe3) + (my+ Ny, —

EnNpy)Ap+ my@my + PNy, — 20 Npyy + A) + byQmy + o+ 1 Novs — Ny + 2O +

by Rbsmymy, + 2mim, + bymi + 2mpmE + i, bympNey, + inMENR Y + inbyme Ny, + 20mpmy Nyy, +

(bymy +mE + bymy + 2mpm, — ip(by + 2mpINey )4y + by (m(Omy + 1N Y) + (my— Ny +

by (2mp+ i Neyy + Ao) + mp (2, + LNy, + 4,0) + by (my + LNy, — 2monby ~ inNayenby + (o —

lnNth nb Ay + by (2m, + (i Nays + Ap) +my(2my + ENeye + 4,0)) + by (GmENgys +

i NaNoY ¥y = TNy — 26, Ny — ik ioR¥omby — kb NeN i oMy + sy + 20, mN ¥ Ay +

Ermy Ny Ap + Eplp Ny Ny vy — 2mnby A — DpNeymbydy + (—menby + iaNer (-1 + @)V Spyy +

nby = Ap) + (mp— by )Ag + ipNeyr (M + (N (—1 + 51y, — Mby +42))4, +m,£(2mv + Ny +45) +

mh(zm'é + thth(ich'y'n ~nby +4; = 24, + ({,Nyyr —nby + Ay +2my (L NpVis + ExNpy, —nby +

An + lv)) + by (M + 1 Nayy(EoNgyvn + Ap) + (EoNuth — ta Nivp + Ap)Ay +ma@my + ieNayy + 4,) +

myRipNpyn +inNnyy + 24n + 1,)))
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G, = b,,b,‘m;,mé + bgmpmi + bymfm; + mimg + ivbabém%Nth + ivbamﬁ”@Nth +
it.-bamhchvTP + iymEmgNyy + inbabsmymy, Ny + inbgmbmy,Nuyy + L pbymim,Nyy, +
"hmnmv]\ Yo+ inlpby bamthNv'thv + "n"”vb!mhmth Nv)%')’v + "h‘vbamhmth an- Yt
EnfoMEMoNLN i Yo + babymydy + bymymidy + bymamidy, +mimdy + i,bymiNoypdy +
Loy MaNyYr Ay + TndabymeNyyoly + ihbamkmuNthlh + ipbymymy Nyyohy + § gmimy, Ny vody +
Unly b3my Np Ny ¥y rplh + twmnmpNth Yoy + Emalyanby Ay + inimy Ny Noyrvonby Ay +
babymytiydo + byl + bymEmyd +mimods + by bymotdy - tobymmo o dy +
tgb;,m;.m,,N,yh A+ igmim Ny A, — inby bympNey, A, ~ ipbyndNind, — tnbymiN, vk —
lhmn‘r\”n'yvlv— Falpbg by NuNyv Yoy — U aly by NoNovi Vil — B ipbyma NNy YaYpdy —
ity M NL NGV Yo dy + Babgmpdpd, + bympmdpd, + byn,-.,mv)lhlv +mim, A, +
inbymuNynda Ay + LompmyNoYada Ay — in by by Nyyidndy — Lpbamn Ny ¥y dn 4 —
tpbsmpNaypdady — tmg Npyplady — iniobaNaNoynvodady — EriymaNalNoyeyp dndy +
LnbaNeNoSip¥nYodindy — iniuby NalNpSpyayudady — irba @y No N Spmyidad, +
Ermp Ny NpSe¥a Yoo Ay = Erbpmi Ny NpSp¥eedn de — Tn @V NoSipYa Vo dn Ay +
Lalp Na NES 1 1 Ar s = By f-'"\hN-'-r)-rﬁ"r:I}'v.’1 Ay — yly GLI\Y‘;A 2Sa¥d Vendy + ipmpNoynby dpd, —
{aip Ny A'v)'ﬂ'unb Aady + by (B3 + mp )by + m)(m = 3 Nen Ay + my (N, +400) +
by(—mnb, —ixm 1‘\.’,2}4,7]}31 - l.,.N NoSevu e ¥ G pNo NSy YA + 1 e,,l\;.N 5,,)}),,
mmbl,lt + ‘hAnypnbilv +b, (m,, — g Neypdp + ml.( Npyy+ 4,0 + mr(mL 7 ’lt +

m (e ¥e + 40)))) + by (—imENyypnby — ipiymyNy thymlh T ‘vmvNJ’}'-lP- +
‘h‘vmthNvYan’.v'lh manby A — M Nppnbyds — in ‘uNhN Sn¥Evele + ‘n‘thN Suva¥ehe+
Eniy @y Ny NE SV Yo dy — ipmoNoyanbid, + "h‘vNP:Nl.yhyvnbll + 1o Ny Ay, —
iy Ny Nyt Yolndy = Myt dpdy + inNuronby Andy + mi(ms — Enlaydo +my(falery + 40)) +
by (M, + LNoyh + A )M — iy Neypdo + mo(inpyy + 45)) + mp(mi(—nby +4,) +
kY ((—1 + 6,)NSivn + by = A )y~ my(nby — A0 ) Nayy + ) + 1Ny (5 +
IlNR (=1 + Splvede + My (0nNayy +4,))))
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