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Transmission model for Chikungunya Fever in Thailand
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ABSTRACT

Chtkungunya,Fever is the di_sease occurred hy Chikungunya virus. The symptoms-are
. 51m11arly to the Dengue patrents The vector is the Aedes mosquito. Dengue disease différs
to Chlkungunya fever such as there 15 a leak out of blood plasma. The drsease caused by
‘Chikungunya v1rus.whlch is RNA Virus genus alphavirus family Togaviridae. The dedes
raegypt-i' and Aedés albopictus are the 'p.rima'ry' epidemic vectors. When the female
mosquitoes bite and suek blood from the patients with a high fever and virus in the
bloodstream The viruses enter the stomach and increase the number and then enter 1nt0'-'
: the sallvary glands When the 1nfected mosqurtoes b1te the other people they will: leave.:
the v1ruses to the people The people have a high fever about 2-4 days and “viruses
) circulate in the bl_oodstream.. The outbreak of the Chlkungunya virus is studied. by using
mathematical model. The mathematical model is developed from the mathematical model
of E. Massad S Ma et al (2008) which contains no age structure and season. We add the
age structure and season Wthh would make the model more approprrated We apply the
standard dynamrcal modehng method to analyze the behavrors of our solutlons We obtain,
the condltlons requlred of the parameters for the disease free and endemic equilibrium
points to be local asymptotically stable. Numerical solutions are obtalned to support the

theoretical predictions.
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JS; (S;>I;aE:1>I;I’E:2=I;2>E:331:’3) =0

JI; (S;,I;,E* I:I’EzZsIzzaE:vI;) =0

vl?

Qs =1 do @ o
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JE;, (S;sI;sE:l; I:pE:zaI:zaE:a:I:a) =0
Jl;l (S;al;sE:pI:pE:zaIzst:pIza) =0
JE;2 (S:nI;sE:d’I:1aE:2’I:23E:3=I:3) =q

JI;2 (S;’I;’E:ll’I:I’EZZ’I:2:E:3,I:3) =—p,

¥

o g SLLLEL L BT BT ) = 0

JI;J (S;,I;,E;l,I:I,E:2,I:2,E:,3, :3) =0

Ky 501 o LT BT =0

¥, -

= K;;;(Sf.‘,l’;?E:i,131,-E;z;Iizon3-zfis)'?'»fi?;N'TI;s'-" |

K (S0 T Bl B T B 1) =0

~KI;l (S;J;’E:I’ I:1>E:2>I;2’E:3_s 123‘) =0

'KE;Z-(S;aI;SE:pI:i’E:pIzz"E:pI:s) =0

Kdz (S;’I;’E:rlsI:pE*z’I:zaE:ryI:e) =0

v

*

KE:3 (S; s I; s Evl s It,l D E:z ’ I:z s E:3 s I:3) = _YVNTI; - (l“l'v + q) = —YVNTI; - YVNTB4
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Ky, T L Bl L Bl ) =y N, I
Ls; (S;:I:nE:pI:nE:z’I:rzaE:yI:a) =0

LI;] (S:pI;>E:1=I:11’E:'2=I:2=E:3J:3) =0

LE;l (S:x’I;=E:I>I:1:E*2’I:2aE:3aI:3) =0

v

- 3_L}_';,'(SE; 1;_,"1'«:‘_;'_1;1,‘13;2,i;z,Ei3,Iz3j =0.
L. (s;;,I;,E;l,l;,,E’;z,1;2,E33,I;3) =0
Ly, ool Er LB T By ) =0
*Q%@@%&@Jﬁ@@ﬂfﬁ

LI:J (S;’I;"E:IQ I:i,E:g,I:,z,E:,j,I;) =-H,

aaugaane1ilsn E, =(1,0,0,0,0,0,0,0).

- niadoumasndvesauns (3.15)-(3.22) fip
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‘ F"'”h - 0 0 —,B, 0

0 ~HyOy —A 0 HuBy 0

0 YWNr  -uNpB, -2 0 0

0 0 q -, —A 0

R 0 0 N, %

0 0 0 0 q

0 v, N 0 0 0

0 0 0 0 0

32
-1.B, 0 B, |
B, 0 [THN

0 0 0
0 0 0
0 0 0
—p, —A 0 0
0 —#,N.f, -2 0

0 q ~H, =4

fhmmmwmmmmm"lﬁiﬂﬂmsufsfﬁnmswuumé’nymzmww

det(T, —AL) =0

(i + )y + A (B Ny +4)°(A° +a,0% +ah+a,) =0

-

Taeh

3, =0y +(1+ Ny, ,
= (4N )o, + Ny, )

a, = Ny, (—q(Bl +B,+ B3)'Yv +B40'1”3).-

AURNWIZIIZT Ale

A=A, = ks =—p,, A, = _B4P~VNT’ As =—B,pu Ny
aunsam'd Tasnsudaums A2 +a,A* +ad+a, =0

1at a,,a,,a, lowdiaums (3.44)-3.46)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
uag A, A, A,

(3.47)

s = Jo v o
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A' L U a 4 Y] X T Y
MRWIZNZN A, &;, A, szlidnnailuauiioneandosiuifonluse i

i) a,>0
i) a, >0

iii) a,a, >a,.
4 o o
[HoWTAUAI
. v & .
0 ay=ou, +(1+NB)p, Iauiuuinmue,

i) ay =Nyp, (—q(B, +B, +B3)v, +B,ou). Whuvandie

13D or 9B, +B, +Bs)y, _ <l YSofe
B4o-lu'v '

Biow, >a(B, +B, +B,)y,

_-.’q‘.(Nvl + Nv-z' +N 3);5}"}172 N, <1
1 S
iif) 5 23 =3, =qN; (B, +; +B3)va'h +(1+ NTB4)P'V (Gxuh +1,)(oyu, + NoByp,) l‘lhnlij'.)ﬂ

-

Qs os/l os.;' + - . ' .
AIUUNY 3 N’e’]u"l"llﬁélﬂﬂﬁm Routh-Hurwitz ffmsn 9B, EB 2 Pa)Y, <l. HuuaaINga
: . . - Bioys S
2
ﬁJJﬂﬁﬁﬂTJulliTSﬂLﬁﬂﬂSma R, <1, iefnua R, = q(NV‘+NV2+NV3)Y“Z Al
(wy + 1)1, +Qpy

. Y
2) yaauqaan1elinsesa B, (Sh,Ih,Evl,Ivl,Evz,Ivz,Ev3, %)

Taeh

Qs <1 - £ o
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" 1+BJ§1+62132+B31§3 ’

I* — ) (B1I:1 +B21:2 +B3I:,3)
o, (1+ ﬁIIvl +PB,1,, +B,1,;5)

E = (1- Ivl)(Bl vl +B21v2 +B.1 3)
v (B1Iv1 + Bszz + Bs w(A+B,0)+ B4°'1

I _ q(l- Ivl)(BIIvl +[32 v2 +Bs v3)

" (B, B, + Bl w(1+B,6) +B,,)

E* _ (1 IVZ)(BIIVI +Bz v2 +B3 v3)
2 B, Ivl + Bszz +B,1 v3)(1 +B,0,) + 3401

T = L - q(1- Iv2)(BlIv] +Bz v2 Bs v3)
tv2 T Hv((BlIvl +[}sz2 +[33 v3)(1+B40'1)+l340'1)

-El*‘ - (1 Iv3)(BIIv1 +B2 v2 +B3 3)
e (B]Ivl + B21v2 + Bs »)1+B,0) + B401

I* — q(l IVS)(BIIVI +B2Iv2 +B3 3)
o Ky ((B Ivl + levz + Bs »)(1+B,0)+B,0)

=
137

34
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det(J; —Aly) =

[-—u.. a+ Bl I:n + Bz l:rz + Bs I;J )-A 0 0 _p'hBISl.l

0 "“thS; 0 —“hBSS;
H(Bll;l +le:,2 +le:,3) o —H,0, ~X . 0 p’hBlS; v 0 ’J-thS; 0 ﬁhﬂss;'
0 ¥, Nz (I_E;l _I:l) TYVNTI; ~p,N;B, -2 —YVNTI; 0 0 0 -0
0 0 q -, —A . 0 .0 0 -0.
0 1.N; (I_E;z - I:z) 0 Y =Y, Ny I; —1,Nf, -2 _YVNTI; 0 0
0 0 0 0 q -1, -A 0 0
0 YN (I-E; ~},) 0 0 0 0 EYN -p NB,-A —y,N,L
i 0 ' 0 - 0 0 0 0 q ", -
AuRmzizsdnsam laemsudaums |
det(J, —AL)=0 g (3.48)
2
B9
(A +edh+c,)’ (A +bAS +bA2 +bA+b,)=0 ‘ (3.49)
Taeh
¢ =1+ NB,)u, + NTYVI; ’ (3.50)

@ o Co o &
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Ch =NT(B4_M_3 }vv(q+uv)II.), (3.51)
b, =(1+ NTB4)HV Ny, L+, (L4 0, + BT, +B,1, +B,L,), (3.52)
by = No B 1,0 4100+ N, 4 N LT BT B
o, (1, + N.B,p, + NTYVI; +p, (1+ BII:I + Bzﬁz + BsI:a )) , (3.53)
by =pyp, ((1+NB o, +NoByp )+ Nopp, (_—q(ﬁl +By +B5)y, +Bioiip, (o, 1, (B.?ZI +
B.L; +BsL) + Ne(Byp, (6134 + 1, )(BL, ¥ B.L, + B3lj3) +v, (ﬁ (q+qpB, +
46, + Oy, +H, +oyp, +B,(q+(q+ Oibty + L) +B(q+(q+ oy, +1,), ) + Ba(é +
TR, e
By =N B, B Mol 41,0 i+ BT, +‘ébav;c,l;x:3_ )
' +B3YvquII;I:3 + qu'YvR; +qB,y, (I:3 + E:3 )S; +B, (B401H3121 +7v, (I;(q + |
O G+ + AR, + G+ EL)S,)) By Buoindl +1,5 @ 4 o @)

+q(R; +(T,, +E,, S |  (3.55)

AUNWILI1Z24 Ao
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1 . ; — ;
A=A = '2‘_(_11\, =N.B,u, - Ny Iy~ \/ (1, + N B,u, + Nyy Iy )2 - 4(NTB4H3 +qNpy L, + NT’YvPth)

1 * * . * *
Ay = 7\74 = 5(—1% -NBu, - Npy L + \/ (1, + N Bu, + N.v. I, )2 - 4(NTB4I“I'\2/ +qNry I, + NT'YvPth)

&
HAZIUBNIN

“’v + NTBAJ’V + NTYVI; > \/(“‘v + NTB4H‘V + NTYVI;)Z _4(NTB4“"2/ +qNT’YvI;1 + NT’YVP'VI;)
AU A, 0,0, 4, Wiauaue
fnFuARWIZIIZ AsshgAp,he mnsom laemsudaums

A*+bA’ +b,A% +bd+b, = 0. (3.56)

1 a g . q - 3 A -
. Biaustulluaudraeandestonludelud

-

| D b,>0,
2)b,>0,
3) b, 20 uag
.4) b,b,b, > b2 +bb, .

WeIsIisen

o = Jdo a o
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) b, Fsudlunaue

i) b,>0 , mEWNIaRNTANINTNNS (3.54) .
iii) b, 20  INAUMT (3.55)

iv) bb,b, >b2 +b’b,

-4
uaAsNeaugadn1Iz lsnsesuates

Tagh

(Nvl + sz + st)YthN

Vv
R, =R, unumduiugiugiuveclsa

3.3 WamagveIaun1s

wamaﬂmmﬂﬂuﬁauuﬂwmmuﬂs"lmmmmmmsa ﬂ'lflﬁmﬂsllﬂﬂﬂuﬂ@ 70: ‘1J i’)"IEJ
mﬁEJ‘UﬂQEN 7 'J‘L( ‘ﬂ'lu’luﬂﬁﬂ'liﬂﬂ"ll’e)\iﬂd 3 ﬂﬁ\‘iﬁﬂ 1 ’Ju 1 ﬂ’J %Gi]ullﬂﬂﬁﬂﬂﬂ 1/3 M !'Jic'ﬂ -

‘l]é]ﬁﬂ'liﬂullﬂlﬂﬂ 30 U amﬂumsmﬂmﬂwmﬂumsmaﬂﬂmmmmu

331 sy R, <1,

My =1/365x70)fioTu, p, =1/7d0fu, q=1/3d0%y, y, =0. 0000001, , = 0:0000002,

r=1/30¢9%1, Ny =25,000, N, =5,000, Ny, = 20,000, N5 =10,000,

R, =0.00000000359728, R, = 0.0000599773. Namaﬂammﬁmau"lﬂiﬂ
=(1,0,0,0,0,0,0,0).

332 AWl dwmsu R, >1,

ar = do @ o
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up =1/365x70) Ao Ty , u, =1/7de%u, q=1/3d0%y, y, = 0.00001,y, =0.00002,
r=1/30¢9%, Ny =25,000, N,; = 5,000, N,, = 9,800,000, N, 5 = 10,000,

R, =1.00875,R, =1.00438. namaogiirganiie1¢Tsa

E, =(0.000139351,0.00117263,0.00122623, 0.0028612,0.00122623, .
0.0028612,0.00122623, 0.0028612) .

333 M2 dwdy R,>1, o
y =1/(365x 70)siodu, p, =1/7¢0fy, q=1/3d0u, ¥ =0.00001,y, = 0.00002,

r =1/3o_sia*3u, N =25,000, N; = 5,000, N, =20,000,000, N3 =10,000, '
R, =2.05713,R, =1.43427. wamaaamﬁﬁmau’lﬂiﬂ |

E, =(0. 0000683354 0.00117271,0.00122631,0. 0028614 0. 00122631
0.0028614,0.00122631,0.0028614) .

e

& ¥

334 dwmiuanmanfSoudiey Lﬁaﬁmsmmmmﬁuﬁu’qﬁu oR)T
by =1/365x70)do¥u ; p, =1/74d0%y, q=1/3d0%, 7y, = 0. 0000L,y, =0.00002,
: r—1/30ﬂf:]’J‘Ll NT =250, 000 N 1—5 000, sz =1, 000 000 Nv3 —10 OOO

-

33.5 dwmsummsnlSsudion ‘nﬁéﬁ%mumin?hé’m5m‘nﬂdiaﬁam%ﬁnﬂu"lﬂé’aqa
By =1/(365x70)siodu , p, =1/7de Sy, q=1/3d0%, ¥, = 0.00000000005,
r=1/30de%u, Ny =25,000, N, =5,000, N,, = 20,000, N5 =10,000,
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ﬂf‘; 3.2 wamaafmmi (3 15.)- (3 22) nsMuﬁmmmmwuﬁs‘"wnmmﬂu Sh, Ih,ETl,Ivl
AL FMTUR, <1 Tﬂfm Uy = 1/(365x70)ﬂ’e]’m py =1/7 mmu q= 1/3n03u,:

Y, =0. 0000001 Y, =0. 0000002 r=1/30 a9, Nt =25,000, Nvl =5,000,

sz =20,000,N; =10,000, R, = 0.00000000359728,R0 =0.0000599773 .

v ¥ v 9
Hamasgiingan1g 15 1sa E; =(1,0,0,0,0,0,0,0). dadiuvesnuiildomsinite aufinaide
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v 9
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an

9
augaanz15Tsn
37 § X]U" ‘r‘G x10M" B ¢
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MUSIY mmuR <1 Tﬂfm Wy _1/(365x70)¢1mu Ly —1/7ﬁmu q= 1/3d0,

¥, =0.0000001,y, =0.0000002, r =1/30 #oFu, Ny = 25,000, N, = 5,000,

Ny, =20,000,N,;

=10,000, R, =0.00000000359728,R,, =0.0000599773.
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niadouwasnduesszuaums (4.21) fie

—(, +8lI:) 0 0 —SIS;
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0 e,(1-1,-E;) -gI} —(u,+q) -8,

0 0 q —H,
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- Ma(aeg, —p (1, +Q, +1)
& (1y + O, (1, +1) +e,1,)
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b, =qr+py +qu, + 2t p? +1e,L +e,u I +5,(q+1+2p, +&,1)L
i, (2q+T+4p, + 26,1+ 1), (4.34)
by = (q+2p, +&,L) +pi(r+e L)+, (x(q +&,1) +&(q+2r +6,I )L ) +
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) -:,_"'f;l'1ﬁ}w\1§m1ssﬂi-q:_7'»1_}7.»259»;3,_}% ~:h_1u.1sqﬁﬂﬁaﬂqmﬁfﬁym's _(4_..3,2)'._4_:_'  , o
ﬁﬁ'mﬂ?ﬂtﬂuanﬁﬁﬁﬂﬂﬂﬁmﬁau'lwia:lﬂf;
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e, (14T, 4 ES)
=K+p(q+p, + 82AI;‘) +uy(r+g 1) +p, (e, ], +€(q+2r+¢,L)L )+
iy, (2pi +(q+eL )r+g ) +p (q+2r+ 2821; +2¢1)) +g,(qrl, +

sl HES))

iii) b, = (uh +0)u, (q+p, +&,1) + qee, by (141, + E))S;
- o=(u +0p (g t+p, + 821;)7— qe@zl"h +qg &1, (I: + E))S,
= + 01, (@ + 1)~ g8,EM,) + (1, + DL &L + a8, (I + BLS,

=K+ (“’h + r)“’vezl:l +qg g, 1, (IZ + EZ)S;

Qs = do o o
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&
e K=((u, +0u,(q+p,)-gge,m,)

iv) bbb, > b2+ b,
9 4 [ [ EY
daiuia4 [eulyreandes Routh-Hurwitz  fiunansinaaugaaniazIsadesaiini

(o5 N5l R, >1,

9&E, —__ Y NN,
(M + D +01, (U + QR + 0,

NMIANET R, = B TNITRN

Ry= R,

wﬂumﬂuwuﬁwumumaﬂiﬂ u %ﬂﬁﬁﬂﬁﬁﬂ]ﬁulliiiﬂi]uuﬂﬂ”lutﬁﬂﬂilllﬂ R <1

llﬁ”ﬂﬂﬁﬂﬂaﬁﬂn&’Tiﬂliﬂiﬂllﬂ'nmﬁﬂﬂilllﬁl Ro >1
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of
differential equation, which may be nonlihear. In many situations, it is possible to
replaee the nonlinear differential equation by a set of related linear differential
equation that approximates the real_ nonlinear equation close enough to give useful
effects. The method of “linearization” may not always be apprepriated Then the

original nonlinear differential equation must be con51dered The study of nonlmear

differential equation is usually conﬁned to a vanety of spemal cases and we have to

use various approximation methods In this part, we shall’ give an mtroductlon to the‘ :
method which we use in this research. ‘ -
Definition A.1 A point X, € R" is an equilibriulh-point (or stationary point, .

singular point, critical point or rest point) of
X
dt .

o lf f(t Xe) 0 forall t. > t

= ft, X) N N)

If X is an equilibrium pomt of (A 1) at " then_it is an Aeq_uiilibr-iu_m point forall -
* < . . . . . . -

T2t . _ _
Definition A.2 The equlhbrlum point X = 0 of (A. 1) is stable if for every O > 0
and any tie |t thereisa 03(8 to) >0 such that
Iu(t to,y)l < & for every t >t0 .
whenever l yl < 0)(8 to) where ~u(t, 'y) is the solutlon of (A 1)
Deﬁmtlon A3 The equ111br1um pomt X 0 of (A 1) is asymptotlcally stable 1f
1) itis stable and
2) for every t,20 there is an ¢ (t,) > 0 such that

lim u(t,ty,y) = 0 whenever M < € [54] (A2)
t—>

g =t Lo W o
HALAT.WUTU WIFTUNUD



uuuiaesmsssiadmivlsaldihadegaaneludsemeing 138

Deﬁmtlon A.4 The equ111br1um point X = 0 of (A.1) is unstable if it is not stable
In this case there Isaty > 0 and a sequence Y, —> 0 of initial points and a sequence t
such that | u(ty +tm,te, Ym) | 2 v foreverym,t_ > 0.
For more general setting, consider a system of two autonomous first-order

differential equations :

dX
o =g1(XY) | (A3)
Temxy A4

where g; and g, are nonlinear functions. We let ( )—(,?) is the equilibrium point,

then

XY = H&EY - 0 T s
Setting the solution at any time in the form | .
XO = X+x®  @e
» S . . . i
YO = Y + yt). (A.7)

“This method is called perturbation of the equlllbnum pomt We substltute X(t) and

. Y@ from (A 6) and (A 7) mto (A 3) and (A 4)

| ‘i(xﬂ() gl(X+x Y+y) I (A8)
—(Y+y)=g2(X+x, Y+y) ' (A.9)

On the left hand side, we expand the denvatlves and on the right hand side, we
expand g, and g2 in a Taylor series about the equlhbrlum pomt (X, Y). Then we
obtaln . ' , o _ A |
dX dx —

— 4+ — + X +
a T a g81(XY)+g, (XY g1y, (X V)y
' (A.10)

+ terms of order x 2, y2 , Xy and higher,

@ <t dar a o
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dY _ dy S =S =

@ ta = 82&Vien Xixin, XDy
: (A.11)
+ terms of order x 2, y2, Xy and higher,

where glx(;L?) is agxi calculated at ()_(,S_{) and similarly for
g1y (X V), g2, (X V). g2, (X V) and other terms.

s —— =

dt
g (X, Y) = 0and gz(X, Y) = 0. We consider only linear term. Thus from (A.10)

and (A.11), we obtain

By the definition of the equlhbrlum point, we have j—i( =0 dy 0,

& - a11X+alzy,
dt : CA
| v ax+
dt -a21X +goY.

We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by

% o
Y v a1 ap ox oy
JXY = =
(%9 [321 az 98 Oz
N o L lxy
CLetting - U amapay o
B=apan—apay
and Y= o? - 4 -is called the discriminant.

Then the characteristic equation is A2 — g + B=0

The eigenvalues are obtamed from: -

" o;+f

)“1,2 =

CA linéa'r'sy_stem cén have at most one;' e_qulhbnum point; (0,0) if B':‘ detJ 0.
Theorem A.1 The equilibrium point X = 0 of (A.1) is stableif all eigenvalues of

J have negative real parts and every eigenvalues of J which has a zero real part is a

simple zero of the characteristic polynomial of J.

Qs < ‘y o o
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’fhe _beﬁaVior of the equilibrium points of the system of equations (A.3) and (A.4)
can be déte;rmined by considering the different kinds of eigenvalues of the Jacobian
‘matrix.
The different behavior of equilibrium points are determined from the
cﬁaracteristics of eigenvalues of J.
i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J ére complex.
The behaviors of th;: equilibrium points for all three cases are described as
f(SIlov.v's..A_ T _ R -
M The éigenvélueé vo:f T are réail and dlstmct There af-e- three i)éssible behé\;if)rs. |
a. If bbth eigenvalues of ;J afe negative, the equilibrium point will be a stable-

two tangent node (Figure A.1).

- Figure A.1 A stable two-tangent node.

'b.If both eigenvalues-of J are positive; the equilibrium point will be an unstable

two - tangent node(Figure A.2).

@ . Co o o
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- Figure A.2 An unstable two-tangent node.

c. If the eigenvalues of J have oppos1te sngns the critical point will be a saddle

po1nt (Flgure A 3)

VLT

. Figure A3 A saddle point.

‘i1) The eigenvalues of J are real and repeated. There are two pbssible behaviors.

A0
a.If J isdiagonaland J is similar to the ‘matrix as J _[O 'l:, then the

crltlcal pomt is called a stellar node which be stable if k < 0 and unstable if

. 7\,>0 (F1gureA4)

AN

(a) Stable (b) Unstable
Figure A4 A stellar node.

ar a Lo o o
HA.AT. WUTU WATUNUT



wypinesmsssndmivlsaliiadessaeluilssmelng 142

b.If J is not diagonal , then it is not similarto a diagonal matrix. The critical

point is called a stable one-tangent node if A < 0 , and an unstable one-tangent

node if A > 0 (Figure A.5).

@Stable’ " . () Unstable
'4 Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.
_ It is necessary and sufﬁment that y=q? - 4B is negatlve and then
B : ;\'1 2’..-_ oc_+l\/‘
There a;e'sn( poss1ble behav1ors as follows

a.If O0>0 and B >0, then the equilibrium point will be unstable node.
b. If (X, <0 and B >0, then the equlllbrlum pomt will be stable node.
i C. If a <o then the equlhbrlum pomt w111 be a saddle pomt

d If oc2 < 4B and QU > O then the equlhb'rlum point will be an
" nnstable splral node (Flglire A.6). '

¥ o fo o o
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Figure A.6 An unstable spiral node.

e It Aoc2.:<_ 4B and &/ <0, then the equilibrium point will' be a stable spiral -

. node -

arne

—r.

Figure A.7 A stable spiral node.
f If o< 4P and a' 0 mean that the eigenvalues of J are purely i imaginary,

then the critical pomt wxll be a center (Figure A.8).

‘o o @ &
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Fi 1gure A8 A center. |

In th1s sectlon we use the above ideas to apply for systems of n > 2 equations.

Consider
X = (X, X %) wherej=12,.. K (A12)
or in the form of vector notation |
?Ti( = FX) (A13)

for X ; (Xl, X k) and F = (fl,

yoeees Ly ) where each functlon £ depend on all

next step isto determme stablhty propertles of this equilibrium point.

When we llnearllze equation (A 13) the Jacoblan is obtained by settmg

J = —F(Y) (A.14)

where J is a kXk matrix. The elgenvalues K of the matrix satlsfy det( J-— M) =0. We

' obtam a characterlstlc equatlon in the form

K +b1xk Lidb, = 0

(A.15)
The stability of the equilibrium point can be determined without solving the

actual values of eigenvalues by using the Routh-Hurwitz criteria

Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

Take the characteristic equation (A.15), define k matrices as follows

” A ‘o o &
HAAT. WUDY WIATUWUT
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H, =[b,],
b; 1
Hz:[bs bz]’
by 1 0
Hy=|bs by by|
bs by by
[ b, 1 0 0 .. 0
= b; by, b 1 .. 0
| bs by by by, .. 0
[b2j1 bajz boj3 bajy .. b
[ 1 0 - 0
B=|%3 P2 b0
0 0 bik

where the (1,m) term in the matrix H;is

b,,, for 0 < 2Im < k
1 for 2 = m
0 for 2l <m or 2l >fk+m.

. Then all elgenvalues have negatlve real part This means that the equ111bnum S

2 pomt X is stable 1f and only 1f the determmatlon of all Hurw1tz matrlces are positive
‘whichis T
DetHj >0 for j | = 1,2,3,..-.,k.

Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 whtch
-are appeared in the thesis.

For k= 3

We need to show that Det H > 0 for J = 1,2and3.

H, = [b} DetH =b,;-

by 1
H, = [b‘ | ]; DetH,=b,b,- b,,
3 2

as a dos o o
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Jbp 10
Hy=1by "by by} DetH,= bibybs —b2 ~b2b, +b;bs.
bs by by

Since coefficients b, and b, in 3" order characteristic polynomial equation equal
to zero then we have
DetH, = b,
DetH, = bb,- b, and
DetH, = = bybyb; —b = b3 (b, b2—b3)
So the three conditions which correspond to Det Hy > Oforj = 1,2and3
are b, > 0, b, > 0 and bb, > b,.
- Therefore the three conditions of Routh-Hurwitz criteria for local asymptotlcal
stability in 3" Y order characterlstlc polynomial equation are
i) b, > o,
i) b, > 0 and
i) bb, > b,."
Fork=5 '
We need to show that DetH >0 cfor jo.= 1,2;3,4and5.

'_m ,:'-j:‘.
1l

= b DetH =b,, )
H2 = [::1 le’ » DetH,=b,b, - b;,
3 2
by 1 0 5
CHy=|b3 by b;| DetH,-= bibabs b3 —b%by +bybs,
bs by byl
by 1 0 0
H, - by by by |
bs bs by by |
b; bg bs by

DetH, = b;b;bsb, —bib, —bb ~bb2b, +b,b;b, +2b,b,b, —b +b2b,b, —b,b,b,

—b,b,b, +b,b.,

o P da o &
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H;=1bs by by by b
by bg bs by by
~ [bg bg by bg by |
Det Hy =b;b,b;b,bs ~bib,bg ~bibib, ~b,b2b? +b,b,b? +2b,b,b2 — b —b,b,b2h,

+bibs +b’b,b,b, +2b2b,b,b, —3b;b;bsb, —b/b +b,b2b,b, ~b,b3b,
-b’b,b,b, —b,b,b;b, +2b,b,b, +2b’bsb, —b,b2 ~b?b,b,b, +b,blb, -
+bb,b, —b’b,b, +b;b,byb, —blb, —bib,b, +b,b,b,.
Since the coefﬁ01ents bs, b, by and b, in 5 order characteristic polynomial
equatlon equal to zero then we have - | |
‘DetH, =b,,
DetH,=bb,- b,,
DetH, = b,b,b, —bJ —b’b, +b,b;
= by(bb, —b;)-b,(b,b, -b,),
DetH4= b1b2b3b4 —b;b4 —bib —b,b2b, +b,bsbs +2b,b,b; — b2
.. . =b, (bbb - b? 1 bfb4)-b (bb2 bb —2bb +b) o
DetH, = b,bb,b;bs Zblb,b, “b7b2b; Zb.b2b? + byb,b2 4 2b b,b? —b? -
= bs(b,(b,b,b, - b2- lzb,t)b(bb2 b,b; —2bb, +b,))

So the condltlons which correspond to Det H > 0for j = 1,2,3,4and5.

are b, o ’ > 0,
b,b, - b, : > 0,
.b'3(b1b2 _ba) _bl(b1b4_ -bs) ) - > 0,

b,(b,b,b, - b2 - bfb4)-b5(blb§ —-b,b; ~2b,b, +b,) > 0.
- After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz
criteria for local asymptotical stability in 5" order characteristic bolynomial. equation

i) b, > 0(Gi=1,234,5)

1

ii) bbb, > b2+bZ, and

WALAT. AT WRTuRUT
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iif) -(byby —bs)(bybybs —b2 ~b%b,) > b (b,b, —b,)? +b,b?.

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method [13] which is one of the

most widely used methods, and is particularly suitable in cases when the computation

of higher derivatives is complicated. It can be used for equations of arbitrary order by

means of a transformation to a system of first-

order equations. We shall discuss the

solution of three first-order equations, I et this system be

dx
dt
dy
dt
dz
dt

f(x, ¥, 2, 1)
(X, y, z, t)

h(x, y,z,t)

with initial point (x,,y,,z,, ty) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at

Xn+l

. Yn+1

L _eachstepis

n

-

375K -+ 11264k 5 + 10985k 4 = 4104k <
+ 1 3 4

b

20520

n

+-(2375r 1 +11264r ;3 +10985r 4 — 4104k 5
' 20520

(2375s | +11264s , +10985s , — 4104s |
zZ +

n

k, = hf(x ., y,,z,,t,),

-
N
Il

-
1]

hf(x | +1;—‘,yll +

hf(x .

I
4

4_(3k1 +9k,) y
32 ’

> 2y

- 20520

4

+S—‘,tn +£),
4 4

+ (.3r‘

32

+9r,

);Z +(351 +9sz)’tn +3_h_)’
" 32 8

as = do w &
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(1932k | — 7200k , + 7296k 3)
+
2197

4 = hf(x n

, (1922r | - 7200r , +7296r D

n 2197
(1932s 1 - 7200s , + 72965 3) N 2h)
Bt 2197 t 137

. (8341k | —32830k , + 20440k , - 845k ,) ,

k. = hf(x
s = hilx, 4104
(8341r - 32832r , +29440 1, - 854r4)
n 4104
- (8341s | -32832s , + 29440 s3 - 854s ,) oah,
4104
k, = hfx, (-6080k , + 41040k , — 28352 k, + 9295k , - 5643k 5)’

20520

(-6080r L +41040r —28352 1, + 9295r 4" 5643r 5)

" L 20520
. (-6080s |+ 41040s , - 28352s | +92955 .- 5643; 5) "
: ~ 20520 B

and the error for each sfep will be

.k, 128k, 2197k , k,
Error = - - — 4+ —,
: 360 4275 75240 50

I),T,,..., Iy and the error of y value can be evaluated from the above equations.
S15855., Sgand the emor of z value can be evaluated from the above

equations.k, k..., k and error of x by replacing function f with function g and

. function h.

Qs = Lo @ o
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_Rungé-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

as =t do o o
HAAT. WUTU WIAAUNUD
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Dyﬁdmical transmission model of Chikungunya
in Thailand

P. Pongsumpun*

Abstract— One of the important tropical diseases is Chikunkunya.
This disease is transmitted between the human by the insect-borne
virus, of the genus Alpkavirus. It occurs in Africa, Asia and the
Indian subcontinent. In Thailand, the incidences due to this disease
are increasing every year. In this study, the transmission of this
disease is studied through dynamical model analysis.

. KeyWords—Chilcunkunya, dynamical model, Endemic region,
Routh-Hurwitz criteria. .

L. INTRODUCTION

MATHEMATICS have become a major tool for studying the
evolution of vector-bome diseases [1-3]. For instance,

several temporal deterministic models have been
proposed for dengue [4-6], but, to our knowledge, only very
few for Chikungunya [7]. .

Chikungunya is caused by the chikungunya virus, which is
classified in the family Togaviridae, genus Alphavirus. 1t is
spread by the biting of the infected Aedes mosquito. Most
commonly, the mosquitoes involved are Aedes aegypti and

Aedes albopictus. Humans are thought to be the major source, .

.or reservoir, of chikungunya virus for mosquitoes. Therefore,

- -;'th@:_mosquito usually fransmits ‘the disease by biting an -

infected person and then biting someone else. An infected
person cannot spread the inifection directly to other persons. -

Chikungunya is characterized by an abrupt onset of faver
frequently -accompanied by joint pain. Other common signs
and symptoms include muscle pain, headache, nausea, fatigue
and rash. The joint pain is often very debilitating, but usually
ends within a few days or weeks. Most patients recover fully,
but in some cases joint pain may persist for several months, or
even years,

There is no vaccine or specific antiviral treatment currently
available for chikungunya fever. Treatment is applied to the
symptomatic patients and can include rest, fluids, and
medicines to relieve symptoms of fever and aching such as
ibuprofen, naproxen, acetaminophen, or paracetamol,

Chikungunya virus was first isolated in Tanzania during a
1952 to 1953 epidemic [8]. The first appearance of the virus
in Southeast Asia by isolation during an intense epidemic of
dengue fever and dengue hemorrhagic fever in Bangkok,
Thailand, in 1958 [9]. Clinically, the disease can resemble
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Science, King Mongkut’s Institute of Technology Ladkrabang, Chalongkrung
road, Ladkrabang, Bangkok 10520, Thailand (corresponding author to provide
phone: 662-329-8400; fax: 662-329-8412; e-mail: kppuntan@ kmitl.ac.th)*
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classical dengue fever and in dengue endemic countries, this
can give rise to confusion and misdiagnosis. The virus
continued to be active in Thailand until the 1970s, after which
it almost disappeared. - ‘

In 1988 evidence of chikungunya transmission in Thailand
re-emerged, but the pattern was one of occasional outbreaks
rather than severe epidemic disease. In 2008, a total of 2,233
cases of chikungunya fever were reported from 4 provinces of
southern Thailand, Narathiwat, Pattani, Yala and Songkhla. .
The reported cases of chikungunya fever increased gradually
week by week until the end of 2008 with the highest incidence
of about 400 cases per week [10]. e

Studying the mathematical model for Chikunkunya began
in 1970 [11]. After that, there is no study about the
Chikunkunya model. Because there is the re-emergence of this
disease in 2007, the study of the model for this disease is
started again. N.Bacaer [12] studied the basic reproductive
number of this disease by considering the mosquito
population. In 2008, Y. Dumont and F. Chiroleu [13]
formulated the mathematical model for human and mosquito
population and find the stability condition for the disease free
and endemic state. : : B

The abundance of the mosquitoes in Thailand depends on

. the season- and the temperature - of -the environmeiit. In this - R
-~ paper, we formulate and- analyze the . Chikunkunya’ model by -

incorporating the effect of the season which ‘effect 'to the =
number of the mosquitoes in-Thailand. : : '

II. MATHEMATICAL MODEL

Our model classifies the human into three epidemiological
states:

S, is the number of susceptible human,

I, . is the number of infectious huriian, .

R, is the number of recovered human. )

We assume that the total human population (Np)is constant,
and Np =S; +T, +R, . :

The mosquitoes are classified in three classes:

S,; is the number of susceptible vector in i season,

EVi is the number of exposed vector in i season,
Ivi is the number of infectious vector in i season,
when i=1,2,3 if

i=1 means winter season ,
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.i=2 means rainy season ,
i=3 means summer season.
We obtain the following system equations

ds
d_th =AN; —(u, + Yul,)S,

dl
d—: = 'YhS.th —(llh +r)Ih >

dR
dth =rl, -, Ry, M

ds .
“=A, -, +p)S..,
dt i (yv h “’v) vi

dE .
— =y S I ~(u, +q)E. .
dt YV vi“h (”'v q) vi

dr,
Vl=E._ I

where I =1, +1,+1,

with :

A is the birth rate of the human population,
My is the death rate of the human population,

Y is the transmission rate from vector to human population,
I * is the recoverey rate of the human population,
A, is the constant recruitment rate of the vector population

at the i season,
H, is the death rate of the vector population,

Y, is the transmission rate from human to vector population, .
q  is the rate at which the exposed vector change to be the

- - infectious vector. - - T . o . L
Using the fact N, =S, +1, +R,, N, = Su+E,*1,,
N, =8,+E,+1,and N, =S, +BE+L, arc ..

constants. We let _h=s—h, I_h=I—h, E=£,
T NT T
J— E —_
Svl — Iivl s Evl — Nvl , 0= II\{IVI , sz — .;vz
vl vl vi v2
Bo=t R, =Re 57 5 5o Ba,
- Nv2 _Nv2 'NVJ . Nv3
R,, - '
R,=—2. - '@
v3 Nv3 ) (

The total human population and the numbers of vector in i®

. Scason are assumed to be constant, then the rates of change for
all population equal to zero. From setting the rate of change
for each population equals to zero, we obtained

A=k, Ny =A, /iy, Ny, = A, /j1, and
N,=A,/p,.

Then the normalized equations become:
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ds, LN, +LN_+I.N. S
d—th =, =, + 1, (I,N,, +I,N,, + LN,)S, »

dI S F T 1
Tth- =Yn Sh (Ilevl + Iv2Nv2 + IV3NV3) - (p'h + r)Ih ’

@, o _
dtVI = YV (I—Eﬂ —Ivl)IhNT _(p'v + q)EvI >

dlI

d;l = qEVl _p'vIvl ’ (3)
Bl _

dtvz = YV(I_EV2 —IVZ)IhNT —(p'v +q)Ev2 ’
I, — —

dt2 =qE,-p,I,,
dE ,

@ = WU-Ea—T )L Ne~(n, + @),

=qE
dt q v3
where
Ry =1-S8p ~In, S_“=1—Evl—ﬂ, §=1—§+E
nd S, =1-E,~L, )

III. ANALYSIS OF THE MODEL

A. Analytical Solutions

*

The eduilibfium étatc_s ‘(S;‘,-I; BT LE:, JI,.E., ;) are _
found by setiing the right hand side of (3) to zero, then we”
obtain: E;.=(1,0,0,0,0,0,0,0) as the'disease free equilibrium

state and B, = (8,1, E .1, B, 1, B0 I as the endemic. -

equilibrium state:
where

L 1
Sh = p . - £ ] ?
1 + ﬁlIvl + BZIVZ + BJIVJ
¢ (L +BT, +BL)
" o (1+B I, +B,1, +B51;3) )
E; - (- I:l )(B[I:{‘*' ﬁzﬁ;z + BSI:J)
. " (BII:I + p21;2 +B;1,)(0 + ﬁ4§1)'+ ﬁ4°'-iv o

’ I‘l- _ q.(l - I:l)‘(BlI;l ""lezz + BsIzs) ,
’ K, ((BIIVI + Bsz_z +B5L,)(1+ B.oy) +B40,)
E'. = (l - I:z )(BII:II + BzI;2 + Bsﬁa)
® BB, +BLL)+Be,) + B0,
I = q- 1:2 )(BII:I + BZI:IZ + BaI:J)

” K, ((B[I:l + BzI:z +B, 1:3 )1+ B40'1) +B,c)) ’
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(-L)BL, +B,15; +B,I,)

(ﬁllvl + ﬁzlvz +B,1 3)(1 +B,0,) + B4Gl
q(l- Iv3 )(BlIvl + Bszz +B, v3)

B, ((BIIVI + levz +B,1 v3)(l +B40)) + 540'1)

*
vi T

*

vi

where
N, YuN, N, .t
Blz 1’B2= 2’B3=Yh 3’B4=u !
b h h YyNr
and Gl=uh+r.
1y

The characteristic equation of (3) for the disease free

equilibrium state is

(1 + A0, +A) B Ny +1)° (A +2,0% +ah+2,) =0

where

a, =oil, + (l + Nr&a)“v ,

a=H, « +ANT‘34 )Cflllh + NTBALV) s

ay = Nqp, ("Q(Bn +B,+B,)y, +Bom7).

The eigenvalues are _ )

hy=—p, Ay =Ry=—p, Ay =Rhs =—Bu,N )

The remaining three eigenvalues can be found from equation
A’ +a, A’ +al+a, =0.

From the Routh-Hurwitz stability condmon the eigenvalues

Ag,A; and A4 are negative when

ya,>0,

2) a, >0 and

3) aja, >a,.

“The first condition a, = o, ph + (1 + NTB 4 )uv is always

'_' posmve The second condition,

Tp“h( q(.Bl + Bz + Bs)'Yv + B4 1“v) is posmve »
when 1346.Hv >qB, +B, +By)y, o
q(N,, +N,, +N, )YhY\le
(uy +1)(u, +Qp;

The last condition, =N (B, +B, +By)v,1, +
1+ NB)p, (o1, +1, )Xo, +NoBp,) is always

positive.
From our evaluatlons we found that all elgenvalues have

- negative real parts for R, <1. By the local stability theorem
[5], the disease free state is local” asymptoncally stable for
R, <1.

The characteristic equation of (3) for the endemic disease state

(A*+eh+c, (A +bA* +b,A> + b +b,)=0

where
6= (l + NTB4 )l"’v + NT'YvIl: >

€ =Ny By +7,(q+p,)L),

0=

> a,a,—a, =

b, =(1+N.B,)u, + NTYVI; (o + BII:'I + BZI:'Z + B;I:,;) s
b, =Np(B.ul+ Y (@+p, L)+ Ho(p, + N, + NTYVII.I)
(+BL, +B.L, +B,1) + o, (1, + Ny B, +

NTYVI; +p, (1t BxI:n + BzI;z + BzI:rs)) >

by =p,p, (1+NyB, oy, +NoBp, )+ Nop, (—q(B, +

B2 +Bs)y, +Bouip, (opabt, B I, + B, + BsLs)+

Ny B, (0,84 +1,)B,I, + ﬁzl:z + BJI:S) +

(5@ +qBs +q0, + o, +1, + o, +B(@+ @+ o, +p, )LL)+
B.(@+(@+oum, +1)0,) + By (@ + o, +11,)1,) + (B, +B, +B,)R; +

by =Nupy (=q(B, +B, +B,)v, +B,oyu2) + Nop (aByy, I, +qy,0,1, +

GlyvuvI; + ﬁ:&B«tGll"’fI;S + qBa'YleI;I::& + BJYvHvdlII.z I:a +
qBJ‘YVR;} +4qB,7, (I:a + E:; )S; +B (6451P-31;1 +7v, (I; (q+
o (q+p, )I:n) + q(R' + (1:1 + E:n)S. )+ B, (B4°'1“3 ;2
+7, (L (@+0,(q+p,)T,) +q(R; + (Ivz + Evz)S )))

The engenvalues are given by
A’l = A'2 = E(_p’v _NTBd""v - L. . d .
_'\/ (1, + NBp, + NTYvI;)Z - 4(NTB4”'3 + qNTYvI; + NTYVPVI;)

1
)\,3 =X4 =E

TYVI;

(—“’v - NTB4“V - NTYVI;

0ty + NoBatt, + Ny, 1) —4(N B + QN7 L, + Ny L)
Since
B, +NBu, + NTYVI; >

VO, +Noyp, + Ney L) = 4(NoBas? + NG, + Ny o, )
So, Xl,lz,lp}\, are always negative.

- The remaining eigenvalues are: ‘calculated from

A."+b7\.3+b 2.2+b X+b =0

‘ '.From the Routh—Hurw1tz cntena the elgenvalucs 7\,5, 16,).

‘and l are negative when
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)b >0,

2) b, >0,

3) b, 20 and

4) bbb, >bl +b’b,. :
From the calculations, we found that the above conditions
satisfied when R, >1.So the endexmc dlsease state is local

asymptotlcally stablllty for R, > l

" B. Numertcal Squttons

In this section, we use the numerical methods to simulate the
results .of system (3). The comparison for the different
threshold conditions (Ro) of the endemic equilibrium state is
presented.  The parameters in this simulation are:
., =1/(365x70) corresponds to the life expectancy of 70

years for human, q=1/3 correspond to the 3 days which the

exposed vector change to be the infectious vector,



r=1/30 correspond to the recovery of 30 days, p
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=1/7

correspond to the life. expectancy of 7 days for vector [ l 1].
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N —25 000 N,, =5,000-, N 3 =10, 000
i— 1/(365x70) per day, p, = 177 per day, r=1/30 per day,
q =1/3 per day, y, =0.00001,7, =0.00002.
a) R, =1.00878. The fractions of populations spiral

to the-endemic state (0.000139935, 0.001 17262,
0.00122622, 0.0028612, 0. 00122622, 0.0028612,
0.00122622, 0.0028612). -
- b) R, =2.05713. The ﬁ'actlons of
populations spiral to the endemlc state (0 000068335, 0. 001 17271,
0.00122631, 0.00286139, 0. 00122631 0. 00286139

0. 00122631 0. 00286139) ' _ -

IV. DISCUSSION AND CONCLUSION

The transmission of Chikunkunya in human and mosquitoes
is studied through the method of dynamical modeling. Routh-
Hurwitz stability condition is used for determining the
behavior of the population. The threshold condition Ry) is
found to classify the stability property of each equilibrium
state. We compare the dynamical behavior of each individual
population in fig.1. We can see that the shorter days of





