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Research Title: Mathematical model of Malaria transmission by age group of patients and
season in Thailand

Researcher: Asst.Prof.Dr.Puntani Pongsumpun

Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Malaria is an infectious disease caused by biting of an infective female Anopheles mosquito. This
disease is occurred by the parasite genus Plasmodium. There are four species of this parasite causing
malaria, namely, Plasmodium vivax, Plasmodium falciparum, Plasmodium ovale and Plasmodium
malarige. In Thailand, most Malaria patients are due to Plasmodium vivax and Plasmodium
Jalciparum. Plasmodium vivax malaria differs from Plasmodium falciparum malaria in that a person
suffering from P. vivax malaria can experience relapses of the disease. From the data of Malaria
patients in Thailand, we found that age and season influence to the transmission of this disease. In this
research, Malaria disease is studied by formulating the mathematical model includes the age group of
patients and season in Thailand. The mathematical model is developed from the mathematical model
of A Kammanee et al (2001) by adding the age group of patients and season in Thailand. We apply the
standard dynamical modeling method to analyze the behaviors of our solutions. We obtain the
conditions required of the parameters for the disease free and endemic equilibrium points to be local

asymptotically stable. Numerical solutions are obtained to support the theoretical predictions.

Keywords : Malaria, Mathematical model, Disease free state, Disease endemic state, Local stability.
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' a g A - -
AIUBIMNTIIALS flD N, 1,000 , N,=9,500 , w, =1/(365%65) day”, 4, ~1/(365*65) day,
D=40,000, v, =1/365*2 day , y,=1/365*1 day”, &=1/365*15,p,=1/25.
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1 =Y d A - -
MVBIMITIIADY AID Ny =1,000 , N,=9,500 , p, =1/(365*65) day, d, =1/(365*65) day

D=40,000, v, =1/365*2 day ", y,=1/365%1 day', &=1/365%15,pu,=1/25.
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[] a 4 - -1
AUBIMITADT AD N, =1,000, N,=9,500 , u, =1/(365%65) day”, ¢, =1/(365%65) day ",
D=40,000, v, =1/365*2 day , y,=1/365%1 day’, &=1/365%15,p,=1/25.
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1 a 4 - -
A1UeImITines AB N, 1,000 , N,=9,500 , u, ~1/(365%65) day 4, =1/(365*65) day,
D=40,000, v, =1/365*2 day , y,=1/365*1 day’, &6=1/365*15,p,=1/25.
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F4
winlimesaell p,= 1/365%65), (B )= 0.000001, e= 0.0001, S;= 1/(365%4), S,=
1/(365*3), 83= 1/365*5), 8 = 1/(365*5),B= 1/(365*5), p,:= 1/25, Ay = 1/14, (B, )=
0.000002, M = 100, N, = 1000.
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1 v

Taviidmuamailinosaell py= 1/365%65), (B,)= 0.000001, e= 0.0001, S,=
1/(365*4), Sp= 1/(365*3), S3= 1/(365*5), 8 = 1/(365*5),B= 1/(365*5), p, = 1/25, A, =

1/14, (By)=10.000002, M = 100, N = 1000.
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fafl up= 1/(365%65), (By)= 0.000001, €= 0.0001, S;= 1/(365*4), Sy= 1/(365*3), S3=
1/(365*5), © = 1/(365*5),B = 1/(365*5), w, = 1/25, A, := 1/14, (By)=0.000002, M = 100,
N, = 1000,
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s ilnosdel uy = 1/365%65), (Bn)= 0.000001, &= 0.0001, S,= 1/(365*4), S,=
1/365*3), S3= 1/(365*3), 0 = 1/(365*5),B= 1/(365%3), = 1/25, &, = 1/14, (B, )=
0.000002, M =100, N;=1000.
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Tnefifuamdinodsed wp= 1/(365*65), (Bp)= 0.000001, &= 0.0001, S;=
1/(365*4), ‘S2= 1/(365*3), S3=1/(365*5), 6 = 1/(365*5),p = 1/(365*5), ny = 1/25, X'V =
1/14, {8,/)=0.000002, M = 100, N = 1000.
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w151ﬁma§ﬁ'ﬂﬁy up= 1/(365%65), (Bh)= 0.0001, &= 0.0001, S;= 1/(365*4), S,=
1/(365%3), S3= 1/(365*5), 0 = 1/(365%3),p= 1/(365*5), = 1/25, A, := 1/14, (B, )=

0.0002, M =100, N = 1000.
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b

wsdlimesaell pp= 1/(365%65), (Bn)= 0.0001, €= 0.0001, S;= 1/(365*4), S,=
1/(365%3), S3= 1/(365*5), 6 = 1/(365*5),p= 1/(365*5), p,:= 1/25, &, = 1/14, (B, )=
0.0002, M = 100, N = 1000.
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Wdnes Al nup= 1/(365*65), (Bh)= 0.0001, €= 0.0001, S;= 1/(365*4), S,=
1/365*3), S3=1/365*5), 8 = 1/(365*5),B= 1/(365*5), p, = 1/25, Ay = 1/14, (B, )=
0.0002, M = 100, N, = 1000.
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] b4

Taghtmuawislimesaadl p, = 1/365%65), (B )= 0.0001, £= 0.0001, S;= 1/(365*4),
8= 1/365*3), S3= 1/(365*5), 6 = 1/(365*5),B= 1/(365*5), p,:= 1/25, A, = 1/14,
(By)=10.0002, M = 100, N ;= 1000.
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v v

TavfidmuamilinesAsil py, = 1/365%65), (By)= 0.0001, £= 0.0001, S;= 1/(365*4),
Sy= 1/365*3), S3= 1/(365*5), 0 = 1/(365*5),B= 1/(365*5), uy:= 1/25, A, = 1/14,

(By)=0.0002, M =100, N, = 1000.
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] a Ay A o a 7w dy
semsdae TaenmyruamslinesAasil py= 1/365%65), (By)= 0.0001, &= 0.0001,
S1= 1/(365*4), Sy= 1/(365*3), S3= 1/(365*5), 8 = 1/(365*5),p= 1/(365*5), p, = 1/25,
Ay = 1/14, (B, )=0.0002, M =100, N, = 1000,
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] 9y
TashAmuamsdinesAafl py, = 1/365%65), (B, )= 0.0001, £= 0.0001, S;= 1/(365*4),
Sy= 1/(365*3), S3= 1/(365*5), O = 1/(365*5),B= 1/(365*5), u,:= 1/25, A, = 1/14,
(By)=0.0002, M = 100, N, = 1000.
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H Y
Tavfidmuamsilinesaell py, = 1/365%65), (B )= 0.0001, €= 0.0001, S;= 1/(365%4),
Sy= 1/(365*3), S3= 1/(365*5), 6 = 1/(365%5),B= 1/(365*5), w,:= 1/25, A, = 1/14,

(By)=0.0002, M =100, N, = 1000.
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fudiidesdomsfate Tavismuamnlinesaadl p, = 1/365%65), (By )= 0.0001, €

0.0001, S;=1/(365*4), S,= 1/(365*3), S3= 1/(365*5), 8 = 1/(365*5),B = 1/(365*5), Wy :

1/25, &y 1= 1/14, {B, ) =0.0002, M = 100, N, = 1000.
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! tf v o o Jo dy
tomeawe A Taohdvuamsilinesaadl p, = 1/365%65), (By )= 0.0001, &= 0.0001,
S1= 1/(365%4), Sy= 1/(365*3), S3= 1/(365*5), 0 = 1/(365*5),p= 1/(365%5), u, := 1/25,
Ay =1/14, (B, )=0.0002, M = 100, N, = 1000.
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1 tﬂy Y A o a o dy
wazdmsacigneare 14 Tashimuamsilinesdsil py= 1/365%65), (B, )= 0.0001,
e= 0.0001, S;= 1/(365*4), S,= 1/(365*3), S3= 1/(365*5), 6 = 1/(365*5),B = 1/(365*5),
vi=1/25, &y = 1/14, (B, )=0.0002, M = 100, N, = 1000,
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9/ 4 ] 9
nAneuazsanonendeld Taoiidmuamnidmesaadl u, = 1/365%65), (By)=

ee

0.0001, €= 0.0001, S;= 1/(365%4), S,= 1/(365*3), S3= 1/(365*5), 6 = 1/(365*5),p=
1/(365*5), wy = 1/25, A, = 1/14, (By)=0.0002, M = 100, N, = 1000.
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Tavfitmuamsilinedded u, = 1/Ges*65) (Bn)=0.0001, £= 0.0001, S;= 1/(365*4),
Sp= 1/(365*3), S3= 1/(365*5), & = 1/(365*5),p= 1/(365%5), p,:= 1/25, A, == 1/14,

(B )=0.0002, M =100, N = 1000.
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g { S U @ v { o ) Jd o y
uiniweilsfaeg Tasiidmuawindinesiall p,= 1/365%65), (By)= 0.0001, &=

0.0001, S;=1/(365*4), S,= 1/(365*3), S3=1/(365*5), 0 = 1/(365*5),B = 1/(365*5), Wy =
1/25, &y = 1/14, (B,)=0.0002, M = 100, N, = 1000.
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T 9/ v 9
nugeiidosdemsnwe Tasiidmuamsiiinesasdl p, = 1/365%65), (B, )=0.0001, &=

0.0001, S;= 1/(365*4), S,=1/(365*3), S3=1/(365*5), 6 = 1/(365*5), B = 1/(365*5), Wy =

1125, Ly = 1/14, (By)=0.0002, M = 100, N, = 1000.
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Tnefismuamsiimesdad = 1/(365%65), &=0.0001, S;=1/(365*4), S,= 1/(365*3),
S3=1/(365*5), 6 = 1/(365*5), = 1/(365*5), p, := 1/25, Ay := 1/14, M = 100, N, = 1000
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Ao a o o dy
Tagntmuawisilinesaadl pp = 1/(365*%65), £=0.0001, S;= 1/(365*4), S,=1/(365*3),

S3=1/(365*%5), 6 = 1/(365*5),p = 1/(365*5), u, == 1/25, X’V = 1/14, M =100, N,= 1000
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Tnefidmuamsiinedfas k= 1/(365%65), £=0.0001, S;=1/(365*4), S,= 1/(365*3),
S3=1/(365*5), 8 = 1/(365*5),p = 1/(365*5), n, := 1/25, 7\.IV =1/14,M =100, N;= 1000
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Tﬂaﬁﬁmuﬂwwﬂﬁmafﬁqﬁy pp = 1/(365%65), £=0.0001, S;=1/(365%4), S,= 1/(365*3),
S3=1/(365*5), 6 = 1/(365*5),B = 1/(365*5), Wy :=1/25, 7»'\, =1/14, M =100, N = 1000
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v’iv’yu wdiaeeiu Taehdmuamsidine sl iy = 1/(365%65), &=0.0001, S;=
1/(365%4), S,=1/(365*3), S3=1/(365%5), 6 = 1/(365*5),B = 1/(365*5), ny = 1/25, 7»|V =
1/14, M =100, N, = 1000
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Arduitugiug et Tasitmuamsfinoddad ip = 1/(365%65), &=0.0001,

S1=1/(365%4), S»=1/(365*3), S3= 1/(365*5), 6 = 1/(365*5), B = 1/(365*5), ny = 1/25,

My =1/14, M =100, N, = 1000
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* (t = | 8(BhI*V (t)NV)
hy ('y [+ BT (t)NV)(Y Aty )+ (DN

1
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p’VSI*V (t) 8(Bhfkv (t) )
(-1, () (raray)m, ( p ol (N, ) (vay ) +88,1 ()N,
)

pedl (t)[(YJ+8+dh+BhI*V(t)NV)(YA+dh)+SBhI*V(t)Nv]=8(BhI ()N )( I )(y A+ +8) BNy

* * *2
(YJ+5+dh+ﬁhI v(t)l‘lv)(YA‘“dh)”vI (1) + 8B, Ny T (t)=(BthI ~BNy T v(t)) ¥ +3) By,
) YA+dh Bth

. >
(vy+04dn ) (v )1 o (O +(r4+0, +5) B, Nyyl NOE (BthI B, Ny i .

(YJ%h)(YAMh)“VI*V(t)+(YA+dh+8)BhNVuVI*2v() B (v, )BT ()-8, (17048 )BthI*Zv(t)
o)y, (a0, + )i ()
Ny ()T (93,0, (14980 (9

L) (14, iy -3 (172, 8)80%, ], (9]

)
+{(vA+dn +O)Br Nty +BRNy (74 +dp +0)ByNp | T v (1)

(t) ([ vy +6+dp (Y A +dh)uv -By N (Y Aty +6)BVNh} [(y A +dh+8)Bh Nypy +Bh Ny (vA +dp +8 BthJ (t)) =

Y
Y

% %
datiuazld 1

v (t)=0 ung

(vy+0+dh) vA+dh)uv BpNv (YA h+6)l3vN } [(VA+dh+6)Bthuv+Bth(7A+dh+8)Bth}I*V (t)=0

I
[(va+dn+3) B Nvity BNy (YA +dn-+8)ByNp | J(1)= —[(YJ+5+dh)(YA+dh)Hv—Bth( +d +5)Bv ]
[(vA+dn-8)BnNyky+BnNy(7A +dn+8)ByNn [T () =By Ny (15, +5)ByNy ~(vy+5+dn) v  +d; Juy
’ (- By Ny (¥4 +dp, #8)ByNy —(13-+5+dn) (v 5+ )y
(0, +8)B, Nypy +8, Ny (7, +d +3)ByN,
' - Ny (1, +8)B,N —(w+8+dh)(vA+dh)uv
(1 +BN (70 ¥y +8)B, Ny

*
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El(l , 1 v] 1 4
h,’ by avdl

o BNy 10y 18BN, —(rrsedn) (v, Juy
(v +ByN h)( v 5y, +8)By Ny

* ) s(pyt"y ()

A (YJ oy 4B, T (t)Nv)(y A+ )+3B, T (ONy
N (YA+dh)(BhI*v (t)NV)

(t - % *
hy (yJ+6+dh+BhI v(t)NV)(yA+dh)+8BhI , (ONy

EY dy [
i]’]ﬂ"l!ﬂﬁi]ﬂﬁﬂ']flclﬂﬁﬂ'ngig‘l]’]ﬂﬁ@ﬁfl I v >0
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o BhNV(YAer #8)ByNy, ~(17+3+dn) (1 #dp Jtv
Y (v +B, )(v A+dh+5)BhNV
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BNy (yA+d +8)BV (YJ+5+dh)(YA+dh)Hv o

(HV"'BV h)(YA+d +6)Bh
(yy+8+dn) (v 5 #d}, )1y >0

BNy (¥ 5+, +8)ByNy -
Bh ( +d +6)BVN >(YJ+5+dh)(’YA+dh)

fdufe Ly >0 e
BhNV (yA+d +6)BVN >(YJ+5+dh)(YA+dh)
BNy (¥4, 8)ByN}
>1
(y7+3+dh) (YA+dh ) Hy
. DO >1
4 By Ny (75 +d, +8)ByNy
e 0=
(y3+8+dn) (v A+dh)l~lv
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1 LY o
A1V UMIN 1A ANNTEABULIANE (Characteristic equation)

det(J-M3)=0

A < a ¢ @ o
o %!ﬂu!uﬂiﬂm!@ﬂaﬂy'ﬂlmuqﬂ 3 x3
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det(J—M3)=

det(J—M3)=(—(yA+dh)-x)( (7J+6+d

~(va+dy)

*
BI Ny

ByNy,

(v 5y )2
0
BVNh

~(BuNL BNy (~(v4
=0

BN, BN, T
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5
Bl Ny ~(vy +oidy )

*
BVNh - BVN’hI v

5 0 |
(v +5+dy) BNy
Bth %

b 0

BVNh —hy —A
b 0

—(yJ +5+dh)-x B, Ny
BVNh —Hy —A

)
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(—(y A+dh)—x) (— (v, +5+dy ) —k)(—uv 1) +8B, NyByNy —(BVNhBhNV (—(y A%y —x)) =0
((Y Aty ) (v +ordy )+ (v (g +5+dh)x+x2)(—uv ~2)+3B, NyByN,
—(BVNhBhNV (~(v +dh)-x)) -0
—hy (v ) (1 + 84y )iy (140 2 1y +a+dy J-pyh?
1,44y ) (v +8+dy )~ (v, 1y )2 (1) +8+d, 2223 =0
py (v 4 1y ) (17 + 3+, iy (1 5y )2y (v + s+, A
(yp+d ) (1 +6+dh)+(yA+dh)x2+(yJ +3+dy 22422 =0
34y 15+ 4 +5+d, [n? +|:pv (v4+dy )+ iy (v +8+dh)+(yA+dh)(yJ +6+dh)]x
iy (yA+dh)(yJ+6+dh):0
Smualn

Cay =y 1, HTy 4542y

ay=hy (ratdy) wv(r 5dg) (rasdy)(ry 5+

ay = Hy (YA+dh)(YJ +8+dh)

AMa, =0
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det H1 =2

det H2 =22, - as
_ 2

det H3 =aja53; —a 3

=3 4 3 '
reugalin et Ininelile determinants Y84 Hurwitz matrices Hanuaiieusiuian

£
LYY

= ~ < A
JUU ﬂqﬂﬁﬂJﬂﬁﬁJﬂ'ﬂMLﬁﬂﬂiﬂW‘lﬂ@ﬂm’t’]
detH1 =2 >0
det H2 =a,a, —a >0
_ 2
det H3 =253, —a 3 >0

9

~ A v Y oA
wmimmau"lmmmmu

N5 a; >0

VN &) =py +7, +7;+842d, wuhiynweriues a >0 AU detH, >0/

WITUT a3, ~ay > 0

3

ajay —ay=[uy +7, +1; +5+2th[pV (14 )y (1 +6+dh)+(yA+dh)(yJ +8+dh)i|

y (14 )y + b+dy )

= [YA+'YJ+8+2dh][uV (yA+dh)+uV (YJ +8+dh)+(yA+dh)(yJ +8+dh )}

2y (YA +dh)+u2V (YJ +8+d, ) +Hy (yA +dy, )(yJ +8+dy )'Mv (YA +d, )(YJ +oed, )

=l AwJ+5+2dh}[uV (144 )1y (75 +5+dy )+ (1, )(vy +8+dy )}
+u2v (yA+dh)+u2V (yJ +8+dh)

' o Y
‘WU'J’W!ﬂWfI]ﬂ’GUEN a1a2 —8.3 >0 ANUUY detH2 >09a78

A1 a >0

2
1823372 3
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413783 ‘a23 =83 (ala2 ‘33)

_ +d 6+d 1 Jd & ™)
10 ay=Hy (YA h)(YJ + h) NWUNNANIUUD as >0 Uag aja, —ay >0 U

A h 2 g o )
ﬂﬂa1a2a3—a 3 >0 ANUY detH3 >0

¥ Y
a Y 1 . . ) o s
mﬂms‘wmimwﬁau'lwnﬁuwmw determinants Y84 Hurwitz matrices mmﬂmnﬂmﬂu

' Y Y = = A
vanuaasnaaugameldanng 13 Tsatianuadosnimiie D, <l

v A o ) * * * A
fgﬂfmﬂamtflmﬁmazizmmsmailz"lm;ﬂﬁuﬂaEl(I L V} 119
A J

\ (t)zﬁhN v(17 7y +8)ByNy ~(13+5+dn) (v, +dy Juy

Ly (i +BoNy )[4 0y +5)B, Ny

r(1)= S(Bhl*v (t)NV)
hy - (YJ +8+dy +BhI*V (t)Nv)(yA+dh)+5Bh1*V (t)Ny
I*h (t)= (YA+dh)(BhI*v (t)NV)

* *
Y J (ONy (14 )+ 88,1 (N

9 ~ a d o dy
%'lmﬂmmmmmncvmu

. 1) W R = 4 . o - do o 4
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~(vo*dy) o

* * ®
A J

0

A

* % * *
BVNh'BVNhI v BVNh_BVNhI v _BVNhI h 'BVNhI h —Hy
- - A,
—(y A+ )-x B 0
* * * *
FA=l Bl Ny Byl VNV—(YJ+5+dh)-x Bth[l—I o ]
AN
® * * *
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~(v4*d, ) 5 0
det(J-A15 )= Bl Ny BT Ny —(1y +5+d; )x Bth(l—I*h —I*hJ
A

* * * *

det (321, )= _—(y A+dh)-x][-BhI*VNV -(vy +8+dh)-x}{—BVNhI*hJ -BVNhI*hA - p.v-?»:l
+[s]{[3th {1 _I*hA _I*hJ H[BVNh-BVNhI*V J
_:BVNh ~ByN I }{ﬁth [1 —I*hA —I*hJ ﬂ[-(y A+dh)-x]

—Hy _x}[ﬁhI*VNV][S]

* *
i hy hy

% * *
det(J-ﬂ,I3)=[—(y A+dh)-x][-ﬁh1 VNV—(yJ+6+dh)-x]{—BVNhI " ByN, I " —pv-x}
* * *
+3B, NyByN, ~88; NyByN, I " - 58, NyByN, I . — 3B, NyByN, I
* * * %
+8B, NyByN, I T . +3B, NypyN, I T

VhJ

+[BVNh _BVNhI*v]{BhNV —BthI*hA ‘BhNVI*hJ }[(YAerh)H}

* * * * * *
+ByN, 88,1 Nyl hJ+BVNh8BhI NI hy HuydBy 1 Ny+hopy I Ny
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3 542 2 2
det(J %13)—-7» -OA -Sth-2dhl -d hx+8N NVBhBV+XN NVBhBV+d N NVBhBV
2
-XSYA—)» yA-?»dhyA-thNVBthyA-X yJ—thyJ-XnyA-SXuV-X uv-ﬁdhuv

2 *
'2)‘dhuv'd hUV'SYAHV'M'AMV'thAHV'M’JHV'thJHV'YAYJPV'SXNhBVI h
AIN Byl -84, Ny Byl 26d, N, Byl 42 N BylT 3N, NyB, Byl
ANpByl - -od Nyby pPvI AT Nyl - -ONp NybyPy

ha ha hp h h

* * * *
')‘NthBthI hy 'ththﬁthI hy 'SNthYAI hy 'thBvYAI A

* * *
-d Nth'YA hA 'NthBthYAI hA 'XNthYJI hA'ththYJI b

% * 2

2 * * % * %
-d hNhBVI h] -5NhNVBhBVI h] ‘XNhBVYAI h_] 'ththYAI hJ 'NhNVBhBVYAI h_]
AN I d.N I N N T AZNB, I Ad, NyB I
MNpByy h, hPv] hJ- thYAYJ hy vBpl M NVBLL | AdpNVBT

* * *
'éNhNVBhBVI V'XNthBth d N NvBth KNvBhYAI V'NthBthYAI v

* * * * *
+6NVBthI V‘XNvBhlvle V'dhl\lvf’hﬂvI V‘YAN_vBhHVI v+28Nth[3thI hAI v

*
425N, Ny Byl T
Sagalaumsinioz 14

3 2 _
A +b17L +b2)»+b3 =0
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* * *
b1—5+2dh+‘yA+yJ+pv+NhBVI hy +Nh[5vl hy +NVBhI v

_ 2
b2—8dh+d h-Nth[ihBVHSyA+dhyA+dhyJﬂAyJ+8pv+2dhuv H A By HY gy

* * * * * *
+3N, By1 +2d, N, 1 +N Ny By, By] N, Byl N, Byyyl +8N, ByI1
hPv h* hPv hNvPRPY hPvTA hPvY] hPv
hp hp ha N hy hy
* * ® * * *
+2d, N} By hy +Np Ny By Byl iy +NpByvAl hy N Byl hy SN B+ Ny L

* * *
AN NGB By NGB 1AL +NyBpiyL

by =8Ny Ny By By-dy Ny NyBy By Ny Ny Byy o +8d iy +1 A 1siy v sy Hdp YAy
2 * 2 * * *
13y by Ay F BN BT NGB BN NGB BT +dy Ny N BByl
A A A A
* * * * *
RN BV TAL | HNByTAT | N NGB B AT +a Ny, AN
A A A A J
* 2 * * * %
N ByY A7) " % Ny By . 3N, Ny Byl . +dy N Byy Al . N, NyBy Byt Al .

% * * * *
+dy Ny By ! hy ANy By¥ AT by 3Ny NP Byl | +dy Ny NyByByl N NyBBytAl

% % * * * % *
+dy NyBpmyl |+ ANyBpiyT | 28N NyBy Byl hAI L ONByy L 28Ny NyBy By hJI y
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b 1 0
b, 1
H, = (b)) H, = by b, Hy={by by B
0 0 by
21214
detHl=b1
detH., =b,b, -bs
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detH; =b;b,bs b2
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k4
Y a

Wy yeaugalianumdesnmideiie

det H1 = b1 >0

det H2 = b1b2 —b3 >0
_ 2

det H3 = b1b2b3 -b 3 >0

14
v

a A Y 9
wmsmuwu'lmmmumu

TERBLR by >0

>0

* * * ' J
DN by=8+2d; +y, +1;Huy N, By 1 i +N, By b Ny I, nudigoneives b,

Yy v
LYY

A detH, > 0 a8

W15 byby =by >0
bybyby=8N, N, B, B, +d N, N, B, B +N.N.B, B v, -8, -dip Sy, -dyy, 1, Ay YA Tt
SN L, -ENB T BNNB BT NN BB L NS v L -dN.B v I,
NN, B, 7l DB 1T, B, 1, -BANB T -IN,B T SN, N, BB T
&, NN, BT, SN, B, v, L, - N, 7, B Ny N, BBy, Lo A NuB v T N v, 7,1,
SN, N, BB, L-d, NN B, B T-NNB, By, [+8N, B, 1, L, N B TINB vy I
+28N, N, @hﬁvxgéx}zalthqv BB I L&+ 2d,r AR NGB T N ﬁvz;

2 - . o . ] 1 -
N B LN+ +7, 18I 4 i, SN B, TN B, 7, LN LB, s T, (B,
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' A
WUN b1b2 —b3 >0 (B

SN, N B, B+ NN, B, B NN, By B -Belypt -, 87 1 7 -yl 7, T3,
5, Ny B, Iy, -diNB Iy, SN, N.B, B Iy, -dp Ny N, BB In, SN, 7, Iy ~dpNyB, 7, I,
NyN, BB, 7. In, Ny vTe, NyB 7, 7T, -5 NuB, I -diNuB Ly -SNLNL B B Ty
-y Ny NGB, BT BNy B v, I - NuB, 7, T Ne N, BB, 7 In, Ny B 7y Te, NuB 7, 7
SN, N, B, B, L-dy Ny N, BB, L-NyNB, B 7 [ +ON, By 1, [-dy N By NGy v u I
+28N,N, B, B I LL+28N, N, ﬁhﬁ‘,I;JI:+(6+2dhﬁA-%*{J-I-uv%-NhﬁvI;;_%—Nhﬁvlzj

NG A7 7 7m0 it SN B, LN, 7 TN By, Loy (B

2 PN T, 2N B T N B NGB, (B )@ 1 N B (1T T L)
>0

v
Ao SN, N,B, B +d, NyNB, B +N.N.B, B, +ON, By 1 LH28N, N, B,B, I L +28N; N, BB, I e

HEH2dy e NGB T NGB T AN B I8y O, T Tk N, B, LN B L
4y (5 1 2 NGB T AN, T AN BN B (7 1) T ) NGB, (B 4
- |

N 2 N : s - X *® ® = ® 2
U TR Y Ty dyt, U N T B T ththIhA N6, IhAT ON, N, Bhﬁvl}l;.:r dy N, N.B, B, Ih&
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NGB Ty, NGB T NG BN B, T 42ty oy, NGB T +1N,B T N, B, 1)

109U luteduazii v detH., > 0@8

- 2
NI blb2b3—b 3 >0

bybybs —b%3 =(bby ~bs )3

191949910 byby —by >0 SRy by >0 ezl byb,b “b2. >0 Thufe

3 3

1N

b3='8NhNVBhBV'thhNVBhBV'NhNVBhBVYA +5dhl~lv+’YAYJHv+thJllv+thAllv
2 * ) * % %
+OY oy +d Ty +8d) N By T " +d”p N, Byl " +8Ny NyBy Byl " +dy Np NyBy Byl 0
A A A A
* * * % %
+8NhﬁVyAI . +thhBVyAI " +Np NyBpByral N +thhBVyJI h +8thhBVI .
A A A A J
N ByT oY)l hy +d7p Ny Byl h, +3N} Nyp, Byl hy +dp Ny Byvyl hy N NyBLByY Al hy
* * * * *
+dp Ny Byl hy N By ATl hy +8Np NyBy Byl V+thhNVBhBVI V+NthBh[3VyAI v

Ay NyByiyl |+ o NyBpuyl | -28N; NyBy Byl hAI L ONYBLRyL | 28N} Ny By By hJI v
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'aNhNVBhBV'thhNVBhBV'NhNVBhBVYA +8thv "”YAYJMV+thJHV+thAHV

+5YA“V+d2hHV+5thhBV
*
+6NhBVyAI 0 +d NhBVYA
A
®
+NhBVYA'YJI h +d NhBV
A
*
+ththY]I hy N ByY oYy

®
hNVBhHVI v +YANvBhHV

2
8d, ty+Y o YyhyHdp Y ply Ty Y ARy FOY ARy pRvtody Nth

*
+3N} N B, Byl hA+d WN Nvﬁhﬁv

*
[ -20N, NyBy Byl

h +NthBthYAI
A
%
hy +6NhNVBh[3VI

*
I by +8N, Ny, Byl

*
N NyBByv Al hA+d AR hA+6d Nhﬁv
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may
not always be appropriated. Then the original ﬁonlinear differential equation must be
considered. The study of nonlinear differential equation is usually confined to a variety of
special cases and we haVé to use various approximation methods. In this part, we shall give
an introduction to the method which we use in this research.

Definition A.1 A pointX, € R" is an equilibrium point (or stationary point, singular
point, critical point or rest point) of
dX

= = fX) (A1)

k

if f(t,X,) = 0 forall t >t .

If X, is an equilibrium point of (A.1) at t", then it is an equilibrium point for all
Tt

Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every 0 >0 and
any t, c gt thereisa @(d,ty) > 0 such that
|u(t,t0,y)‘ < b for every t =t
whenever ’ Y | < o(8,ty) where u(t,y) isthe solution of (A.1).

Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if

‘1) it is stable and -

2) foreveryt, 2 0 there is an €(t,) > 0 such that

lim u(t,tg,y) = 0 whenever M < g [54] (A.2)
t—o0 :

o
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| Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In
this case there is a t; > 0 and a sequence Y, —> 0 of initial points and a sequence t such
that |u(t0 +tmstos>Ym) ‘ > vy foreverym,t = 0.

For more general setting, consider a system of two autonomous first-order differential

equations :

dX :
—=81(XY) (A.3)
dt -
dy
— =82(XY) (A4)
dt ‘
where g and g, are nonlinear functions. We let (X,Y) is the equilibrium point, then
a(XY) = XY = o (A.5)
Setting the solution at any time in the form
X® = X+ x(t) | (A.6)
and . .
YO = Y + yt). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t)

from (A.6) and (A.7) into (A.3) and (A.4) ,
dit()_(+ X):gl()_(+ X, Y+) (A.8)
%(?+y)=g2()_(+x,§+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we expand

g; and g, in a Taylor series about the equilibrium point (X,Y). Then we obtain

dX  dx ol e 55
— 4+ — = + +
% @ 21X Y) +g1, (X Vx+g1, (X Yy
(A.10)
+ terms of orderx 2 , y2 , Xy and higher,
T dy i
— + = = +
-t XY +5, XDxte, XDy
(A.11)

+ terms of order x 2 , y2 , Xy and higher,

o o - o | ' o o W &
nunaemindiamaasveamstsuia lsmnaZoawnqueiguesdihouazagnia tuysenang dromansnisd as. Wusil wadduiud



174

where glx(}_(,?) is %1 calculated at ()_(,?) and similarly for

g1y (X Y), 824 XY, g2y (X-{() and other terms.
By the definition of the equilibrium point, we have Ccll_f =0, i—? = 0,
g1 (X, Y) = 0and g2 (X,Y) = 0. We consider only linear term. Thus from (A.10) and

(A.11), we obtain

ax ajjx+a
dt 411 125
oo ar1X+§8
dt 21 225
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
| %1 %8
> v a1 412 ox oy
IXY) = =
& L21 azz} %8 %2
YRy
Letting a=aj] +ay
P=ajjagp —apay]
and Y = o — 4 1is called the discriminant.

Then the characteristic equation is 22— o+ B=0

The eigenvalues are obtained from:

oc:t\/;

A =
1,2 )

A linear system can have at most one equilibrium point, (0,0) if p=det J=0.
'Theorem A.1 The equilibﬁum point X = 0 of (A.1) is stable if all eigenvalues of J
have negétive real parts and every eigenvalues of J which has a zero real part is a simple
zero of the characteris’,cic polynomial of J.
The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be
determined by considering the different kinds of eigenvalues of the Jacobian matrix.
The different behavior of equilibrium points are determined from the characteristics of

eigenvalues of J.
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i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.
Case [ The eigenvaluesof J are real and distinct. There are three possible behaviors.
a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two

tangent node (Figure A.1).

1

.

Figure A.1 A stable two-tangent node.

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).
Figure A.2 An unstable two-tangent node.

o o ] 1 1 4 ar [ 4
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c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).

Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

A0
-a. If J isdiagonal and J is similarto the matrix as J =|iO }»:l , then the

critical point is called a stellar node which be stable if A < 0 and unstable if
A >0 (Figure A.4).
J

\T/x ~L7

(a) Stable (b) Unstable
Figure A.4 A stellar node.
b.If J isnotdiagonal, then it is not similar to a diagonal matrix. The critical

point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

o
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o
Nt
X

(a) Stable (b) Unstable
Figure A.5 The one-tangent node.

iii) The eigenvalues of J are conﬁplek.

It is necessary and sufficient that y = o? - 4 is negative and then

:ocii\/:
2

M2
There are six possible behaviors as follows.
a.If >0 and B > 0, then the equilibrium point will be unétable node.
b.If X <0and B > (0, then the equilibrium point will be stable node.
c.If OL <0 then the equilibrium point will be a saddle point.

dIf o? < 48 and OL >0 , then the equilibrium point will be an unstable

spiral node (Figure A.6).

° = ' 1) - . I'e o do o
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'_‘/

)

Figure A.6 An unstable spiral node.

2

e. If o® < 4p and X <0, then the equilibrium point will be a stable spiral

node

/YN
Lx’

]

Figure A.7 A stable spiral node.
£If o? < 4B and = 0 mean that the eigenvalues of J are purely imaginary, then

the critical point will be a center (Figure A.8).

VR ¢
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
%i'(‘ = £i(X1, Xg s X))  Wherej=12,....k (A.12)
or in the form of vector n_otation
i FX) (A.13)

for X = (X,X,,...,X,) and F= (£, £,..., f) where each function f; depend on all or
some Y, Y,,..., Y,. The equﬂibrium point Y is obtained by solving F(Y) = 0. The next
step is to determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
0 5
J = &F(Y) | (A.14)
where J is a kXk matrix. The eigenvalues Xof the matrix satisfy det(J—Al) = 0. We
obtain a characteristic equation in the form
b hiby = 0 (A.15)
The stability of the equilibrium point can be determined without solving the actual
values of eigenvalues by using the Routh-Hurwitz criteria.

Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

Take the characteristic equation (A.15), define k matrices as follows:
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. 180

Hl—[bl]’
by 1
H,= ,
b3 by
b; 10
H,=|by by b
[ by 1 0 0 0]
b b b 0
gi=| O3 2 1
bs by bs b,y 0
baj-1 bajp baj3 by b |
[y 1 0 - 0
by by, by - 0
H=| 3 %2 0 :
0 0 - by
where the (1,m) term in the matrix H, is
b, for 0 < 2lm < k
1 for 21 = m
0 for 21 <m or 2 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium point X
is stable if and only if the determination of all Hurwitz matrices are positive which is
DetH, > 0 for j = 1,2,3,.,k

Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which are

appeared in the thesis.

Fork=3;

Weneed to show'that DetH; > 0 for j = 1,2 and 3.
H = [b; DetH,=b,,

b; 1

H, = by by ; DetH,=bb,- b,,

b; 1 0 :
H,=|bs by by | DetH,= bjbyby b2 —bTby +bbs.

o a g o ' oy ¥ 1 ¢ w A do w &
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‘Since coefficients b, and b, in 3" order characteristic polynomial equation equal to
zero then we have
DetH, = b,
DetH, = bb,- b, and
DetH, = bybybs —b2 = by(bsby —bj).

So the three conditions which correspond to Det H; > 0 for j = 1,2and3are
b, > 0, b, > 0 and bb, > b,

Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability
in 3" order characteristic polynomial equation are |
) b > 0,
i) b, > 0 and
iii) bb, > b, |
Fork=5

We need to show that Det H, > 0 for j = 1,2,3,4and5.

H = [bl; DetH,=b,,
| by 1 '
H, = by by ; DetH,=bb,- b,,
by 1 0
H,=|b; by by| DetH,= bbybs—b3 -blby +b;bs,
bs by bs
by 1 0 0
b3 by by

*|bs by by by
b; bg bs by |
DetH, = b,b,b,b, —bZb, —b2b? —b,bZb, +b,b,b, +2b,b,b, —b? +b2b,b, — bbb,

-b,b,b, +b,b,,

o a a y ] 1 I'e o do o o
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bg bg by bg bs
Det H, =b,b,b,b,b, —b3b,b, —blzbj.b5 —b,b3b2 +b,b,b3 +2b,b,b2 b3 —b,b,bZb,
+bibg +brb,b,bs +2b7b,b,by —3b,b,bb, —b b2 +b,b2b,b, -b,blb,
—b{b,b,b, —b,b,bsb, +2b,b,b, +2b?bb, —b,b? —b’b,b,b, +b,blb,
+b7b,by —~b’b,bg +b,b,bb, —b2by —b’b,b, +b,b;b,.
Since the coefficients by, b7; b, and b, in 5% order characteristic polynomial equation
equal to zero then we have
DetH,=b,
DetH,=bb,- b,,
DetH,= b,b,b, —b3 —blb, +b,b;
= b,(b,b, —b,) b, (b,b, —b,),
DetH,= b,b,b,b, —b’b, —blbl —-b,blb, +b,b,b, +2b,b,b, — b2
=b,(b,b,b, - bi- b’b,)-b,(b,b5 -b,b, —2b,b, +b,), |
DetH,= b,b,b,b,b; —l’9§b4b5 -blbib, —~b,bib? +b,b,b? +2b,b,b2 —b]
= b,(b,(b,b,b, - b2 - b’b,)-b,(b,b —b,b, —=2b,b, +b,))

So the conditions which correspond to Det Hj > 0 for j = 1,2,3,4and5.

are b, _ > 0,
bb, - b, : > 0,
b,(b,b, —=b;) =b,(b,;b, —=by) > 0,

b,(b,b,b, - b2- blb,)-b,(bbl ~b,b, —2b,b, +b,) > 0.
After we rearrange all above inequalities, we gétv the conditions of Routh-Hurwitz
criteria for local asymptotical stability in 5" order characteristic polynomial equation |
D b > 0(G=12345)

i) bbb, > bZ+b’b, and

e
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iif) (b,b, —bs)(b,b,by —b2 =b%b,) > by(b,b, —b;)? +b,b2.

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method [13] which is one of the most
widely used methods, and is particularly suitable in cases when the computation of higher
derivatives is complicated. It can be used for equations of arbitrary order by means of a
transformation to a system of first-order equations. We shall discuss the solution of three

first-order equations. Let this system be

dx
— = fx,v,zt
” X, Y,z 1)
dy

= X, ?Z’t
it g, ¥, 2,1
dz
— = hx,v,z,1
T X, ¥,z 1)

with initial point (x,,¥,,2,,t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each

step is
(2375k 1 +11264k 3 +10985k 4 — 4104k 5
Xp+1 = Xp ¥ ’
20520
_ + (23751‘ 1 +11264r 3 +10985r 4 - 4104k 5
Yn+1 Yn 20520
(2375s | +11264s , +10985s , —4104s |
Zn+1 = Zn +
20520
where

k, = hitx,,y,,2,,t,), -

k r S h
k, = hfix +-L,y +1,z +L t +2),
2 ( n 4 yn 4 n 4 n 4)
k, = hf(xn+(3k‘+9k2),yn+(3r‘+9r2),zn+(3sl+9SZ),tn+§£),
32 32 32 8

3 a v 1 1 i'd o dor o &
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(1932k , — 7200k , + 7296k ;)

k, = hflx _ +
¢ & 2197

, (19220, - 72001, +7296r )

" 2197
g, 4 (9325, - 72005, +7296s ;) | 12h
2197 13

(8341k , — 32832k , + 29440k , - 845k ,)

k. = hf{lx _+
’ & 4104

, (8341r , -32832r , +29440 1, - 854r,)

b

n 4104
2+ (8341s , - 32832s 421(—;4,29440 s, -854s ,) ,t. +1h),

(-6080k | + 41040k , — 28352 k, + 9295k , - 5643k ;)
20520 ’

k, = hf(x , +

, (-6080r | +41040r , —28352 1, + 9295r , - 5643r ) ,

Yoo - 20520
, ., (:6080s | +41040s , — 283525 , +9295s , - 56435 ;) +g)
" 20520 Tr 9”7

and the error for each step will be

k, 128k, 2197k , +k_5
360 4275 75240 50 °

I,,0;,..., Igand the error of y value can be evaluated from the above equations.

Error =

S ,A Sy, Sgand the error of 2z value can be evaluated from the above
equations.k,,k,,..., k¢ and error of x by replacing function f with function g and function

h.

Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations
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Malaria transmission model of juvenile and
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Absfrac—A majov public health problem in Thai
populatien is due to Malaria, This disease it caused by
the multiplication of protozoa parasite of the genus
Piasmodinm;  Plasmodinm  fulciporum,  Plasmodinm
vivax, Plasmeodinn malariae and Plasmodium ovale,
Maluwia is found aleng the border with Burmm,
Cambodia and Malaysia. There are the different
wansmission rates of this disease herween Thai juvenile
and adult humans. In this study, the transmission of
Malaria s considered by using Marhematical model.
The analysis of this model is given by merhod of
standard  dynamical modeling, The local stability
canditions are shown fo point the way for decreasing the
ourbreak of the disease.

Eeywords—Plasmodinm, stendard dynamical modelin 3,
equilibrinm states, Malaria, local stabilify.

I INTRODUCTION

Malaria 1s 2 coumgions disease in the tropical
countries. The infected parasite caused by a single
cell in the class sporozoa, genus Plasmodinmm. There
are four species; P. falciparon, Pyvivax, P.ovale and
P walartge. In Thailand, the most people has
infected with P. faleiparum and Pyivax] 1]. Sick due
to this disease causes significant economic loss. The
Anapheles mosquito is the epidemic vector for this
disease. The contact of the disease from an infected
mother to the fetus is rare. In the first two months of
life, children may not contact mulatia or their
manifestations may  be mild with low-grade
parasiteniaf2], due to the passive immunity offered
by the maternal antibodies. The contact of the disease
by means of a blood wansfusion may be found in
cases where the donor density of malaria parasites in
the blood is low and no svmptom. Situations of
global temperatures rise affects the life cyele of a
mosquito vector[3}-[3]. The period of mosquito egzs
and larvae molt growth as a mosquite can wke 7-1¢
days. The average life expectancy of the mosquito is
45 days. In Thailand, Malaria is found along the
border with Butma, Cambodia. and Malaysia. The
most Malaria patients are found in Songkhla, Yala,

978-1-4577-2190-8/11/826.00€2011 IEEE
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Mae Hong Son, Tak, Kanchanaburi, Prachusp Khiri
Kban, Chumphon. Ranong, Chanthaburi and
Narathiwat. The symptoms of Malaria parients appear
afier the Plasmodinm incubates in the body. The
period of incubation for Plasmodium depends on s
type, about 10-14 days. The period of incubation for
Plasmodium vivax is higher than  Plasmodium
Jaletparum, In 2009, number of patieats who be
infected with Malaria are 23,327 people. There are
13,616 and 9456 cases who be infected with
Plasmodtum vivax and  Plasmodium  falciparun,
respectively[5]. In Thailand, there are the different
transmussion rates of this disease berween juvenile
and adult humans [6]. Pongsumpun and Tang [7] had
proposed mathematical model for the transmission of
Piasimodiim Vivay Letween  human and mosquito
pepulations bur they did not consider the different of
this disease between juvenile and adult humans,

. MATHEMATICAL MODEL

The transmission of the disease between human and
mosquitaes is considered by formulating the
mathematical model. The human is divided into two
groups; juvenile and adult humans. The adult gronp is
the group of people who age not less than 15 vears
old. The human and vector populations are separated
into susceptible and infectious classes. The diagram
of the ransmission is presented in figure 1.
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1b) For the vector population
Fig.1. Flow chart of the model.
Each population size is assumed to be constant. The

dynamical equations of bhuman and mosquito
populations can be explained as follows:

zs}h {t) =#Mh +-,»AI;% (t) .w.',fﬂ;' (x) “ph{.. (t] §1 ( l) "dzes; (t) )]
d : s

;I;u (9=6z (9509~ Wy {4- . (9-4 . ] )
d Fon g

4 (0, -, -2, 0 .

where S; (t) .I; (r) and ll,-:. (:) are the number of

susceptible, infectious juvenile and infectious aduli
human populations, respectively. The parameters in
the above equations are definzd as follows:

My, is the birth rate of human population,
d 4 i the death rate of human population,
Ny, is the total hunan population,

B3}, is the transmission rate of this disease from vectar
to humoan,

Yy is the rate ar which the infectious juvenile human
can be susceprible again,

¥ a 15 the rate at which the infectious adult human
can be susceptible again,

O is the rate at which the juvenile luman became to
be adult human,

B‘, 1s the transmission rate of this disease from
humna to vector,
L.. 15 the death rate of human population,
5 pop

D s the constant recruitment rate of veetor
population,

since P. vivax infection 15 non lethal, the death rates

will be the same for all human classes and we will

have v
N, = $h (r) + E;} (t) IS th (t) .
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The dynamical equations of the vector population are
desenibed by

=4, (=008, -0 1, 04, 05,0 @
= O HOR O ERCRT O

£ 4
where § (!) and 1 (r) are the number of
susceptible and infectious vector, respectively.
£ ffy .
X, (f) e () is the total vector population. The
total human and vector populations are assumed to be

h d-\Yu
=0 and —— = 0.
& dt

Since ¥y = S; (‘) - Z; (‘)'*’ I;.a. (‘) .

therefore the new equation becomes:

3

&
constant. Therefore

4 4 s & 4o 4
=N, =8 (Je—=1 ()+—1
a a:h"dxhz(’]dtﬁ:

(). ®
'+
The rate of change in each class is equal to zero.
Setting the right hand side of {6) to zero, we abrain

N =dh (birth rate. equals to death rate). From

N, =S: (')—3‘ (,) the new equation i defined as
follows.

Inem S (2L @

dt dt dt
In the same manner, setting the right hand side of
(7) to zero, we obtain g, - PN, (Morality rate equal
to the ratio between the constant recruitment rate and
the total number of vector). This gives N, =Dy . We
populations;

the aormalized

Sy (x):ﬁ:h (1),
: .
L, ()= . (;‘)..»'.-\‘-h,rhﬁ (r)z}iA ()1

S, =5, /N, and !.\.:If;..;«‘; . then (1)-{5) can be
rewrittan as

4 \ ‘
=1 (=i, ()-(y, -4, 12
& ry (! “a, 1) (7, =4y )

. 0

4 . . . K
Zlas (1) =By I, (23255 (:)m(yJ +&dy ']!33 ()

B

1, (=8, {Ih, (o) A, {'zm,Jsv {) -yl (1)

gn

v ¢ o o dy o &
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The dynamical equations for S (1) and 5, (1) are

not necessary because
Sp (t)*zh‘! (s)+1hA (t)=1and s, (z),zv (¢)=1.

HOI ANALYSIS OF THE MATHEMATICAL
MODEL

A Equilibrion Points

The equilibrium points are obtained by setting the
right hand side of (8)~(10) equal to zero. We get two

equilibrium points, the disease free state Eg (0. 0._0)
7

and the endemic disease swate = {2” NUNRY
Uiy iy v
oby by

where

v B (g )5 24 - (rpeamas) (v 554 ),

1
h (i, +8,80, ) (34, <) BN,
1)
.
. 8 (_;skz N ) _
a (7! + iy "51:;\. N ) (ra gy ) 5%1”._,3‘%
(12}
. .
I* (va=) (‘31:‘ I )
by ( ¥y #5ed, +§hz*‘;:~sv ) (a=ty )+ 5§hf’vN\,
{13}
and r:, are the solutions of
2 ®
A +A,1 =0 a4
The solutions of (14) are
L=0 as)
and
I,;.= -A:) { Al (16)
where

ay=(1y -4, ~3) By N B (v, <4, 20) 8,
and
Ag'-*(?;*é*éa}(n_ *’i:;)"-; ~ By Ny (‘f.s. -y, *‘3)!‘3:-“&

& M « .
i, 15 positive for Dy »1, where
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_ By (v4 44y +5) By,

{oravay ) (v 28y Iy

D

B, Local Asvinprosical Stabiliey

The local stability of an equilibrinm point is
determined from the signs of eigenvalues of the
Jacobian martix of the right hand side of the above
set of differential equations,

C. Disease Free Statz

For the equations (8)-(10), the Jacobian matrix
evaluated at Eg i given by

{ax) s 0
B ¢ {1y+4) BN,
vRNORN w )

The  eigenvalues are obtamned by solving the
characteristic equation; clet(.T-}J3)=0 where Iy is

the dentity mateix dimension 3%3, The characteristic
equation for the disease free state is given by

3 2. %
};3 '{"81}.‘7&2[‘733 =0 (17)
where
A= Ry Ty Yy M
2y =y, (YA +dh)+p.‘. (?J @-aﬁh)ﬁq(?gﬁdh)(n +§+dh)
23 7 Ry (YA":dh)(‘:'J + ’?-dh)

The found

2
- L oas \
solving . TR fayktay = 0

eigenvalues are by

The signs of these

eigenvalues are negatives when they satisfy che
Routh-Hunwitz criteria6];

detHl =3 >0 (18)
detHg Sy —ay »0 (1%
R .
det H3 =243583 373 >0 20)

We found that the disease free state is locally stable
state when D, <1,

D.

The local stability of the endemic state, E; . is
determined by looking at the signs of the eigenvalues
of the Jacobian evalvated at E, . The Jacobian matrix
for this stare is

Endemic Disease State

v ¢ (- dy @ o
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The eigenvalues are found by
sohmo} b113+b2}.*h~ =0 . The signs of these

eigenvalues are negatives when they satsfy the
Routh-Hurwitz criteria[7);
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detH, =1, =0 {22)
derH2 = bibz - b3 =0 {23}
detHy =byb,b, ~b2, >0 (24)

Thus, the endmuc r:thbrmm state. 15 locally stable
forDy= 1.

E. Numerical Resuiz

In this section, we analyze the model given by
equations (8)-(10). The wajectaries of the solutions
when the parameter values will lead 1o a disease free
equilibrivm state and when they will lead to the
endenuc equilibrium state are shown in the following
figures.
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Fig. 2 Time series solutions of infectious adult
human, infectious juvenile human and infections
vector, respectively. The vafue of parameters are
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Ny=1000 . N,=9.500 , y, =1/(365%65) day™.
d, =1/(365%65) day”, D=40,000, 14 =1/365%2
day’, y;=1/365%1 day®,

& =1/365%15, juy=1/25 .

22) Dyl Dy=0.287901.6, = 0.009,

B = 0.0000000007 . The fractions of populations

I .I" ,!& . japproach to the disease free
hA h.)' ¥

state (0.0,0) .
20)D 1, D =287.901., By, =0.0609.,

Bh = 0.000000007 The trajectory of the six state
?/ & k3 ’

variable solution {i i LI, jspirals into the
Wby TR

state

endemic disease equibibrium
(0.00475034 . 0.000638251, 099182 )3

IV. DISCUSSION AND CONCLUSION

In this study, we analyze the mathematical model of
Malaria  bevween juvenile and adult human
populations. The threshold number is defined by Dy
where

- N (?A #dy ':"3)5’:}"1\
(rpsordy Mg =4y )y
If the threshold number (Dy) is less than one, then the
disease free state is local stability. The endemic

disease state is local stability for D, greater than
one.The bifurcation diagrams are shown in fig.3.
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Fig. 3 The bifurcation diagrams of each population
group. The parameters are similarly to fig.2.
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From the above figure. if the basic reproductive
number 1s less than or equal to one. then an infective
replace itself with less than one new infective. the
disease die out. If the basic reproductive number 15
more than one. then the fraction of susceptible classes
decrease and the fraction of infections classes
wncrease. These behaviors occur because there are
enough susceptible human to be infected from
wfectious mosquitoes. The results of this study
should pomt the wayv for decreasing the outbreak of
this disease.
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Age Structural Model of Plasmodium Falciparum Malaria Transmission
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Idustrial Mathematics Research unit, Department of Mathematics, Faculty of Scieace, King Mongkut’s Institute of
Technology Ladkrabang, Chalonghkrung road, Ladkrabang, Bangkok 10320, Thailand

ABSTRACT

Malasia is a major public health problem in Thailand. This disease is caused by the multiplication of protozoa parasite
of the genus Plasmadinm, ie. Plasmodium Jatclpanom, Plasmodium vivax, Piasmodin malariae and Plasmeditim
ovale. Malatia is found along ilie border with Burma, Cambodia and Malaysia. There are the different ransmission
fates of this disease berween Thai juvenile and adult kumans. In iis study, the transutission of Plasmodium falcipanan
Malaria is studied by nsing Mathematical model, The analysis of this model is given by method of standard dynamical
modeling. The local stability conditions are shown to point the way for decreasing the outbreak of the disease. The
comparison of numerical solutions when there is the effeet of age structure and nonage structure is given.
KEYWORDS: Plasmodinm falciparun, standasd dynamical modeling, equilibrinm states, Malaria, Jocal stability.

INTRODUCTION

Malaria is a disease caused by protozoa. There are four species; Plasmodian falciparum, Plasmodhun vivay,
Plasmodium ovale and Plasivodinm malartae. In Thaifand, the 21051 people has itfected with 2. Jalctparim and Pyvivax.
P._falciparn can cause severe iliness or death, 2 vivay and P.ovale can hide in the liver for o long time {1]. Sick due to
this disease causes significant economic loss, The Ancpheles mosquito is the epidemic vector for this disease. The
contact of the disease from an infected mother to the fems is rare. In the first rwo months of life, children may 0ot
coatact malaria or heir manifestations may be mild with low-grade parasitemia(2], due 1o the passive inunuaity affered
by the maternal antibodies. The contact of the disease by means of a blood transfusion may be fonad in cases that the
density of majaria parasites in the blood iz low and no symptom. The rise of global temperatures affect the life cycle of
a mosquito vector{3-5). The period of mosquite €ggs and larvae molt growth as a mosquito can take 7-10 days. The
average life expectaucy of the mosquito is 4.5 days. The most Malaria patients are found in Tak(5,$44), Yala(2,693),
Chumphon(1.970), Kanchanaburi(1,531),Mae  Hong Son(i 3413, Raneng(993), Prachuap Khiri Khan(990),
Phangnga(303), Narathiwat (721)and Si Sa Ket(686). The symptoms of Malaria patients appear after the Plasmodinm
incubates in the body, The period of incubation for Plasmodinm depeads on its type. about 10-14 days. The period of
incubation for Plasmediunm vivax is higher than Plasmiodinm Jalcipanm. In 2610, number of patients who be infected
with Malaria are 22,770 people. The satio berveen Plasuodium Jalclpanon cases and Plasmodium vivay cases is 1:1.6
[6]. In Thaitand, there are the different transniission rares of this disease between juvenile and adult humans as shown in
fig.1.
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Fig 1. Simation of Malaria cases clazsified by age structure {7}

Ronald Ross demonstrated that ninlaria is transmitted by Anopheles mosquitoes, alse developed the first
mathematical model of malasia transmission that wece wo-dimensional wariables with one variable representing
humans and the other representing mesquitoes [8]. Ross-MacDenald (RM) model [91 described the transmission of the
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plasmodium falciparum malasia, which does not contain the possibility of relapses of the illness. In addition, models of
malaria was the inclusion of acquired immunity proposed by Dietz, Molineaux and Thomas [10] , Aron [11] and Bailey
[12]. Ngwa and Shu [13] analyzed a niodel which was a deterministic differential equation model for endemic malaria
involving variable human and mosquito populations. In 2006, Chitnis et.al. [14] presented an ordinary differential
equation for the spread of malaria in human and mosquito populations by using bifurcation analysis. J.T. Griffin et
al.[15] developed an individual simulation model for Plasmodium Falciparum Malaria in Africa. Pongsumpun and
Tang [16] introduced mathematical model for the transmission of Plasmodinm Vivax between human and vector but
they did not consider the different transmission rate of this disease between juvenile and adult humans. From the data of
Malaria cases in Thailand(fig.1), we found that there are the different number of cases between juvenile and adult
humans. Therefore the effect of age structure should be included in the model for describing the situation of Malaria
cases in Thailand.
MATHEMATICAL MODEL

The transmission of the disease between human and mosquitoes is considered by fonrmulating the mathematical
model. We assume that the human and vector population have constant size. Let Ny and N be the human and vector
population sizes, respectively. Human population is divided into two classes such that juvenile human (less than 15
years old) and adult human (not less than 15 years old). Each human class is separated into susceptible, infectious and
recovered subclasses. Mosquito population is sepasated into susceptible and infectious classes. The mathematical model
for this transmission is based on the transmission diagram in Fig 2.

T Jllh_] 63] 4
eplp; (V) epRpy (1)
h 4
Wi Th:Iv (DSH (¢ ;
ReBT S0 111]1‘() h(i Ty 7721y (® N
N\, LS, @)
Qa ¥ oy 0 5Ray ()
eSp(t) L Yarlpa (O
Tea 0 * Ry, ()
TAy IhA ® epRy, (1)
ehIhA (t
2a) For the human population
" Yo llyy (O +Cy  CXD2 L0
> oy A5
B0 %‘v(ti
v
2b) For the vector population
Fig.2. Flow chart of the model.
The dynamical equations of human and mosquito populations can be explained as follows:
d g3 Y
Esh (1) =npNT +74,Ing O+75 Iy (0 epSp(t) — (fnj + ¥y MGG m
d R
e (©) = 11w (Sn () = 3y ) = Cray + Y3, My (t) —enlyy (O (@)
d .
EIhA = '{hal‘.(t)sh(t) + °IhJ - (YAI + '-'Az )IhA M- ehIhA (t) 3)
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SRy O =17, 1y 0= (e + IRy O @
S Rag (0= 74 Ty (04 3Ray (- xR ) ®

where Sy (1).I, ] ®. I A ), Ry ; (t) and Ry N (t) are the number of susceptible, infectious juvenile , infectious
adult, recovered juvenile and recovered adult human populations, respectively. Nr=Sy()+I, 3 M) +Iy A )+
RhJ(t)+Rh A (t) is the total number of buman population. The parameters in the above equations are defined as

follows:
1t is the birth rate of human population,

€, is the death rate of human population,

N; is the total human population,

Ta; is the transmission rate of this disease from vector to juvenile human,

Yh, is the transniission rate of this disease from vector to aduit human,

71, is the rate at which infectious juvenile human become susceptible human again,
1 is the recovery rate of the infectious juvenile human,

a, is the rate at which infectious adult human become susceptible human again,
Ya, is the recovery rate of the infectious adult human,

Y, is the transmission rate of the disease from human to vector,

3 is the sate at which juvenile pass into adult,

}ty is the death rate of vector population,

A s the constant recruitment rate of vector population,
The dynamical equations of the vector population are described by

%Sv(‘) < A= Sy D=7y, )+ Ty , (DS ©

S NORN G AR OEN R NG 0
where Sy (t) and I, (1) are the number of susceptible and infectious vector, respectivety.

Ny=S () +1.(1) is the total vector popufation. Because Ny=S3(1)+1y 5 M+ A O+ Ry 3 ®H+Ry A (1), therefore
the new equation becomes:

%NT——sww Y YIOR Sh, 0+ SRy, 0+ RhA(o ®

We suppose that the total human and vectors are constaut. Thus, the rate of change in each class equals to zero. Setting
the right hand side of (8) to zero, we obtain py = ey (birth rate equals to death rate). From No=S,()+I1,(t), the

new equation is defined as follows

dy
e s (t)? 0 ©)

In the same manner, setting the right hand side of (9) to zero, we obtain p, - Ax,, (Mortality rate equal to the ratio

between the constant recruitment rate and the total number of vector). This gives ¥, = A, -
We introduce the normalized populations:

50 = "(T[).h,(t)— 20 (t)=Ihﬁ}:t).r,,,(tkR;’(t),rhA(t)— L;IA(), s, (=22 (') ()= INi)
Thus, (1)-(7) can be re.wnnen as
= 1ayi, DNy =G 73, 71, epling O 10
S i =Ty 1 (0N () # ity =1y + 72 *eling ) an
2 0= 1aying 0= @+ e ) a2
6360
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d . .
Gha (M =Ya,iny )+ 3m; () —epmyy (1) (13)
d. . . .
a‘lv(‘) = 1u(n;j (1) + in, (NS ()~ pte() (14)
The dynamical equations for sy (t) and sy(t) are not fnecessary because

ANALYSIS OF THE MATHEMATICAL MODEL

ER Equilibrium States
The equilibrium states are obtained by setting the right hand side of (10)—(14)equal to zero. We get two

equilibrivm states; the disease free state E, (0,0,0,0,0) and the endemic disease state El(i;,] ,1'1'1 A ,r; 3 ,r; A ,i:,) where

-. ’Y\'NT (i; + i;\z )

1 = P (16}
YR YN (xh; +1,)
=i an
e, +0 i
.1 8y .
L, =— 1, +7,1 18
" eh[_eh+8 w h‘) o
where
. ey(e, + 'YA)ij (A(©B+ey, + Yalu, T V1Y, N Np—(e, +7,)0+ey + ‘{J’)““-")
iy, = — . (19)
((C+ey)tn +7a¥n +Vi¥n, WA, (ey + 74200 +ey) ey (ray Y, +¥i7n,) ¥ Yas¥u,In
+(VasTs, + (& + ‘YA)’{hl)"{n) +ey(e, +7,)(0+ey +7, )1, )Ny
P (83, + Yo, (@u + 7AW+ @)1y +7aTa, + 751, Nz = (& + 72 )(B +ex +7)00) 0
B (G v+ Yafu, T T5¥n, s (ACT (8y +74,)E +ey) +ey (7aYy, +Y57n, )+ Yas¥s,Tn
+ (7.-\:75, +(e, + Ya)h,)’/n) +e,(e, +7,)0+e, +Y N IN;
where  ya=vYatYA2 o Yy =YYy and vy =Th, Fhj QD
It can be easily seen that 1: is positive for Ry > 1 where
)= {A7p )G +endTe +7aTn;+ 1y YDIWNT @

(ep +72)B+ep+ 1My
B. Local Stability

The local stability of an equilibsium state is determined from the signs of eigenvalues of Jacobian matrix of the
right hand side of (10-14). If the eigenvalues have negative real past, then that equilibrium state will be locally stable.

-Discase Free State
For the equations (10)-(14), the Jacobian matrix evaluated at Eqis given by
-8y +11; +en) 0 0 U NTENJI0)
& =(ray +74; *en) a U PR COTY)
g = T 0 —(d+ep) O 0
0 Y [ —-ep 0
ToNT YeNT 0 4 o

The eigenvalues are obtained by solving the characteristic equation; det (I -ALg ) =0 where Is is the identity
matrix dimension 5% 5. The characteristic equation for the disease free state is given by
(e +2HB+ey + 103 +F22 +FA+ Ry) @3
Fy=8+2ep+7a) + 1Ay + 11 +¥Iy +He @9
Bo=(ey+ya, tYa)0+ep +714; +Va,)+(8+2e, +74, +¥08,y +15 +71y M) (A )(ry, +¥h; Yt Nt (25)
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Fo=(en +vay + 1Ay B+en + 15 + 119 My — (AR Ay + 729 Ihy + @+ end¥n, +Yny) + Yy (Vg + 73 D7eNT
(26)

Thus the eigenvalues are ) =—ep, 43 =—ep—03 and the remaining eigenvalues A3, Asand Asare found by solving
FES Fglz +Fh+Fg where F,F and Fp are given by (24)-(26). The signs of these eigenvalues are negatives when
they satisfy the Routh-Hurwitz criteria[17];

PHh>0

iy Fp>0

iif) F-F - Fp> 0
From our evaluations, we found that i) to iii) are satisfied when Ry < 1 where

(Ape )@ +epdvn +YaThj+ 7y, VIWNT

(en +¥A)B +ey +¥idity

So the disease free steady state is locally stable for Ry < 1.

-Endemic Disease State

The local stability of the endemiic state, E,, is determined by looking at the signs of the eigenvalues of the Jacobian
matrix evaluated at E; . The Jacobian matrix for this state is

0= @n

A
¥, (AR~ B+, +1y, +es) — 1y, (AR T AR T (AR 1 (AR, —iy, - -5)
-1y, (AL, —lry +Ta, T (AL 1y (ARG 1 (ARG 1y (AR, =i, -5, -
= T, 0 —(@+ey) 0 0
0 Ta, 3 -8 0
1 Ne(1-1y) 1 Np(1-1) 0 0 —r Mo, i) -1
where i;,J ,if, A ,:):J "}:A and i:, are defined in (16-20) and Ry>1. The characteristic equation for the endemic state is
given by 0. +3+ep)t + T3 + Tl + T +T) =0 @8
where
Ty = (AR Tpiy + @438y $74 +71 +ty +1eNTGhy i, ) @9

Ty = A/ MO + 2ep)1 +1ayTha + TaThy V025 ¥ TagTay + MMyl + 17y NTQ # g + Q= ioNT +Q=iiNpny +TeNT Gy +iky)
+Geh + ATy + Gty + NIy +ih, Nra +77)+80en +14 ity + NIy +iky) +en Gl +1D)+301y + 1N iy 415,00 G0
Ty = (A e Nedvhiv +Ta,Tn, Yiiv ¥ Y,\'ijY::i;- +Hrayth Y, 11+ 1504 +1pyNighy +Tarp N O ~1py )+ Yy (rn, Yy +'{A7hj1};A)Nr)
£ (@ e NT + T Npaly Qmis )0y +75700) + Telrhy (A + V12800 + YuaCty + TNk + Ve Ony s +113p)
e fa (= Tasied N il « oy (i(ey +¥ay + He)+ 7 N0 -y viv -l )+ v N lih, iha)
Fen(Yay¥n # Tng?s+ Yaj(fay + 112 Miv + 2nivhe # r N1 Q- i) +is0 - mad + 20t N lihy +ing)
an
T = epep 7405+ e +73300 + TuNpGiny +ing D +ebtaGalty + 1 Nr -1y ~my D+ 1 NpQ-ihy —iny —riy ~5hy )
51 1 gt Gy + 1y NT Gy +ihy )+ epateT N1y —50y N+ 7 NTA =iy —iny ~niy —rpa M+ eyrr Ty (i +Yemy ¥p) 32)

The eigenvalues are %y = -3—e}, and the remaining eigenvalues are found by solving 23 + T37.3 + 'Iz?.z +Tih +Ty
where T3, To, Tyand Tgare given in (30)-(33). These eigenvalues are negatives when they satisfy the Routh-Hurwitz

criteria[17);
T3 > 0 (3 3)
T > 0 (B4
To > 0 35
T - T12 - T32 To > 0 (36)

From our calculations, the endemic steady state is locally stable for Rg > 1.
NUMERICAL RESULTS
In this section, we analyze the model given by equations (10)-(14). The trajectories of the solutions when the

parameter values will lead to a disease free equilibrium state and when they will lead to the endemic equilibrium state
are shown in the following figures. The parameters are determined from real life observations
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Fig. 3. Time series solutions of infectious juvenile humnan, infectious adult human, recovered juvenils human, recovered aduit human
and infectious vector, respectively. The value of parameters are -’lhj = 0.000009, 1k, = 0.000002,

A=600, uy = 1725, 3=V(365*15), 75, =L/10, 75, = /30, ey =1/(365°70), 74, =130, v, = 1110, = 0.0001,
3a) Rg« 1; Ny=300, Rg=0.928. The fractions of populations (iij,i;l " ,r}:J vfl: A’i:’) approach to the disease free
stare (0,0,0,0,0).
3b) Ro> 1; Ny= 10,000, Ro=30.928. The trajectory of the six state variable solution (il‘q ,i;, A,r;J ,r; A,i:,) spirals
into the endemic disease equilibrium state (0.00068,0.00015,0.10,0.86,0.02).

DISCUSSION AND CONCLUSION

In this study, we analyze the mathematical model of Malaria between juvenile and adult human populations. The
threshold condition is defined by Rg where

(ARG + en) ey #7h5) + (ag £ 7a2)7hy + (n = 112)7y Yo NT
(en +7ay+7a2)@+en + VI )
If the threshold condition (Re) is less than one, then the disease free state is local stability. The endemic disease
state is local stability for Ry is greater than one. The bifurcation diagrams of all population groups are shown in figd.

0 (37
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Fig.4. Bifuscation diagran: of (10)-(14) demenstrates the equilibrium solutions of each population class for the different values of
Ry . The dashed line represents stable solutions and dotted line represents the unstable solutions.

From the above figures, when Ry < 1, E, will be stable and for Ro> 1, E, will be stable. If the basic reproductive
aumber is 1ess than or equal to one, then an infective replace itself with fess than one new infective, the disease die out.
If the basic reproductive number is more than one. then the fraction of susceptible classes decrease and the fraction of
infections classes increase. These behaviors occur because there are enough susceptible human to be infected from
infectious mosquitoes.

Furthermore, when we set &, YAy, VA2 and Yhy equal to zero, this means that the age structure are not
inclnded into the model. We compare the numerical selutions of the age structured and non-age structured model. The
solutions are given in figure 5.
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Fig.5 The numerical sofutions of the model when there is the age structure and nonage structure. The parameters are same as in figure

secondary patients that one patient
produce different threshold conditions
Plasmodium Falciparum Malaria then

5a) age structured model

2b)

5b) nonage structure madel

The quantity R‘o = 1’ Rg is the basic reproductive number of the disease, it indicates the average number of

if introduced into a susceptible population. The different discases
[16,18,19]. As we see from (37), if we can reduce th
this threshold numiber will be reduced. The outbreak of this disease will be

e transmission rate of

reduced. From the definition of basic reproductive number (R'o) and the parameters in fig 5a) and fig.5b), we get

R'0= 5.56 and 5.03, respectively. We can estimate the period of the oscillations as they approach to the endemic state

by means of the solufions of the linearized system. W
fig.5a) and fig.5b), respectively. The endemic state is t
number of individuals in each class are much shorter in the
severe in the nonage structure. The age structure appears to calm

e obtain 27/0.0059 = 2.92 years and 21/0.0053 = 3.25 years for
he stable spiral state. As we see, the periods of fluctuations in the
absence of any age structure. The spiraling in is much more
down the fluctuations. Moreover, rainfall is also effect

to the number of mosquitoes. Therefore in the future, the rainfall will be considered to develop our model.
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Seasonal Transmission Model of Malaria by Age Group of Population

Puntani Pongsumpun*

Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang, Chalongkrung
road, Ladkrabang, Bangkok 10520, Thailand.

ABSTRACT

Malaria, one of the most well known diseases and leading cause of death in many countries, the most affected groups
are young children and pregnant women. Malaria is an infectious disease that is transmitted between people through
biting of an infected female duopheles mosquito. In Thailand, seasou and age of patients are influence to the
transmission of this disease. In this study, we construct the transnission model of Malaria by including effects of age
and season into the model. Steady state solutions of our model are found. The conditions for local stable of steady state
solutions are given. The infection rate of this disease in each age group of human is given. The trajectories of solutions
are shown to compare the different situations.

KEYWORDS: Anopheles mosquito, Age group, Anopheles mosquito, local stable, Malaria, seasonal transmission

mode].

INTRODUCTION

Malaria is transmitted between human by the biting of the Anopheles mosquitoes. There are 480 species of
Anopheles, only about 50 species can fransmit malaria, with every continent having its own species of these mosquitoes
[1,2). This type of mosquito becomes infected with one of the four plasmodium parasites that cause malaria in umans,
through a previous blood meal from an infected person. Four types of human malaria, nawely, Plasmodium falciparum,
Plasmodium vivay, Plasmodiin malariae and Plasnodium ovale. Malaria with Plasmodium falciparum causes the most
serious illness and it is the most common cause of infection in Africa and South East Asia , and is responsible for about
80% of all malaria cases aud about 90% of deaths [3,4] . The general symiptoms of Malaria include headache, nausea, fever
and flu. These symptoms can vary depending on the type of plasmodium that caused infection. Symptoms usually appear
between 10 and 15 days after the infected mosquito bite. If it is not treated, malaria can quickly become life-threatening by
distupting the blood supply to vital organs [3]. Not only buman are the host {vertebrate) of human but also the Anopheles
mosquitoes are also a host (invertebrate). This disease can also be transmitted accidentally through blood transfusion when
the donor has the malaria parasite. This is one of the reasons why people who have been infected with disease can never
donate blood. Congenital infection of a newborn from an infected mother also happens, but it is comparatively rare [5].
Generally, transmission of malaria depends on the presence of the relationship between the three basic factors: the host, the
agent, and the environment. Temperature and humidity are the most important environwent factors for the growth of
Malaria parasites. Malaria parasites stop developing in the mosquitoes when the temperature is below 16 °C. The best
condition for the development of disease is within the range of 20 — 30 °C aud the average relative humidity is at least
60% [6]. A high relative humidity lengthens the lie of the mosquito and it enables them to live long enough to transmit
tle infection to several persons. From the data of Malaria in Thailand during 2003 and 2010 as shown in fig. | and fig.2, we
can see that age and season effect to the transmission of this disease[7].

0.00009
0.00008
S
0.00007
£
£ 0.00006 1 —e—2003
=4 il
g 0.00005 2004
£ —tr—2005
g 0,00004 =i~ 2006
.‘g 000003 ~E3-2007
0.00002 2009
0.00001 —— 2010
o
o s o 5 & &
5 9 5 IS %) )
o+ 5? o K B _

Fig. 1. Situation of Malaria cases classified by age group of human [7].
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Fig. 2. Situation of Malarin cases classified by month [7].

The transmission of malaria was first explained by the Ross-MacDonald (RM) model [8]. However, this model
is only suitable for the transmission of Plasmodium falciparum malaria since it does not consider the possibility of
relapses of the illness. In 2007, we introduced the mathematical model for the transmission of Plasmodium vivax and
cousidering the relapse of Plasmodium vivax but age group and season are not considered in our model[9]. We has
introduced a mathematical model [10] to describe the transniission of malaria by separating the human into juvenile and
adults gronps but we did not consider age group of human and season in Thailand. To develop the model more
appropriate in Thailand, age of human and season should be considered in this study. :

MATHEMATICAL MODEL

Age group of human and season are considered in our model. We separate population nto two groups, ie.
humean and vector populations. Human is divided into 4 classes such that susceptible, infectious, dormant and recovered
classes. Vector is divided into 3 classes such that susceptible, infectious and recovered classes. Each human class is
subdivided into 6 age groups such as 0-4 years old. 5-9 years old, 10-14 years old, 15-24 years old, 25-34 years old and
more than 35 years old. In Thailand. there are three seasons: The dry (or cool season) is between November and
February. The hot season is between March and June. The rainy season is between July and October. The transmission
mode] can be described based on the diagram in Fig 3.
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3b) For the vector population

Fig.3. Diagram of our model.

The variables and parameters of our model are defined in Table 1.
bl Birth rate of human population.

u, Death rate of human population.
P munwﬁcbhm:hmﬁommapmphmmopm,
€ Rate at which human change from infected status to be dormant status.
3 Infection rate of Malaria from vector to hunan age group j.
1 Rate at which infectious human in whom some hypnozoites remain in the liver
5
32 Relapsing rate of human
Ss Rate at which human change from dormant human to be susceptible human
] Rate at which human change from recovered human to be susceptible human
p Recovery rate
M’ Constant recruitment rate of vector at season i
B" Infection rate of Malaria from human to vector at season i
7.'.: Incubation rate of Plasmodium in vector
1y Death rate of vector
S'x,(') Number of susceptible human of group age j; j =1.2,3.4.5.6
I;,}(') Number of infectious human of group age j: j =1.2.3,4.5.6
D';A,(o Number of dormant human of group age j: j =1.2,3.4.5.6
Rvm(‘) Number of recovered human of group age ): j =1.2.3.4,5.6
s“‘m Number of susceptible vector at season i; i=1,2.3
EYV'(‘) Number of exposed vector at season i;i=1,2.3
1'“(1) Number of infectious vector at season i; i=1,2.3

Table 1. Definition of variables/p s in our model.

The rate of change for human population can be described as following equations:

For the first age group:

%Si., (1) = by N1 + (1= €)$, Ty, (1) = By, Sty (DLe(0) = (1) + 13, )Sh, (1) = S3Dy, (1) + OR (1), 0]
%1},, (1) = By, Sty (DL (1) = (1= )8 Ty, (0 = 7Ty, (0 = €Sy, (1) + 52Dy (1) = B+ )y, (1), @
%D'hlm = €8yIy, (1) = (S3 =Sy + 73 + wy)Dy, (D, 3)
:—'R;,m-m},,m-(eonvu,.m'.,,m. @
For age group j; j = 2,3,4,5:

g‘—s},J ()= S_;D},’. (- s',,,s;,J (I, () +(1- e)s,r',,J W+ yj_ls'hj_‘ - y,-s',,J (- u,,s'hju) + eR'.,J (1. 3)
%1;,1. (1) =Py Sp; (DL (=01 ~e)Sily; ()-8l (0+8,Dy, (D +7 [ U ORI Bl (1), ()
%D},J (1) = 8,1 (1) = (S5 = 3.+ vj + )Py (0 = ?j-1Djy (- W)
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d

SR} (0= Bl (1) =B+ 7+ 1n)Ri 00+ 4Ry (O ®
For the Iast age group:

d . , [ . . i '

7756 (1) = 7881 (D% 8305 (1) = By St (DI (1) + (1~ 1Syl (0= S (1)+ B8Ry (), ©)
o6 (1= PugSug (NI (0) = (1= £)S,Ing () +¥5ng (1) - eSilng (1) + 82Dy (1) = (yy + Py (1), (10)
d_. ) ' f

EDhﬁ (1) =S () = (82 + S5+ )Dpyg (©)+75Dy (1 (11)
d .. . . .

ath (1) =PIy () +7sRp (1)~ (B+ 1y Ry o (). (12)

j =1 means group of human age 0-4 years old.

j =2 means group of lnnuan age 5-9 years old.

j =3 means group of human age 10-14 years old.

J =4 means group of human age 15-24 years old.

J= 5 means group of human age 25-34 years old.

j =6 means group of human age more than 35 years old.

We define N is the total nunan population. This means that
s . . . .
Nr= T (8 (D+I ()+D (D+R_ (1)’
T j=1 h j h i b j b j
Because we suppose that N is the constant number, thus the dynanical change for N equals to zero. From

d
INT =0;wecanhave by = py or birth rate and death rate of human are equivalent.
The rate of change for vector population can be described as following equations:
d o o . .
ES\'i M=M; By Svi (DI (1) = Sy (O, (13)
d o ! . .
EE\'i (‘) = B\'is\'i (t)Ih(t) - )'VE"i (t) - “vai (‘) 4
d . ' ] <
EI"i (1) = 2By (D= 11y (1), (15)
We define Ny, (= Sy () + E, O+ I". (1)) is the total vector and supposed it to be constant; this means that
d . 3 . . 3 . . 3 .
-d—-Nv =0where Sy(t)= ZSy;(1), Ey()= TE (D and I,() =X I (16)
t i=l i=l i=1
3
From setting the tate of change for vector population equals to zero, we obtain o _ I
M

We suppose that number of vectors is different in each season. We define i=1 means the dry or cool season, i =2
means the hot season and 1 = 3 means the rainy season.
We reduce eqs.(1) to (15) by letting

e .o . ot
shj = Sl\j /NT.i R 1hj = Ihj ] NTJ' s dhi = Dhj /NTJ s r])j = th I’NT] R

Sy =Sy /Ny ueg =B /Ny iy =Ty Ny

where N.is the total human unlation for age group j(=1,2,3.4,5,6) and Ny is the total vector for season
T; pop ge group vi

i(i=1,2,3). Thus, The normalized equations become:
For human population;
The first age group:

%s,,l () = by +Q-&)S;i, (0= By sy (Vs (ONy +iv,) (N, +iy (ONy3)

= (71 + Hp)spy (1) +S3dy, (1) + Ory (1),
%in.l(r) = Buysy DGy, ONg +iy, (N, +ie, (ONy;) - A-8)Spin, (0= iy ()= Siin, (O
+Sdp, (1) = B+ i, (0.

1

(18)

6660

Ju W

wrusrasamendinmaniveamsszinalimnarsuaungueguesdiuinzagatatuilszmalne JHauman19138 ag. Wushl wedduiug



r3 a Ié - 1 1
wudnemundamaniussmrizia limnanisaunguorguesithuiesagnalilszmeing

205

J. Basic. Appl. Sci. Res.. 2(7)6657-6669, 2012

[ .
Edhl (t) = €Syip, (1) = (S2 +83 + ¥y + )y, (D)
d .
pr (1) = Bin, (- O+ y1 + ), (1),
Agegroup j; j =2,3,4,5:
d ‘ . . . .
Eshj = SSdhj(t) - thshj (t)(x‘.l (t)N\,l +iy, (t)N‘.2 +iy, (t)N\.3 Y+ (- s)Slxhj )
* 751505 M- Yi¥n; (t) ~BySh; 0+ erhj .
o ®= ﬁ,,jshj (l‘)(lvl (ONy, +iy, (DN, +g, (t)Nv3 )~ (1= 8)Siy; () —£Syip;(1) +Sgdhj Q)
+¥jtinoy (0 —7jin; (- Gy +Bip; (O,

d .
——dp; (1) = €Sy (1) = (S + 83 + ¥ + )y (0 + ¥y (O

dt

d .

' (1) = Bin; (1) ~ @+ v + 1)y (D +¥ ity ®.
The last age group:

i . . . P .
%S],G (I) = -{55115 ([)+ S3dh6 (t) "ﬁllsshG (t)(lvl (t)Nvl +1y 2 (t)N\’: ""l\'3 U)N\'_; )+ (1_ E)Sllhs (t)_ “hshs (t)‘*' erhs (t)

—cﬁll‘ﬁ = ﬁhsshé (I)(l‘.l (ONg + iy, (ONy, + fvy (ONy; )~ (1~ €)Syipg (0 + vsing (0 - &Sy, (1) + Sady g (D

= {1y + Bipg (V).
d
dt

d .
e (1) = Biyg (1) + 73ty (1) = (8 + py I (-
For vector population;

d , s .
d_tsvi (1 =(M; /N"i )- p\,is\.i (t)(:‘lll‘jNTj ) UySy (1.
j=

dig (D = Sy, (1) = (82 +83 + 1y Wy (1) + 7505 (1),

d

. 6
a ey, = By;Sv; (t)(jEllth-rj )- }‘"e"i (B) —1yey, ),

d. .
al\.i ()= Aoy (0 —pedy; (1),

I Mo

6 [ 6
Let sy(®= I 8, iD= Tin; (1), dy(= Z dyy;®, 5,0 = Z 551 and
j=1 j=1 j=1

j=1

w

3 3 .
se(h=2X Sy, (), ee(=X ey; ). ie() = Ziy (t) then
i=1 i=1 i=1
d . . . .
'd—tsh O=py + a- 8)Sl‘h(l) - lv(I\’I/ “\'Xﬁh )sh 0+ Sidh (t) —MySy (+6e(- Sh=ilh dh) ,
%ih = i\'(M/“ ';)(Bll )Sl\ (0 -Siy (O +Sady (D -(B+mn Np (D,
d R
zﬁdh () = €Syiy (1) = (S2 +S3 +py)dp (1),

d .
—Sy =My — 1,,NT<BV)5‘,(I) =Sy (1),

dt
d .
Et'ev =1hNT(ﬂ\’)S\'(t) = +Hyley (),
6 3, 6, 3,
I j§l thshj (D _}:l ﬁ‘.iSVi ) ji-:l xth-‘-j ~E, ’ViNvi ,
where == )= i= iy =2 . =iz M= SM
(Bu) O By) wm iy ~ i N, M= EM;

and s +ip +dy = Lsy ey tig =1,
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MODEL ANALYSIS
The steady state solutions (s;\j _.i;,j ,d;lj ,r,;j) forj=1.2,3,4,5,6 and (s:.i ,e:.i .i:.i) for i = 1,2,3 are obtained by setting

the right hand side of eqs.(17) to (31 ) equals to zero. The steady state solutions are as follows:
For human population:

The first age group:
il . ¥+ ¥
R by +(1_s)slll1, "S-‘dhl +9rhl 67
h T A o owr o . > 3
! (By, Gy 1 Ny, +iy 3 Ny, + ‘\'3Nv3 )+l +1p)d)
' * hd I nl .
oo Bhlshl (iy 1NV1 +iy, Ny, +iy, Nyy)+8xd o a8)
h ((1-)Sy +y1 +85; +(B+pp))
R €Sy
S EE— (39)
B (S2 483 571+ 1)
i)
v Iy
PO ... S— 40
M@ i) o

Age group j; j =2,3,4,5:

* Rl * A
. S3dhj 4-(1—&:)5,1hj +'{j“shj_1 +Grhj an
$ P i n ¥ .4 M
by (ﬁhj (iy Ny +ip, Nyy +1c Ny, Y+75+1p)
v . " . . L
. thshj (lle\'l +l:.2N‘,1 +1:'3N\'3 )+52d;j +7j—llhj—1 @2
i, = . 2
b (Sy +¥j+1y +B)
eSyiy, (D +yjad). ()
& me—D—— 43)
1 (S2+83+yj+ 1)
. B Ovan O
ro@=— (44)
j ©+7j+1y)
The last age group:
. 155 g (D+S3dy . (0+A-S4y (M +6r, (0 5
B8 (B iy, (DN +iy, (ONy, +iy, (0Ngs)+iy)
. B 65'116 (O, (ONy, + v, (DN, +ip (ONg )+ ysi'hs ) +sgd'hﬁ ® ’
The M= , (46)
(hy +8+8y)
. ss,i‘h6 M +7sdy (O w
B6 0T (Sy+Sy )
oy Pl O+ m, © )
he (0+ny) .
For vector population:
. (M; /N,.)
sy (0= —slﬁ— (49)
(p"i (_Z ]thTj )- ll\')
j=1
G 6 .
ﬁ\'isv. (t)(‘}'_ ‘],jNTj)
L ——— (50)
e fs————mm. 3
! oy +1¢)
Mo, (0
O A, g 1)
vi Hy

From (32)-(36), the steady state solutions are given by
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§ = Belhy P )i+ <Be > i;\NT)(Pﬁ + (B +pp)(up + S, +83) +5,(82(1-8) +83))
h ,

<Py ><By > LeMNT(uy +83 +5;) (52)

. ES)

By, +8, 48] 3)
S:' = __ll‘—.

Pyt <By >ipNT G4

¢ = <B, >iyNrsy

v Hethe (55)
s Wy, +6
l‘h = (p(l_i’_) (Bo - 1.
W = 3 (hy + e )B + p +S)(p + 82 +S3)

(56)
G = (BN ((Br )M My +8S; + 82 +83) +uelhe + R (1) +81+S2+53) #8801~ £)+ Sy +8)
+Bly +S2 +S3){Bu )M+ e Xty +8)) G

and

1 (RN esisy ] (58)

(it 3 3
B+ [18Y +Sl L ].l;(}»‘. +l_|‘_) My +S: +S3

It can be seen from the above equations that the steady state solution is positive for Bo> 1.

Local Stable

We determine the local stable of steady state solutions from the signs of eigenvalues of Jacobian matrix of the
right hand side of eqs. (32) to (36). If the eigenvalues have negative real part. then the steady solution will be locally
stable(11].
For equations (32)-(36), the Jacobian matrix evaluated at the steady state solution is given by

b (ues

Lopy =~ (B M/ A5y —<)-8 (-8 -8 $3-9
My Ry
, R s s <Bh )M‘n <l3n>"15|.
P e 2 S—. S
] 5 —pp =S; =5 0 0
0 - (B Nst 0 -we-(BefiNy 0
l' 0 (Bv>NTs; 0 ( V>3;N, ey =y

The eigenvalues are obtained by solving the characteristic equation; det (J-Al5)=0 where I; is the identity

matrix dimension 5x5. The characteristic equation for the steady state solution is given by
350208 -2yl 22t w2+ Zy =0 (59)
where
(-1+BgR <y >? pylay ~ny NIW 3y «8Y + GIP Oy = sy Niy + Iy~ Jiy + S+ Sy + 83 +3) B> Guylhy ~uy)
Gy = (1+Bg)«Py > Ny Winy - 8))e (=1+By)<By » O¥ yW fuy + X By > Joghd = iy oy +my Koy +3ug « iy )= 8, + Sy -85 - 0))  (60)
Gy Uiy + Py XGRy ~ (-1-Bg)<fy > NyWilnp - 8))
-1+ B P <y > NIW iy + 8P 1< Py > AyM vy oy ~py Kby = 3np v iy =Sy Sy oS3 - 8D

2y

30 v sid - (81 - 52 20y o (1= 2iSy « Quy + S8y + iy + Sy + S =S5 B+ g By sy - Sy + 81 - §3 - a)-"l

-
« G ppliy =
weley ”’f?ph(lu\ryﬁszQS"@)

<> -1+Bof <8k > nvlhy -ny NEW 2y +0)F = Glst Gy « uy ooy + 2oey vuy Jo S35y < 8le (F1=Bo)< by > GN1Wlin 'é)‘;
By > hyMrpy iy ~hy iy + 2+ dny - § 28y~ £1) J
<Py > AyM{ly 2y wuy)e 1S+ Sy« Sy = BlepyQy v py) 3
“(-1-Bo)cpy >ONTW iy + 5{[3»& 2 2ud « {8y ¢ S By + - 15)Sy » (oiy + 55+ Brry « Sy« 82 ,s,)a.]l
Ay Oy « My + S+ 5353~ 8)v iy Oy + 205 » Sa + 53 < 6])
Gy Oy < sty KGRy + (- 14 Bgl< By » NTWluy < 8))

(61)

;-
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(F1+Bo P < BY > NIW2(uy + 8 (< By > LyM 4y lhy + ity Dy + 2y +iy #83+55 +8)+Grjly +uy)
Blg +52+ 531 (13 + 200 (57 #8304 (2, +55 + ;)84 Ay 2y +53 +55 +0) 41, [y +5, +8,+ 0% (-1+Bg)< Bl » NyWiny +9)

l< By > LyMUhy + itp + iy +S3 + 53 )¢ uy lhy +|.v{"§ *hyliy #3645 )+ |
By +85)+S3 P+ Ay 20y, + iy +8; 553 +8)+ 11y (Bt + Sy +53+0)) ]

+(-1+Bg)? <B¥ > N3 (s 52 + $3)W 2 (ny +0)°
[< By > LyMiy + 24ty + py + 681 =52 +83 +8)rpy Gy +py { 35+ 1+ Sy ~ -85S+ luy +5; B3+ luy +51 48, + 83 b*n
Uy Bry +S1+53 +S3 +8)+ py By +2(5; + 52 + 53 +0))

+G by +uy) ’
N syl 25,48 45,7 +253,lny - 26, ‘5;)))‘(52 50 +2uy(5, 48; 48, 45, 1-28, +5 )+
PGy +5 208, +53)+8) 2 nd 5, (2-els, +25; +8)4(5y + 8,85 453 4281+ 2uuf25, #5052 +8;)+28))
#8114 1) 53087 +83)+ (82 +S3 052 -2y + 2830 +nd(3(52 +85)+ 8+ nela(s: +53) +6052 48308+ 2813~ €52 435 +9)D‘

v[sui - ;s!sz(— py +352 #5304 10 (21 + ) +8)+5(87 +530+(5y +83 )y +5115; +53) 4y 451453 +5:8)

+1y8,(3- €18y +355 +0) £ ny(IS; +53)+8)+(Sy +5; (A5, +53)+38))

Gty [y + 1y Nty +S2 + S5 )Gy +(-1+Bp)< By > Ny Wity +8)) (62)

By > Ml + 52 +s;{""(2"‘2‘ +uy(es; +S3+8) )f(;lv +2{e8) +8, 1—‘5,)»+ gy +e5,+8;+S3 + 9))4]4’
Doelid + i (eSy + 83 #8704 (uy +28; +82+ 838~y (2y +28; #52+ 53+ 9))
W - (1585 =53 482 + 5300+ 1d [y +5, 4 253 +53)+ 8)
+|\\v(-S|((~1+ 252 -8 K82 +83)+ 2052 + 53 0+ 51 {1+ e)sy + 53 )0 )+
(52+53F +5,((2-25, + ZS;)ﬂe]‘ +
e (5y + 5053+ 53))
pelhy +ny NE(S1(2 - 2055 + 285 +8)+ (5 53 {Sy + 53+ 20)+ iy (25 + 7S #53)+ 38))

+(1-Bg)< By »GN W "h{(sl +$300v(S +52+53)+ 5,122 +5:)’*[

(38 = pSill=1+ €55 = 8508 5304 3y (8 + 85 () + 53 +8)+ 51055 + 53 )1+
b s 1+ ea-83 082 #53)enuvlasa +85F + syl + 52 +53)p

i oy + 3654850 382 87+ 5120153 + 283 o+ d 4y + 365, + 5, +53) ¢ 0))
[+ 12ty (25, + 7C +38)+ 3(8,{(2- €53 + 285 + 0)+ (8 + 5, XS, +53 + 20))) / (63)

dy

L= G li-v iy R +53 + 53 XGhy + (17 Bo) <Py > NTW iy +8)
(C1+Bo) <Py > Ny Wiy +9)((< B > 2yMly, +£5+$; :!'53)?11\7(}.\1 + Ilv)(llx:z +1p(8 5, + S )+ 5l -2)5, "’53)))% +e)]
Zo= L< B> [y +S3 + S5 By > hpM+piylhy +1iv Xty +6)) 64

Gty
We use Routh-Hurwitz criteria[11] for determining signs of all eigenvalues. If they satisfy the following
conditions. then a steady state solution will be local stable. The Routh-Hurwitz criteria is given by
i)z, >0 i=01.2345
i) 247325 -(Z3 +232)) > 0
i) (Z4Z) - ZoNZaZsZs - (Z3 + Z320) - (Zo(Z4Z5 - 22)° + 2428) > O
From our calculations, we found that i) to iii) are satisfied when By > | where
et [BuporMYr eSS,
B+uy +SlL PEChy +1y) Hp +83+S3

(65)
Thus the steady state solution is local stable for By > 1.

We simulate eqs. (32)-(36) by using numerical method. The parameters satisfy the real life observations. The
trajectories of the solutions will lead to a steady state solution.
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Fig. 4. Time series solutions of susceptible human. infectious humarn. dormant human, recovered human. susceptible vector, exposed
vector and infectious vector, respectively.

The value of parameters are p, =1/365x70), €=08, M = 100,000,000, p,=1/25, (ﬁh)=
0.00000000],([3‘.)=0.000001, S, = 1730, S;=1/365x2), S3;=1/(365x3),0=1/(365x5), B=1/30, N,=

6000000; i.= 1/14, By=3600. The solution oscillates to the steady state solution
(0.13,0.013,0.14,0.71,0.97,0.01,0.02).
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Fig. 5. Numerical solution of eqs. (32)-(36) demonstrates the solution trajectories. The values of parameters are similar to fig.4.

We use real data of Malaria patients and sinulate B'hj forj = 1,2,3,4,5 by using eqs.(17) — (31). The results are shown

in fig.6.
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Fig.6.The values of B'hj for j = 1.2.3,4.5 simulated from eqs.(17) — (31).
We can see that the highest infection rate of this disease is occurred in the human age group 10-14 years. This
is corresponding to fig.1.
DISCUSSION AND CONCLUSION

In this paper, we analyze the transmission of Malaria by considering age group of human and season in
Thailand. The basic reproductive number is defined by

0= ! ( (ﬁh)(p\'))'vMNT . 858, ]
By +SlL nE0n +1y) M +82+S;

If B, > 1, the steady state solution will be local stable, then we can reduce the outbreak of this disease. The
basic reproductive number are used for reducing the outbreak of different diseases[9-10,12-14].
We compare the nuerical solutions for the different basic reproductive numbers
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7b) The value of parameters

6000000 2, = 1/14, By =3600.

are

By =1/(365%70), €=08. M

100,000,000.
0.000000001, ([3‘,) =0.000001, S; = 1/30, S, =1/(365x2), $3=1/(365x3),0=1/365x5), B

1/25

1

. (ﬁh)=

e

From the above results, if the basic reproductive number is higher, this means that one case can produce the
greater number of secondary cases, and then the period of oscillation is shorter.
Furthermore, we sinwilate eqs.(17)-(31) by using the real life parameters

lurman population.
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Fig.8 Numerical solutions for eqs.(17)-(31).The parameters are corvesponding to the real life observations. The solutions converge to
the steady state solution.

From comparing the results in fig.5 and fig.8, we can see that the periods of fluctuations in the nmuuber of
individuals in each class are mmch shorter in the absence of any age group and season. This model should be better for
describing the situation of Malaria in Thailand because age group of lnman and seasons affect to the number of Malaria
patients. The results of this study should be the alternative way for controlling this disease.
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