FINUMTIVY
[ =% o W &
guysiaeImendinmansdmsumsunswenmulnssainey

uaza1s Intlveslsnldiaensen

MATHEMATICAL MODEL FOR THE TRANSMISSION BY AGE
STRUCTURE AND SEROTYPES OF DENGUE DISEASE

v d [ ~ dov o ¢
HYIWATTAIINY AF. WHEU WIATUNUE

(Fahlnsams)

ROH
RA
bAY
'D4
W5h A4 4l b.. JH7 AL

---------

a1 .1 OUUEBUUTUI .4, 0.s N it bt o
munedou... Lda8.4.4 R A M

Sudouil.o A S %7

1asumumivayuanissonidungldadszdihunlszana 2552

a ¢

A INgIMAns
aoumalulaginizoesndudamnisaansziia




faanssulsema

AIY0NT1UVOUNSTAY Professor  Dr. I-Ming Tang, Mahidol
University, Thailand 48 Professor Dr.Marc A._Dubois, Service de Physique de

I’Etat Condensé, Commissariat a ’Energie Atomique CEA Saclay —Orme des

Merisiers, Cedex, France (Huadegs finganlddmuSnuuuziivigg lums

o awv 1 o by kY 9 (Y : ?aa
Mau3de uazquae lalamsiauuazlvanug wieudulszaunisalng
A199] ANOAIN
@ a g 2 ¥y 0
VONTILVBUNILAUAMINIITIVIAAANAAS TIWDUNHTALTZ
a T P A 9/ o t:i [0 et
M INYpMIUNgIsmas luamnssasanuazaniferivgilnssin
$udusireg
o Ay g ¥ o Y
YONIUVBLNIZAMATOUATT 1 14 IEmseniuayuynlszmanisdiu
o Aaa 4 Yo a =] CY 9 A
m31398 uazdilimaslenasamesutedagiu uazdesvevougaiitous

Y
av o 4G oda -3 :/’
'Ji]ﬂﬁ'll‘i%ﬁlluiﬂ!ﬂ\ﬁlu TIUM

= A

namungsmie s wuzihdieg auau
a Y & ﬂ 9t aw awv % dy
WA 7951 ALY Fulugye3evesuIeRT Ui
v o A A a Y t;, 3o o 1= [
Aanwasysglsmisunadinnilymiaeatiol giahvegiisua
a1 13a uagAlinszauyn

14 .
a o a 4 o/
ganeil AI38U0NTINYBLNIZA M AMINGIAIAAT dalliy

= Y gy o Ay g ¥ @ °
wa Tulagnszreunduigunmsalanszii 1 laldquaivayunmsiau
as 4 ,
el

' Y . o % =1 o @ o
: Q‘b"wﬁ'lﬁﬂi'm'lﬁﬁl AT, NUTU NIFTUNUD



ii

4 [% o a dq [ ] g b 4
Folasamsie  unudaessmuadiamiaasdmsunsunsyenulaseeang
v
owuazdlyiniveslsaldidensen

Mathematical model for the transmission by age structure and
serotypes of dengue disease
1asumuganiumsIdenn

augInnmans
~ aanfumaluTadnszvoundudgunmisaiansz
lszdil 2552 fﬁm';yuﬁu 50,000 VN
szezanmadte 1 U dwa @y aatawn 1 2551 Dadeu dueou il 2552
Wieau augINmMnEAT

aofiumalulagwszesundudgunmsaranseila
Heutumsite  weLas.Ausi nedduius i Iasams)

a 4 a o

MUVAUANTAT AU INYIAARNT
C <1 L - 4 4
framumeuTaﬂwssﬂamﬂmmﬂmnmmmﬂs::m

Tnsfmy 02-737-3000 Ao 6196

UNAALD

: { a . 4 Y] . & R

Tsn'ldideaseniluTsniifiannidents Tu'Taa (arboviral-disease) vernnsagnnu 14
Vv ) y U LY

Tudszmauauiou Tnammizdsznalne Tsaliamisagnaronealasnsfinvesgs

o

[V g o o
Aedes  Aegypti MIszAved IFmaangminndnulasmsadiauuineanis
=Y o a a Q . a § 4 as o
adlamans lagfinsanddninavesoguazsiaveuveiilu mwannuuusiaes
=y o 3 ‘l ° ~ o [ S A
‘YI'Nﬂﬂ!ﬂf"nﬁﬂ5%1!11'1‘11111"1]']ﬂ!l'll'l]‘ﬂ'lﬁﬂ\ﬁ’l'l\iﬂﬂ!ﬂﬁ']ﬁﬂﬁul'.]'iﬁ'!ﬂ\iﬁ‘il@\i Esteva Q%
&£ 4a a A a A =
Vargas (1998) ¥4 lifignwavesInseatrserg Tasmsiiudninavesoguazaiinves
4 4 ﬂ saa . . a o
STRATSIM Li”l‘]JiZQﬂﬂ’J‘ﬁmi‘ilﬂq standard dynamical modeling UTUATIEHANBUSUYD
o 3 A .Q - I's [] 9 3 d' as z:i o Y
mﬂan“lmmu*111ammaﬂm@1mﬁmtmazuuu ‘WiﬂJJTNLLﬁﬂQNﬂu"l‘ll‘lli’]\‘lﬂ'lllﬂiﬂﬂ'lﬁl“}’i
(AaANUaas3n181U (local asymptotically stable) vssgamugameldaniig1iisa
b4
1 s . @ Ja o
(disease free state) UASTN1ITT $1J‘lﬂE_IfJNL§'é]'i 4 (disease endemic state) HAAWBLIFIN QY

youuaed lagniunudas e 15 lumsafuayuauuagulumsdnm



ii

ABSTRACT

Dengue disease is the arboviral-disease that can Be found in tropical regions of the world,
especially Thailand. It can be transmitted by the bites of the infected Aedes Aegypti. The
transmission of dengue virus is studied by formulating a mathematical model which can
be modified to describe the transmission of the disease by considering the age structure
and serotypes. We have reformulated the mathematical model proposed by Esteva and
Vargas (1998) which contains no age structure. We add the age structure and serotypes
which would make the model more appropriated. We obtain the conditions required of the
parameters for the disease free and endemic equilibrium points to be local asymptotically

stable. Numerical solutions are obtained to supporf: the theoretical predictions.
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N (4, +96) Ny (#, +6)
LN
S = - Myt p N, '
bﬂj,)( N bzﬂi‘ (A/.uv)IV + bzﬂJDIﬂJDZIV (A//‘v)
M Ny N (1, +6) N7 (4, +6)
B
S M
ﬁl+R11V+R21V
S’ = b . 6.1)
M[B +(R +R)I]
Taeh
2 n?
ﬂ=bﬁj,,l Ml=,uh+.5 R1=bﬂ,q(f1/ﬂv) =b2ﬂJqﬂJDz (A/ﬂv).
L BN H HNE (4, + ) N7 (4 +5)
9
NNAUMI(5.2), 32 18N
bB, S'I;(4/u, .
P8 /ﬂ)-(y,,+5+r)1,)l'=o
N, :
R RAC
TP Ny, +8+7)
Ig =bﬂJD‘I;’(A/luv). ﬂl ] _
A N, +5+1) MG +(R+R)E]
I‘ — RIII: . lBI _
& ﬂle M1[131+(R1+R2)1V]'
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Taoh

M tO+r
’ M +6

0TS (5.3),
bB,, S'L, (4/m,)~
NT
I: _ bﬂJDzI;’ (A/ﬂv) -S‘
Y (g, +6+r)
I - R, I B,

~ (g, +6+1)[}, =0

P BM, MB+(R+R)T]

. R,

I, = MM,[B,+(R +R)I;]

NNAUMT (5.4),
r(Iy +15) = (4, + R =0

.r(’+)

(/uh +6)
.ol rly,
(i, +6) (u,+05)
i _ r * r

= -IDl -7
(4, +9) (4, +9)

. M,RI,

M,R,I,

T MM+ (R R)L] T MM,B+(R +R )1 1

. R +R)I,
o - MR+R)

M1M2[,B1 +(R1 +R2)I;,]
Taeh

r
M, +6

M, =

NAUNII(5.5), 92 161

bB, (=)}, +bB,(A- L)1,

-1, =0
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- . RI . . RI .
bp,(1-1,) 4 —~+bp,(1-1,) 2V ——u, 1, =0
g g Mle[ﬂ1+(R1+R2)IV] g g Mle[ﬂl-"*"(Rl'*'Rz)[V] i
. * : R * R
I[bp, (-1 1 —+b8,(1-1 2 —u, =0
(68, ( V)Mle[ﬁ] +(R1+R2)IV] By ( V) Hy ]

MM,[B,+(R +R)I,]

7.1
NAIRABUTNYBIANMNS (7.1) , fiD I, =0.
15792151 -
bB,(-1I) & +bB,(1-1) & —u, =0 (7.2)
MM,[B+(R +R)I; ] MM[B+ (R +R)T Y |
* R ’ * . R
bB, (I, -1) ‘ —+bB, (I, 1) 2 —+u, =0
T U MMB+RARYLT T MM B+ R AR

b,y DR +b, (U, DR, + s MM +(R+ R
MM,[B,+(R +R)I,]

bB, (I, DR, +bp,(I, ~DR, + pt, MM, [ B, +(R, +R,)I;]1=0

bR (I, =) +bB, R, (I =)+ g1, MM, B, + 1, MM, (R, + R, =0

bp,R 1, —bp,R +bB,R,I, —bB,R, + 1, MM, B, + MMy (R, + Ry)I, =0

(68, R, +bB, R, + 14, MM, (R + R, —bB, R ~bB, R, + pt, MM, , =0

(6B, R, +bf, R, + u, MM, (R +R, )]I;: =bB, R +bB, R, — p, MM, B,
I = bB, R, +bB, R, -, MM, B
%
(6B, R +bB, R, + 4, M\M, (R, + R))]

bp,R +bp, R, — p, MM B
(6B, R +bf, R, + p, M M, (R, + R,)]

E4
< J . Y]
FIITMUN 0< 7, <1, A4UY

a . * * . R - MM
nansiinsgiiswg linaman 1 =0, uay 1, - 2P T0B Ry = 1y MM, f
(6B, R +bB, R, + p, MM, (R, + R))]
. 5 :

S = 1 - (8.1)
M\[p+(R +R)I,] .
. RI,
= 1y 8.2
o MM,[B +(R + R, ] ®2)
I = R2I;’ (8.3)
P MM,B,+(R+R)I]

s - do w o
WALAT. AU WIRTUAUT



o a o o [ ] -4 .
suusmsanndliamanidmiunsunsiyeanlnssadnerguasdls indueslsaldidensen
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1) yaaugadnnz1ilsn I =0, aldh
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I, =0
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R =
2) ﬂﬂﬂuﬂaﬁ’m’wiiﬂﬁﬂgﬁ I = bB, R +bpy By — pty MM,
(6B, R, f*‘bﬂVRz +p, MM, (R, + R,)]
S = b
M8 +(R +R,)L;]
I R,I;
B MM,[B+ R+ R
. ' RZ'I;’
% MM[B+(R +R)]
R = M,(R +R)I,

- MM,[B,+(R +R)L]

AANYAVOIAUMNT (4.1)-(4.5) fD

1. yaaugaanez1ilsn E, =(ML,0,0,0,0)
1

. . 3/
A o LI * * o*
2. yanunaanzlsnGess B, = (S Ip s Ip R G1)
Taen

S‘ — ﬂl .
MB +(R +R,)1]

(8.4)
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r R,
B MM[B+(R +R)I]
f =gl

tOMMB +(R+R)],]
7 M,(R +R)I, ‘

MM, [B +(R +R)I,]
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bﬂJD‘IV (A/:uv) N bﬂJq I, (A//‘v)]S

X(S, Iy, I R 1) = gty ~[ps, + 6+
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bB, SI,(4/p,
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=—pM, - :uhMlRII:/ _ ﬂhMlel:/
B by

Xy, (815,15, R\I,)=0
Xy, (81,1, R1,)=0
XR(_S*’I;)I ’I;)z’R"I:/) =0

b,BJDl (A/ ﬂv) g _ bﬂjbz (A/ /‘v) g
N, N,
__ MRS _ MRS

| B A,

b8, (A/4) pMRI,
N. B

Y (811 15 R L) = ~(p, + 5 +1) =~ MM,
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Y, (815,15 R, 1) =0
bs,, (A/n,) g _ AMRS
N; B,

Y, (505,15 R )=

bf, I (A/1) _ MR,

Zy(S' I, .1, R L) = N 5

Z, (8,515 .R'L) =0

Zy, (815,15 ROL) = (s, + 8 +1) =~ MM,

Zo (ST, I R,T) =0 |

bB,, (A/n,) o _ MRS
N; By

Z, (.1, .1, RI) =

W (S, 1;,, 1, ,R,1,)=0

Wi, (815,15, R, =r

W, (8,151 R =t

W ("0, I R ==, — 8 =M,
w, (87151, R, I,) =0

V(8" LI RO =0

Vi, 871515, R L) =bB,(1-1,)

W, (8715, 1p, R, 1) =bB, (1- 1)

Ve (87,1515, R, 1) =0
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warugannz 131sa E, = (ML,O,O,O,O).

1
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—M, -4 0 0 0 _AR, 4R,
0 —pMM, -4 0 0 AR,
' B
A=l 0 MM, -4 0 4R,
A
0 r r -4M, -2 0
o b, bs, 0 u-2

Aunwzmzaannsom Id lasmsudaumswyuudnyusmmne

det(J, —AI)=0 ©.1)

&

%9

(M, + ) (A +a,4* +a,i+a,) =0 ' L (9.2)
Taed

a,=2MM, s, + 4, . (9.3)
a, = MM22 + MM,y pr — SR8t DRoBott, (9.4)

A B
2 2

a, = Mle;qu'uv - leMIMZ v _ bR2MlM2 v (95)
' B B
AW Ao

A =—mM,, 4 =—pmM,, 4,4, uag 4 mnsom 1a laensudaums

A+a, A +ad+a, =0 | A . (9.6)

Yo a,,a,,a, HOWAIHUMS (9.3)-(9.5).

v v a o q s Y J y
MWW 4, 4,4 wldnnsuiluauiieaeandesiuioulude'lli

@ o do o &
HA.AT WUTH WITTUNUT



-o a g o as 1 a
wuaeanendiacnaaidmivnsuns@enw Inssadnerguasdls indveslsa lfidensen 33

ia>0 ,
i) a;>0
iii) a,a, >a,.
e

HBNITHAIT

) a,=2MM,p +p, ﬁﬁwﬂummfma,_l

_bR1M1M2 wul? _bR2M1M2 vlu:

i) a,=MM2p, Wuwanie

B B
bM 2 . '
MfMiﬂfﬂv >%(Rl +R;) or MM, u, >bB,(R,+R,) n3ofe
T ,

Bo — bﬂv(Rl +R2) <1
MM, B u,
iii)
bR Bty bR,B.u 1 )
B B

2, —8, = 2M3Mgﬂ}? +3M12M;/—‘:/‘v +M1M2/‘h/13 + (Mleﬂhﬂf -

_ bRIMlMZﬂvﬂlf _ szMle v/lf)
B, )

a
= MM 112 + 3M12_ M 41, + MM, p, 2} +m +a,

HMM} 4 1,

E (] . . \ Q'J !
%4 3 Seou'lvrenndos Routh-Hurwitz gy LBt Ry g UUILTAII1YA
’ MIMZﬂlluv

o y 4 bB,(R, +R
augaanne 13 Tsnadosdie R, <1, iefmun R, = PeBitRy)
MM, B4,

9/ - 3 ! [
2) adugaan1zlsnGess E,=(S.I,,I5,R ,Iy) Lﬁaﬂmuﬂ

S = A
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I = R ‘
Mle[ﬂl + (Rl + R2)IV]
fe— RE
* MM,[B +(R +R)I,]
. M,(R +R)I,

- MM, +(R + R)I]
I = bp, R +bp, R, — p, MM, B, _
g [6B,R +bB, R, + p, MM, (R + R,)]

~
3
B . .
MR I, MR,
-uM, - - -4 0 0
YA A
AMR Ty A MM, — 4 0
A .
Jg, - AL = .
E; s BMR, T, 0 — MM, -1
A
0 r r
L 0 b4, (1-1)  bB,(-L)

ArWIzIzsEInsom lasmsudaums
det(J,, —AL) =0
2
%9
M, + (A +d, 27 +d, A% +d, A+d,) =0
AURWIZINIZI AD 4 =—p M,
Ay, A, WAz A o lasmsufaunis
A +d AP +d, A +d A+d, =0

2
Ep

I:/MlRlluh +I:/M1R2.uh +

0

"'”hMl -2

0

d, = bI;)l B, +bI;)2ﬂv +M,p, +2MM, 11, +
B, A

v 2

34

HMRS  uMRS ]
A A
MRS
A
- MRS
B
0

b8, bl —p,~ 4]

(10.1)

(10.2)

(10.3)

(10.4)

d, =bl, M, 8.z, +bI}, B Mz, +2Mbl;, MM, B, 14, +2M,bL;, MM, B, 11, +

e A ‘o o o E
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+bII,, MR 4.8, +bI;,I'vM1R2ﬂvﬂh L PLSMR B, +bILIL,M,R2ﬂvﬂh
A B yi! B

+ by, IVI\;RZA’M‘ + bI;S.M'éRzﬂv"u" +2MIM, 1 + MIM2 1 + 2AMMR g
i |

1
L2AMIMR, g Mo, + MM, + MR 4, EMR,pp,
B, B
*+ bYtMlRlﬂvluh +bR‘MlRlﬁvluh +bI;31M1R1 vhh +I;32M1R1 v
B B B b
JDYMR B BR'MR, S, o Do MR, , Dlo, MiRo B

B B B B

bM,R bM,R '
+HMM, 1, 11, - lﬂl A ﬁz V'uh) (10.5)
1 1 _

1

dy =2bI, MM, 5,45, +2bLy, MM, 5,15] + b, MIMI B, +bT, MEM2B, 1
LPLSMIR Bty | 2bL, I, MiM,R, B, 11 . 261, I, MIM,R, B, 182
A 2 B
DRSMIMR A | BLSMIR,As, | 200, EMIMGR, B4, 2615 MIMGRB,48!  bl,S"MM,R
A B A A A

2
2vluh

AMEMEE + LMMR,m  LMMIR 2 MM + AMMR 2, | 2LMIMR, i p,
A B B B
JDYMIR S DRMIR B, b, MR B g o Do, MiR B,
ﬂl ﬂl ﬂl ﬂl
JDYMIMR B DRMIMR B2 by MIMR 6,18 , Do, MIM.R B, 14
B B B B
JDYMIMR B8 BR'MIM,R 6,12 , Do MIMLR, B, 4 , DIo, MIMR, B, 1,
)3 B ‘ B B
JOY MRSy BRMIR A Bl MiR,B, 14 | Do, MR, 4
ﬂl lBI ﬂl lBl '
Mg~ MR i, - ML MR
1 1 1 1

(10.6)
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. , BLLS'M > bl I, MMIR, B, 17
d, = b, MOM2, 458 + b, MIM2g, g} + 2vS MiMaR By, | Do T MIMGR, 1,

J B
VILIMMR AR BSTARMR AL | DT MR A ol [VEVIR 5.
B B B B
MR, VMR, | WML VMR A
2 B B B
, bI,')leM:Rl b, bI;)'szl\l/Ile A, bY'Mf;\/IZRZ b, bR'MflMZRz Bl
B i B B
+bII>leM12R2 W bII)szMlsz T (MiMiﬂSIﬂ _bMIM,R, v/z,fl_beMle vﬂg)
B A ’ b b

(10.7)
AURMIZIEN 4, 4,,4,,4 Hawduiluaudrasandeaionlvde i
i) d,;>0 , |
i) d,>0
i) d, >0
iv) dydyd, >d? +d2d,.
deisiinsan
i) d, faudluunirue
i) d,>0 , 1IEUNTaRNTINNINANMS (10.6)
i) d,>0 ,91nauM3 (10.7)
iv) dydyd, >d? +d2d,.

1 g % = d'(
udasngaaugaanzlsnsesundesdie R, > 1.

1ANIVOY
PRRACEDY
MMM, B
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B,=05,r=1/3 day™',5=1/(365x15) day™',Ny =100,000, M, =5.66667 .
dadauvesnuilldemsAndeuasiniinadoviad 1 giﬁ’lﬁdﬁ;ﬂﬁM}ﬁﬁﬂhﬂiﬂ(%%ﬁ
3302) A=100,000, R, =6.91305, R, =2.62927 , ' =0.02553316, I, = 0.00005854 .

3.30b) A =200,000, R, =13.8261, R, =3.71835,S" =0.01276683, I, = 0.00006350.
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3.31a) 3.31b)
1)
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710 3.31 HamagvesIUMT (4.1)-(4.5) nsERNUTURUTS I (S,Ipy) TN5U
R,>1 1o uy =1/(365x70) day™!, #y=1/14 day™!, b=1/3 day™!, g, =07, B, =05,
B,=0.5,1=1/3 day™',5 =1/(365x15) day™!,Np =100,000, M, =5.66667 .
dadauvesaui demsandouasidniifaidoniingi 2 'gj!ﬁi’h’;j@ﬂﬁu@afrﬂnﬂiﬂéa?a
3.31a) A=100,000, R, = 6.91‘305, R; =2.62927 , S" =0.02553316, I, = 0.00004182.

3.31b) A=200,000, R, =13.8261, R, =3.71835,S" = 0.01276683, I, = 0.00004535.
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3.32a) ' 3.32b)

U7 3.32 wamagvesaums (4.1)-4.5) asudasmmduRuTIznie (S,R) dmsy
R,>1 100 sy =1/365x70) day™, 41, =1/14 day™!, b=1/3 day™!, B, =0.7, B, =05,
B,=0.5,1=1/3 day™!,6 =1/(365x15) day™',Np=100,000, M, =5.66667 .

dadiuvesnuil ldemsfadenazauuld gdrdyaauqannngisaGess
3.32a) A =100,000, R, =6.91305,R, =2.62927 , S’ =0.02553316, R" =0.15083707..
3.32b) A =200,000, R, =13.8261,R, =3.71835,S" =0.01276683, R" =0.16359491.
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3.33 a) 3.33b)

51 3.33 wamasvesauns 4.1)-(4.5) naluaasnnuduiussering (S,I,) g5y
R, >1 110 gy =1/(365%70) day™!, ty =1/14 day™!, b=1/3 day™!, B, =075, =05

>

B,=05,r=1/3 day™',5=1/365x15) day™!,Ny =100,000 M, =5.66667 .
H 4 [ 3 3/
dadnvesnuit hremsAaifeunsgsiaade gihdynrunannizTsadoss
3.33a) A=100,000, R, =6.91305,R, =2.62927 , 8’ =0.02553316, I, =0.00023412

3.33b) A =200,000, R, =13.826L, R, =3.71835,S" =0.01276683, I, =0.00025392.
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e g
£ 38x10% T 45x10°
3
36x10°4
4.0x10*
34x1047
3.2x10° . — . -
" -5 -3 " "
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vy da d o d ] .
faddinfifadosion 1 . dhddnnAndostion 1
334a) . 3.34b)

U

711334 namagvesaums (4.1)-4.5) nsmudasnnuduiuisenig (Ip, Ip,) My
Ry>1 18 gy =1/(365x70) day™!, p, =1/14 day”™!, b=1/3 day™’,
B, =078, =05, 5,=0.5, r=1/3 day™!,86 =1/(365x15) day™ ,Np =100,000,

M, =5.66667

daduveudniidaioriadl 1uazifiniidaderiadi 2 gigenaugaannzlsasess
3.342) A=100,000, R, =6.91305, K, =2.62927 , I, =0.00005854, I, = 0.00004182.
3.34b) A=200,000, R, =13.8261, R, =3.71835,1;, =0.00006350, I,, = 0.00004535 .
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fheusnniandorran 1 tninnaadotef 1

335 a) ' 3.35b)

51 3.35 wamasvesdums (4.1-4.5) nsmuaasanuduiusszrin (Ip,R) d M5
Ry >1 1018 p =1/365x70) day™, pr, =1/14 day™", b=1/3 day™!, g, =0.7,8, =05,
B,=0.5, r=1/3 day™!,6 =1/(365x15) day™!,Np =100,000, M, =5.66667 .
YR | d da dy a o 4 9 1 Y dy o
AT IUVDUANNAALIYBDYUAN luasﬂuﬁlu”lm Qlﬂl]@i}ﬂﬁh@ﬁﬂﬂ"ﬂ%?ﬁﬂliﬂiﬂ

3.35a) A=100,000, R, =6.91305, R, =2.62927 , I, =0.00005854, R" =0.15083707.

3.35b) A =200,000, R,=13.8261, R, =3.71835,I}, =0.00006350, R" =0.16359491.
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dndnnmEostn 1 _ huniandovian 1
3.36a) ' 3.36 b)

gﬂn336 HRIRDVOITUMST (4.1)-(4.5) nrtaaInudNRLTszHNe (I, L) g1
R,>1 60 s, =1/(365x70) day™!, i, =1/14 day™!, b=1/3 day, ﬁ, =0.7,8, =05,
B,=0.5,r=1/3 day™!,6 =1/(365x15) day~!,Ny =100,000, M, =5.66667 .
daduveudniinnideriiad 1uaxqaﬁﬁm§a gj;%di;ﬂﬂuﬂaﬁﬂnﬂ'a"ﬂﬁyaﬁ’q

3.362) A=100,000, R, =6.91305,R, =2.62927 , I, =0.00005854, I, = 0.00023412,

3.36b) A=200,000, R, =13.8261, K, =3.71835,1;, = 0.00006350, I|, = 0.0002539.
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ARCIMAAMAATOTHAN 2 ddanandorta 2

3.37a) 337b)

31 3.37 wamasvesdums (4.1-(4.5) asuaasnNnuFuRUSsEnIeIp,,R) dmsy
R, >1 ({10 g =1/365%70) day™, u, =1/14 day™!, b=1/3 day., B, =078, =05,
B,=0.5,r=1/3 day™',6 =1/(365x15) day™", N =100,000, M, =5.66667 .
Qs 1 d da Ay A A : 9 1 Y 1 dy [
AATIUVDIANNAAITOYUAN 2 ua::ﬂuﬂu"lm Qﬁl'lg‘gﬂﬁﬂﬂﬁﬁﬂnziiﬂl’iﬂiﬂ
3.372) A=100,000, R, =6.91305, R, =2.62927 , I}, =0.00004182, R" = 0.15083707.
3.37b) A=200,000, R, =13.8261,R, =3.71835,I , =0.00004535, R" =0.16359491.
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3.38 a) 3.38b)

gil?; 3.38 WAMDUVBITUMS (4.1)-(4.5) nruaRANNANRUEsEH NIy, 1,) d1H5Y R > 1
iie i =1/(365x70) day™, u, =1/14 day™', b=1/3 day™!, B, =0.7,8, =05, B,=0.5,
‘r=1/3 day™!,8 =1/(365x15) day™!, Ny =100,000, M, =5.66667 .
Faduveafniinatosiiai Zuagqeﬁﬁm“ﬁa @:L%Kj:i]ﬂﬁuﬂaﬁm’wiiﬂéﬂg’d

3.38) A=100,000, R, = 6.91305,&; =2.62927 , I, = 0.00004182, I, =0.00023412.

3.38b) A=200,000, R, =13.8261, R, =3.71835,I;,, =0.00004535, I’ =0.0002539.
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3.39 a) 3.39b)

ﬂﬁs 39 WAMAYYDINUMST (4 1)-(4.5) nyuaasnuduiussevin®L,) dwmsu
R,>1 tile m, =1/365%70) day™, sz, =1/14 day™!, b=1/3 day™), B, =0.7,8, =0.5
B, =05, r=1/3 day™',5=1/(365x15) day™',Np =100,000, M, =5.66667 .
ﬁﬂmummﬂuﬂu'lwawmmﬂm) ammﬂamaﬁmawkmsasa |
3.39a) A=100,000, R, = 6.91305,R0 =2.62927 , R' =0.15083707, I: =0.00023412.
3.30b) A=200,000, R, =13.8261, R, =3.71835,R" =0.16359491, I’ = 0.0002539.
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3.40 a)  3.40b)

gﬂ‘r"; 3.40 HARDYVIAUNS (4.1)-(4.5) pR A MIFURUTIININ (S, I, Iny) My
R, >1 i py =1/(365x70) day!, pv =1/14 day™!, b=1/3 day™!, B, =0.7,B, =05,
B,=0.5,r=1/3 day™!,6=1/(365x15) day™',Np =100,000, M, =5.66667 .
daduvesaui demsanide Wniiantoiiadl 1uazinfifaiseriiadi 2 qdyamuga
annzTsaifoss .

3.40a) A =100,000, R, =6.91305, R, =2.62927 , " =0.02553316,I;, = 0.00005854,

I, =0.00004182
3.40b) A =200,000, R, =13.8261, R, =3.71835,S" =0.01276683, I, = 0.00006350,

I, =0.00004535
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341 a) 341b)

Jfi 341 wamasvesaums (4.0)-4.5) armliaasauduiusszn (S,Ip;,R) dmsy
Ry >1 1810 1y =1/365x70) day™, 1, =1/14 day™", b=1/3 day™', g, =07, B, =05,
B,=05,1=1/3 day ' ,6=1/(365x15) day™!, Ny =100,000, M, =5.66667 .
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3.412) A=100,000, R, = 6.91305, R, =2.62027 , §' =0.02553316, L, = 0.00005854,
R’ =0.15083707 |

3.41b) A=200,000, R, =13.8261, R, =3.71835,S" =0.01276683, 1, = 0.00006350,
R’ =0.16359491
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R, >1 W0 gy =1/(365x70) day™', p, =1/14 day™', b=1/3 day™!, B, =0.7,8, =05,
B,=0.5,1=1/3 day™',6=1/(365x15) day~',Np =100,000, M, =5.66667 .

v
1 ~

as v a dy 3 Aa dy a o Aa d’l Yy
_’cTﬂﬁﬁumﬂﬂﬂuﬂl’l_iﬂaﬂﬁﬂﬂl‘lﬂﬂ ANNARAUTDVUAN lllfwfal\ﬂ’l ALYe g!ﬂlTQﬂﬂﬂﬂJﬂﬁﬁﬂ'l'JSTiﬂ
v

A o

3939

3.42a) A=100,000, R, =6.91305,R, =2.62927 , S’ =0.02553316,I;, =0.00005854,
I, =0.00023412.

3.42b) A=200,000, R, =13.8261, R, =3.71835,S" =0.01276683,1,, =0.00006350,
T, =0.0002539. |
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Fuiugugueiedu (R, >1) Taeh gy, =1/(365x70) dofu, u, =1/14d0%u, b=1/3 dofu,
B, =07.B, =058, =088 =04, =05, r=1/3 defu, Ny =100,000,
' ow @ 1 = v a A’i’ 3 Aa dy a A o’;’ . A

8 =1/(365x15) aodu daduvesnui lnemsAaFouazianinasoriahi 2 vaensviisaes QYA

£ o ’
auqaaz lsnsess )

3.73a) A=70,000, R,=9.67827,R, =3.11099.
3.73b) A=120,000, R,=16.5913,R, =4.07324.
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B, =015, =058, =088, =04, g,=05, r=1/3 dofu, Ny =100,000,
§=1/(365x15) #ofu Fadmvosnuitldensindeunziiniinndoriaf 3 vesnsiveaes gingya
ﬁuqaﬁmazisﬂéﬁq - . |
3.74a) A=70,000, R, =9.67827,R, =3.11099..
3.74b) A=120,000, R, =16.5913,R, = 4.07324.
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ﬁuﬁuﬁ*ﬁuﬁmﬁhaﬁu (R, >1) Tawit g, =1/(365x70) Ao u, My =1/14007u, b=1/3 aaiy,
B, =0.7.8, =058, =08, =04, B =05, r=1/3 ao%u, Ny =100,000,
& =1/(365x15) sty dadauvesauii imemsAnideuazifnfianidoriafi 4 vounsitiaes guingya
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3.752) A=70,000, R, =9.67827, R, =3.11099

3.75b) A=120,000, R,=16.5913,R, =4.07324.
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Hugmeadu (R, >1 ) Taoft M =1/(365x70) Ao du, u, =1/14003u, b=1/3 aely,

B, =078, =058, =088 =04, =05, r=1/3 do%u, Ny =100,000,

5 =1/(365x15) Ao dadmvesnuii ensandeunzauiiyld vesnsiienoa gngyaauga
anmzlsadeda

3.76 a) A=70,000, R, =9.67827,R, =3.11099.

3.76 b) A=120,000, R, ;16.5913,R(; =4.07324.
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B, =0.7.8,, =058, =088 =04, 8,=05, r=1/3 dodu, Ny =100,000,

S =1/(365x15) aniu ﬁ'ﬂdaummﬂuﬁ'lwiamsﬁﬂLs'f’:aua:qaﬁ
annzTsnidods
38.77a) A=70,000, R, = 9.67827,R(', =3.11099.
3.77b) A=120,000, R, =16.5913,R, = 4.07324.
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FURUFRUTIURNU (R, > 1) Taof gy, =1/(365x70) aou, u, =1/14a074, b=1/3 a9,
B, =015, =05, B, =08,5, =04, B,=05,r=1/3 an Y, NT—100 000,
o= 1/(365x15) faTu ﬁﬂmuﬂmmﬂmm%awﬂﬂ 1LLa°’Lﬂﬂ‘VIGI¢|L%E]%uﬂ'VI 2 ﬂlmﬂiwwmﬁm mmmﬂ

ﬁilﬂﬁﬁﬂTJ‘”TﬁﬂLiﬂ‘N
3.78a) A=70,000, R, = 9.67827, R0 3. 11099
3.78 b) A=120,000, R, =16.5913,R0 =4.07324.
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v o s (] o {a 4 a A [ o ia 3 a 1 ' 4 []
#4379 armaSeufsuuaannuduiutvesdaduaniiaayestian 1fuRnNAAFwiian 3 iedl

U

A o

Fuiug guj;m?haﬁ'u (R,>1) Taoi iy =1/(365%x70) e fu, p, =1/14d0du, b=1/3 defy,
B, =075, =05, f, =08.p, =04, f,=05, r=1/3 0%, Nr=100,000,
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379a) A=70,000, R, =9.67827,K,=3.11099.

3.79b) A=120,000, R, =16.5913,R, =4.07324.
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ﬂuwu‘ﬁwumumaﬂu (Ry>1) Taufi 1y, =1/(365x70) dofu, i, =1/14@03, b=1/3 av i,
B, =018, =05 B, =08p, =04, B,=05 r=1/3 Ao, NT—IOO 000,
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3.80a) A=70,000, R, =9.67827,R,=3.11099.

3.80b) A =120,000, R, =16.5913,R, =4.07324.
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k4

AUFUANRIU (R >1 ) Taefi y, =1/(365%70) ao¥u, p, =1/14d0%, b=1/3 Ao,
B, =078, =05, 5, =085, =04, f,=05, r=1/3 dodu, Ny =100,000,

& =1/(365x15) Ay ﬂﬂmummmnmmmww 1ua~ﬂu'~71u“lﬂ1 ﬂlmﬂﬂwmﬁm quhgdyacuganng

Trnidots
3.81a) A=70,000, R,=9.67827,R, =3.11099.

3.81b) A=120,000, R,=16.5913,R, =4.07324.
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NUIMANY (Ry >1 ) Taef gy, =1/(365x70) oTu, p, =1/14dedu, b=1/3 de’u,
B, =0.7,B,, =058, =088, =04, =05, r=1/3 dody, Ny =100,000,

5 =1/(365x15) defu dadmmeudiniidadoriaf 1uazysfianide vosnsmiiemos gihgganuna
amazlsnlEesa
3.82a) A=70,000, R, =9.67827,R, =3.11099.

3.82b) A=120,000, R, =16.5913, R, =4.07324.
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ﬁuwuﬁwumumanu (Ry>1) Tai My =1/(365x70) siodu, x4, =1/14993U, b=1/3 doy,
B, =0.7,B, =058, =08, =04, =05, r=1/3 dodu, Ny =100,000,
5=1/(365x15) dofu daduveudiniifnidoriiad 2 uazdinfifndosiind 3 vesnsires guingya
ﬂu@aam'wkm?ya%"a

283a) A=70,000, R, = 967827 R, =3.11099.

283b) A =120,000, 120—165913R0 4.07324.
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SuRuiugusadu (R, >1) Taoft u, =1/(365x70) o, g, =1/14de%u, b=1/3 dou,
B, =078, =058, =088, =04, B,=05, r=1/3 dou, Ny =100,000,
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3.84a) A=70,000, R, =9.67827,R, =3.11099.

3.84 b) A=120,000, R,=16.5913,R, =4.07324.
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fugrumeiu (R, >1 ) Tavdl iy =1/(365x70) o3y, p, =1/14%03y, b=1/3 apdy,

B, =078, =058, =085 =04, =05, r=1/3 dedu, Ny =100,000,

& =1/(365x15) Gioﬁ'ﬁ Fadnveudinfianideviiadt 2uazmuituld vosnsiitaes guihdyanugaaniz
Tsnede |

3.85a) A= 70,000 , R, =9.67827,R,=3.11099.

3.85b) A=120,000, R, =16.5913,R, =4.07324.
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fugudniu (R, >1 ) Tasf iy =1/(365x70) oy, u, =1/14005u, b=1/3 iy,

B, =016, =058, =084, =04, f,=05, r=1/3 do¥u, Ny =100,000,

5 =1/(365x15) dofu dadmveudinfinnidoriiad 2Lmzqaﬁam§a vesnseeos gngyamuga
anmzlsndede

3;86 a) A=70,000, R, =9.67827,R, =3.11099.

3.86b) A =120,000, R,=16.5913,R, =4.07324.
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6 =1/(365x15) sofu ﬁﬂdmmmnﬁﬂﬁam%wﬁﬂﬁ sunzdniiandesilad 4 vesnsieans giihgyn
ﬁuqaﬁmazism%a%a |

3.87a) A=70,000, R, =9.67827,R, =3.11099.

3.87 b) A=120,000, R, =16.5913,R, =4.07324.
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Tsaidese

3.88a) A=70,000, R, =9.67827,R, =3:11099.

3.88b) A=120,000, R,=16.5913,R, = 4.07324.

NA. 9. WUET wARUWUE



o a da Qs ' 5
uuudaswnadamaasmiunsunsdenm Iasiadneguardls Inflveslsnldifonssn 132

00003 00004
00003
000032
0.00032 -
000030
000030
) g
8 0008 1 £ 00028
& £
& 00006 7, 000026
” -
= &
R 0000 €
£ £ oaonaa
&
& g
000022
200020 -
X 000020
00018 -
000016 - Donntg
0.00014 . T . : T T 0.00016 T T T —
20007 25007 30007 3507 40007 4500t spa0 550 280% 300 a5’ 400’ 4met 5pur’
v i €32 4 & d 1 eds A a8 d
EAMNBANRANIYUIR 3 TAfEINARYIRYAN 3

3.89 a) 3.89b)

7 ] 4 (] ' F4 Yoy o
389 asvlnfSvuideuuaaswmnuduiuivesdadudniidadiesiiai sfugeiiaade emduwug
v : ]
Augeeiu (R, >1) Taoh gy =1/(365x70) aodu, g, =1/14d0%, b=1/3 defu,
B, =078, =054, =08, =04, f,=05, r=1/3 dofu, Ny =100,000,
] b4 [l 1 b4 b4
8 =1/(365x15) siodu dadmveudniidaiFeriinii unsgiiidaie vesnsmiiaaes ghgyanuqa
4 o ' '
anaz lsness
~ 3.89a) A =70,000, R, =9.67827,R, =3.11099.

3.89b) A=120,000, R,=16.5913,R, = 4.07324. )

A AT WUGT WIARUWUS



- : W .
uuudnesnsadamaaidmiunsunsifenu Inssadeeguazdls Indlvelsn 1didensen 133

o 0166
- 01651
021 — '
014
. z
%, % 0163
L :
z 2
z & 0162
(a3
£ £
% 0.18 {
0161+
01601
0%
0155,
s S T T T T T U T T T T
=5 - - . T
1001 2001 AT 45010 2000 2 20246802 500 28 80008 10055 12007 14008 1807 18007 20007 23005 9t
gy ¢ da I a2 g1 ¢ da & a J .
it daidardovia 4 fadmefniitadhviad 4
3.90 a) 3.90 b)

1 v o & Qs ] =1 {a -4 a 4 [ 3 Y ¥ 1Y)
5141 3.90 arfSeudeutaannuduiuivssdadiudninadesiad afuauityld dlerduius.

Fugnusefi (R, >1) Taoft g, =1/(365x70) Ao, p, =1/14¢8%u, b=1/3 Ao,
B, =078, =055, =08p, =04, B =05, r=1/3 deu, Ny=100,000,
5 =1/(365x15) oty ﬁ'ﬂdauﬂmuﬁﬂﬁﬁﬂﬁ;%ﬁﬂﬁ szl 14 vosnsideaos guhgyadugaaning
Tsnidess '
3.90a) A=70,000, R, =9.67827,R, =3.11099.
3.90 b) A =120,000, R,=16.5913,R, =4.07324.

NA.A9. 70T WaARuWLS



o a da o . 4L ’
wupinemundiamanidmiumsunsien Inssadueyuazdls Inflveslsa lfidensen 134

000036 : 0.00034

000034 1 0008321
00002 -
0000301
080030 4
-]
"R 000026
%8 0008 4 %
€ E
g 000026 7 00026
T 3
r n .
2 omm T 000024+
§ £
0.00022 4
0000221
200020 -
0000201
200018 _
000016 4 0.00018 4
000014 T T T T T —T T T 0.00016 T T T T — T T
10001 20071 4% 1610 1801520073200 2407 2918 8000 1005 12005 1400 1640 180 2005 20009 2400
w1 ¢33 ad . ' v €45 4 ad
BAMARRATIIIAL 4 AT IMGRARRATRTIAN 4
3.91a) 3.91b)

3 S - v o o @ 1 < da g a o ar {a f 4 1 as
391 asmlinlSeudeunaasanuduiutvesdadunnidateriiaf 4fugsiaaiie Wemduwy
) .

fugmsedu (R, >1) Taoft g, =1/(365x70) aoiu, p, =1/14d0%u, b=1/3 sefu,

B, =078, =058 =088 =04, B =05, r=1/3 de¥u, Ny =100,000,

Adl\

5 =1/(365x15) dsfu Faduveudniinaiferiind auazysfiaaide vosnsiviaaes ghdyanuqa
annzlingedy |
3.91a) A=70,000, R,=9.67827,R, =3.11099.

- 3.91b) A=120,000, R, =16.5913,R, =4.07324.

HA.AF. WU WIARUWUE



N 14
i mesnndiamanidmiunsunsifenu nssadweguasd s indveslsn l¥ifoncen 135

000036 — nioeed
000034 | : 0o
. 006032 4 000030 4
a0 g
2 z 000028 4
& 100028 &
2. :
7 00002 e
2 °
T 00004 - % oo
000022
00022
000020 -
00020/
oo |
000016 4 Daoote |
000014 +— : 1 - T 00
00016 T T T T T T
e wEooE 02 o o 0B 0D D6 O 01 OIS 066
SHidmauily B
3.92 a) . 3.92 b)

392 nsmnSoufiounaasmudiniuiuesdadiunuiiu ifugdiaade domduugiug
e (R, >1) Taoit g, =1/(365x70) Ao, g2, =1/14de5, b=1/3 dou,
B, =0.7,8, =055, =088, =04, B,=05, r=1/3 doFu, Ny =100,000,
5 =1/(365x15) foiu ﬁ'ﬂdauﬂmﬂuﬂyu'ﬁl’uazqaﬁﬁmga vesnTTHiaes ghgeaanqaanglin
dosa |

3.92a) A=70,000, R, =9.67827,R, =3.11099.

3.92b) A=120,000, R,=16.5913,R, =4.07324.

NA.AT. WS WIARURUS



o a d o o ] g
uuudraesnndiamanidmiunsunsiyeas Inssaieeguazls lndveslsaldideasen 136

11
35w 300078 74 1 LA o
“g P g
2} i [~
‘E 28070 ¥ | A ‘%
N 30007 z o§ Pas c
.‘é g 1= i ' -g
= € & 20t {7 A g
» o P H i ‘F
o -3 = ] Yl =
E 2540 A s /( . z
g g z 240 4 A g
£ F AN z
s + % % £
g0 s 5 220005 {7 § | i £
2 z SR ’
:g: 5 . / N 0.021 'é 2.0x10° oy 1 i 00116
15003 | 0.020 = A 00t

18207 {7 | 7

1.0xi07 15u0S X
45007 401078
361107
321078
5
v gde 3 ad a0 e
Fandnfiaamosiai 1 Hdndnifadoritai 1
3.93a) 3.93 b)

1 [ 3/ -l ¥ ] '
5113.93 nlSeufsuuaasnuduiuivesdadiunuildemsfade wnfidadeiiad 1 uazdini

4 v 1 3 v
Aairoyilad 2 WemAuiufiugiudeiu (&, >1 ) Taeht 4, =1/(365x70) dofu, , =1/14d0%u,
b=1/3 a0y, B, =0.7,8, =058, =088, =04, g,=05, r=1/3 aeau, N =100,000,

v 14 v F 4 v [] 4 v
5 =1/(365x15) fiadu Faduvesaui lvemsfAnde Winfinawerilai 1 uavinidaosiaii 2 veq
3 19 1 dsll [
ns e gingganugaan1azIsaEess
3.93a) A=70,000, R, =9.67827,R, =3.11099.

3.93b) A=120,000, R, =16.5913,R, =4.07324.

uA. A7 Wue waAduRug



'3 a d g as v 4 a
wurasmuadiamanidmivmsunsiyeanlnssriweuard s nilvedlsa lidenssn 137

3‘5

G

g ®

g L2 45a0° s

1,5. 5 e =

H & E g

w2 = & 2

G = 1= s

S e = T

"t a b3 £
& ] 5

-3
| £ £ 00115
H w2 € 00114
00112

3.94 a) ' 3.94 b)

gﬂﬁ 394 nsmlilfoufounannuduiusvesdadaunui lhrenisande infiaadoriad 1 uaziindl
Anowilan 3 Lfiaﬁﬁuﬁ'uﬁfﬁugmﬁhaﬁ’u (R, >1) Tavit g, =1/(365x70) fofu, g, =1/14¢05y,
b=1/3 doty, B, =078, =058, =088, =04, §,=05, r=1/3 doFu, Ny =100,000,
8 =1/(365x15) Aodu Fadamvesaui lidemsfaie Mnfiaadosiinit 1 unsinfinaisosiian 3 ves
nrTaes ghdanauaaaniaz Isnidose

3.94 a)- A=70,000, R, =9.67827,R, =3.11099.

3.94b) A=120,000, R, =16.5913, R, =4.07324.

HA.AT. WUA NARUAUE



. o a o o o [] y B P} .
wuieeswRadamaaidmivnsunsizenm Tnassadweguazdls Inflveelsaldifensen 138

o
n
[
i
=X
A

X
naawemiion 4
[
o
=
1=
8

7y

dadrunuithdomsdomido

FadrwdiniiGafouiind 4

Fnudn

4507

5
10
40« o 5 11073 0017
30%107% 515 0t6
-5 |
oy e de 3w 2000508 ¢y de 3 ad
Sadmeinidacfawia 1 ' it niidadavian 1
3.95a) - 3.95 b)

{ = v o o @ 1 ~ 3 a g & da y = {
3N 3.95 smFouivuaasnuduiutvesdadiuauildemsaaidie aniidaweriiaf 1 uaz@nd
¥
a & _a

i ) Y " 3 "o T4 b
an¥eriiah 4 WemTuiugiuguddu (R) >1 ) Taofl g =1/(365x70) aofu, py =1/14w0¥y;

=i/i

b=1/3 ey, 4, =078, =058, =088, =04, f,=05, r=1/3 dofu, Ny =100,000,
§=1/(365x15) apdu dadruwesauiiladenisiaibe Lﬁﬂﬁﬁma“;mrﬁﬂ’v’i 1 L}ﬁzlﬁﬂﬁam‘%ﬂ‘lﬂﬁﬂﬁ4 Y09
Asiaaes éﬁ’h’cjﬁ;ﬂﬁuﬂﬁﬁﬂYJﬂiﬂé’ﬂ;ﬂ

3.95a) A=70,000, R, =9.67827,R, =3.11099.

3.95b) A=120,000, R, =16.5913, R, = 4.07324.

B 7. Wuall naddunus



° a oK) o ] Y
wuheswnadlamaaidmiumsuwsideawInseadeguazd s iniveslsndifensen 139

[ —
: |
. '
0 L \M‘\“‘“%—J_ “g
“ /A\ I p
=1 N | g
02 . \f‘ £
i ] @ =
2 LA T = :
w omf | ~$_ | ’ 2 E g
£ L L7 [ e E £ £
z | € £ £
T 018 | 7 [ z :gi
3B ! ~ 2
L TH om ¢ g
018 4 wn = 00112
, Z ‘
Ve 0018 g 0158 Sl T AL AL I
E . ~ ol /00106
0.14 v
4505 oot ® 4010 L 7K 00104
40107 36a0s A7 012
35x07% 0017 5 -
S0 y 3.2310° S 0.0100
. ?'sxw?-ﬂ s 0018 W e oda 4 iﬁzm 243107 0.00%8
dndmdniaasavilai { 15207 fadsinifadasiian1 <7
3.96 a) : 3.96 b)

a

T r k4 ' 4 ]
33,96 nnifSeudleuuaninnuduiuivesdadiuauii lrensAaie niidaeriiafl 1 wazay
3/ « ¥ T .
Hu'ld domFufugitugiucheiu (R, >1) Taoh gy =1/(365x70) Aoy, g, =1/14d0%w, b=1/3
defu, g, =0.7.6, =056, =088, =04, B =05, r=1/3 do¥u, Ny =100,000,
I Y T b4 ' 3/ F4
8 =1/(365x15) aniu dadiuvesaui haemsaaiie dinifawewiian 1 uazauiu’ld vesnsminaes
19 1 Ay [ ‘ ’ )
gindyeaugaaniizlsnidess
3.96 a) A=70,000, R, =9.67827,R, =3.11099.

3.96b) A=120,000, R, =16.5913,R, = 4.07324.

uA.A7. WuaH naAuRug



¥
wuvdasmnadamaasdmsunsumsiFean Tassaduerguasls ndveslsaldidensen 140

000016
402107

3.6x107

0.00030
-] ,ﬁ
" € 000028
& &
"E' g "i 00026
G - i
5 € _;:,: 0000241
B § £ 00002
o ‘ i{": L7
2% 000020 |g AL
§ 0000181 1 %/
£ D,
£

3.97 a) . 3.97 b)

'

< e =

@ o o 1 a g =3 {a 1 a A {
513,97 aswllSeufouugasnnuduiusvesdadiunui linemsdaie nhAadestiah 1 uazyd

Aoute Lﬁamﬁuﬁuﬁ:ﬁugjudnﬁu (R, >1) Tauit =ﬁ/(365x70) Aoy, u, =1/14¢d07y, b=1/3
sotu, g, =07,8, =058, =08p, =04, =05, r=1/3 se3u, Nt =100,000, |
8 =1/(365x15) siofu FaduvesnuitlremsAaide Wnfianitesiiad 1 Lzazqqﬁam%a veenTHNe
GG Q'Li’i’1cjigﬂﬁuqaﬂﬂ1az<[iﬂf§ya§a

3.97 a) A-=70,000 , R,=9.67827,R, =3.11099 .

3.97b) A=120,000, R, =16.5913, R, =4.07324.

A AT WA WaAGURUS



3
unuiaesmsadiamaaidmiumsunsiden Inssadeeguasdls Inflveslsn iifensen 141

1 o o 3 o as - Y o o
mduRugiugudmivgl a uazgll b finwindy 9.67827 waz 16.5913 muddy Aveens

@ o [

undedniugl a medudnedienidu 593 Su dmsugy b mednvnilefimuvesmsuniuviiiy 444

«

e’ay g a1y

as (=] 3 ' Qs t - J
u vensmzaunsaiu ldhdmduiugiugwiingdumuveinsunisasiinnfesas yamugaly

Q <@ U Q

] 9 v ] 14

dww @ 1 d:{agad dd‘ady a 4 g da A a A S Aa M4 o
ﬁﬂ'l']ZIiﬂliﬂi\i‘Uﬂ\iﬁﬂﬂ?ﬂﬂl@\ﬂﬂﬂﬂﬁﬂﬁfﬂ‘b’ﬂﬂﬂ 1 INNAAITDYUAN 2 IANNAAUTOFUAN 3 IANNARTDTUA
d ¥ yy o da & L. 2 X 224 A a P o 2 nye
n4 ﬂuﬁuthuazﬁﬂmummqwmwmzummmu ‘VNULUEN'1]']ﬂ1le]C°'lﬂ551l‘Vlﬂu1’lbhﬂﬂﬂ'liﬂﬂl‘ljﬂllﬂﬁﬂ
3/ .

& Ao A o
l%ﬂﬂ']ﬂf!\'iﬂulf’lff]uu!ﬂﬂ

N A7 WUEH MARNRRS



'
uvuimesmundiamaasdmiunsunsiFeruTassadvenunzdls Infves Tsnldidonen 142

UNN 4

U LY
agil Insal sazmwenuzandeluean

nauyiiaeusEnEmgAnss vvewwamasluuuuiiasslaoyszgnd3Easveens
PraeuFawainmnasgiu hldld Geulviisududmsudualsivm dfan nuedes nely
. ¥ . [
vosgamugamuldannizliTsauazanngszaediudoss Tauns19idouly Routh-Hurwitz
t ' dy @ a o q Yy ' a 7
ATIITBUANUITDLIVOIWAAZYAAUgA Had Idnnngu] Tl ldyavesdimisiTine s

v & A = < =
fnll']ﬁﬂﬁﬂﬂ'liﬁgn']ﬂﬂ]'ﬂQIiﬂ‘lﬂ muﬁﬂﬂugﬂmmmﬂu‘lﬁu FINTDUAGUOIANUANYTUDY

F 4 . ] b4
anmeszinaneluazanizsziaeiiausesy Hgaveaniimefudazyail Idiueziing

0o q ¥ g PR a P S
Mildaamsszuavealsall F lunenisunndiiu YAvRINITLmRTUAa AR 1A

L}

E4 ¥ '
anuEdeTiummsanIugumsszinaveslsad idiues

.
a a =

] =1 aw Qy Ju " Ya = =Y 1 o
0&1\3,15ﬂﬂ11] ll‘LN'lu’J‘i]EI‘JJ"LIHENllllVlﬂﬂﬂﬂﬂﬂ‘ﬂﬁwﬁ“ll?Ni]ﬂﬂ'lﬁﬂilﬂﬁﬁ'ﬂ‘ﬂ'lu'lu‘ﬂﬂﬂqq

¥ 3
nuteluswamiualIsimsAadednSnamanil

v du o &
HA.AT. AUTH WIATUWUD



(1]

[2]

B3]

(4]

[5]

[6]

71

(8]

[9]

[10]

- [11]

[12]

143
VIIMIUNIN

World Health Organization. Dengue Haemorrhagic fever: Diagnosis treatment prevent and
con!Iol 2™ ed, Geneva: WHO, 1977.

Hethcote HW. The Mathematics of Infectious Disease. Siam Review, vol. 42, pp. 599-653,
2000. | | |

Bailey NTJ. The Mathematical Theory of Infectious Disease 2™ ed, New York: Hafner,
1975.

Mckenzie F.E.. Why model Malaria? Parasitology Today, vol. 16, pp 511-516, 2000.

Harvey W. The circulation of the blood and other writings, Dufton, 1963.

Hamer W.H. Epidemic disease in England. Lancet, vol. 1, pp. 733-739, 1906.

Zhilan F. and Jorge X. Velasco-Hernandez. Competitive exclusion in a vector-host model
for the dengue fever. J. Math. Biol, vol. 35, pp. 523-544, 1997.

Ioufdes Esteva and Cristobal Vargas. Analysis of a dengue disease transmission model.
Mathematical Biosciences, vol. 150, pp. 131-151, 1998.

Lourdes Esteva and Cristobal Vargas. A model for dengue disease with variable human
population. J. Math. Biol, vol. 38, pp. 220-240, 1999. |

Lourdes Esteva and Cristobal Vargas. Influence of vertical and mechanical transmission on
the dynamics of dengue disease. Mathematical Biosciences, vol. 167, pp. 51-64, 2000.
Lourdes Esteva and Cristobal Vargas. Coexistence of different serotypes of dengue virus,
J. Math. Biol, vol. 46, pp. 31-47, 2003.

Division of epidemiology. Annual Epidemiological Surveillance Report 1997-2007.

[13] Hoffman JD. Numerical Methods for Engineers and Scientists.

Sigapore:McGraw-Hill 1993.



MANUIN )

a a a:; t:i k7
HENUUASNY B UNTUNEIVDI



o a & o o i N
uuuimemuadiameridmiunsunsdeamlassadwowuazdls IndvesTsaldidonsn 145

Al. Theoretical Background

Many biological problems can be explained mathematically by a sef of
differential equation, which may be nonlinear. In many situations, it is possible to
replace the nonlinear differential equation by a set of related linear différential
equation that approximates the real nonlinear equation close enough to give useful
effects. The method of “linearization” may not always be appropriated. Then the;
original nonlinear differential equation must be considered. The study of nonlinear
diffefential equation is usually confined to a variety of spécial cases and we have to
use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point,

singular point, critical point or rest point) of

dX :
— = (1, X} : Al
dt ( / A1)

if fit,X,) = 0 forall t > ¢,
If X, is an equilibrium point of (A.1) at t , then it is an equilibrium point for all
T 2 t* .
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every 0>0
and any t, . ¢+ thereisa (3,ty) > 0 such that
Iu(t,to,'y)| < & for every t 2 tg
whenever I Y l < o(d,tg) where u(t,y) is the solutionof (A.1).
Definition A.3 The equilibrium point X =0 of (A.1) is asymptofically stable if
1) it is stable and
2) for every"c0 > 0 there is an & (t)) > 0 such that

lim u(t,tg,y) = 0 whenever |y| < g[54] (A2)
t—>o .

Qs = da o o
HA.AT.NUTU WIATUWUD



0 a ) o 4
uuyhrosamundamanidmiumsunsdoan Tassadnoguazdls Indveslsaldidensen 146

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable.

In this case there is a t; > 0 and a sequence Y, —> 0 of initial points and a sequence t_
such that | u(ty +tn,t0, Ym) | > y foreverym,t_>0.

For more general setting, consider a system of two autonomous first-order

differential equations :

dX

gt XY (A.3)
dY :

praiat -t XY (A4)

where g; and g, are nonlinear functions. We let (X,Y) is the equilibrium point,

then
a(Xy) = Xy = o0 (A.5)
Setting the solution at any time in the form
XM = X+ x(t) " (A6)
and
YO = Y + y(t). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and

Y(t) from (A.6) and (A.7) into (A.3) and (A.4),

%()_(+ X) =g (X+Xx,Y+y) . (A.8)
%(?+ y)=g2(§{+ X Y+Y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we
expand g; and g, in a Taylor series about the equilibrium point (X,Y). Then we
obtain
X dx oo o
— + — = + X +

oy 81X V) +81, (X Vx+g1, (X Yy
(A.10)

+ terms of order x 2, y2, xy and higher,

Y = do o o
HAAT. WUDY WIRTUNUS
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dy d e % v XY
E+d_{ = XYV +e XDx+gn, Xy
(A.11)

+ terms of order x 2 , y2 , Xy and higher,

where glx()_(,§) is % calculated  at ()—(,?) and similarly for
gly(i ?), 824 ()_(, ?) > 82, (5(, ?) and other terms. _
By the definition of the equilibrium point, we Have i—i( =0, c;—? =0,

g1 ()—(, Y)= 0and g (;(, ?) = 0. We consider only linear term. Thus from (A.10)

and (A.11), we obtain .

dx apXx+apy
dt 11 127>
d—); =  a) X+
dt 21 £822Y- |
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
%1 % |
Sy aj;  ap ox oy
*0 Lzl azz] %82 O
x ¥ lxy
Letting a=aj; +axy
B=ajjazn —apay
and Y= a? - 4B is called the discriminant.

Then the characteristic equation is A2 — o+ B=0

The eigenvalues are obtained from:

_ ai\/;

Ai g =
12 = 7

A linear system can have at most one equilibrium point, (0,0) if B =det J#0.
Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of

J have negative real parts and every eigenvalues of J which has a zero real part is a

simple zero of the characteristic polynomial of J.

ar Pl S o &
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The behavior of the equilibrium poiﬁts of the system of equatibns (A.3) and (A.4)
can be determined by considering the different kinds of eigenvalues of the Jacobian
matrix.

The different behavior of equilibrium points are determined from thé
characteristics of eigenvalues of J.
i) The eigenvalues of J are real aind distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as
follows.
Case I The eigenvalues of J are real and distinct. There are three possible behaviors.
a. If both eigenvalues of J are negative, the equilibrium point will be a stable-

two tangent node (Figure A.1).

A

Figure A.1 A stable two-tangent node.

.

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

o/ =3 do w o
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Figure A2 An unstable two-tangent node.

c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).

=

Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

' A0
a.If J isdiagonaland J issimilarto the matrix as J = [0 7\.] , then the

critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A.4).

A )

(a) Stable (b) Unstable

Figure A4 A stellar node.

Q7 ) T o &
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b.If J isnotdiagonal, then it is not similar to a diagonal matrix. The critical
point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

- (a) Stable (b) Unstable
Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.

It is necessary and sufficient that y = o? - 48 is negative and then

=oH_-i\/:
2

1,2
There are six possible behaviors as follows.
a.lf >0 and B >0, then the equilibrium pbint will be unstable node.
b. If Ol <0and B >0, then the equilibrium point will be stable node.
c.If Ol <0 then the equilibrium point will be a saddle point.

dIf o< 4B and OL >0 , then the equilibium point will be an

unstable spiral node (Figure A.6).

os = do o o
- HALATAUTU YRATUNUD



° a g o o &
uyyiiaenuadiamaasdimiumsunsiFeam Inssadneguasdls indveslsa l{idonsen 151

Figure A.6 An unstable spiral node.

eIf o< 4B and (<0, then the equilibrium point will be a stable spiral

node

|

o= X

Figure A.7 A stable spiral node. .
£If o < 4B and (= 0 mean that the eigenvalues of J are purely imaginary,

then the critical point will be a center (Figure A.8).

Qs a do @ o
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Figure A.8 A center.
In this section, we use the above .ideas to apply for systems of n > 2 equations.
Consider
X = (X, Xooe X)) wherej=12,.k (A.12)
or in the Iform of vector notation . |
X = F(X) (A.13)

for X =(X,,X,,...,X}) and F= (f, £,..., f) where each function f; depend on all
orsome Y,, Y,,..., Y,. The equilibrium point Y is obtained by.solving F(Y)=0. The

next step is to determine stability properties of this equilibrium poinf.

When we linearlize equation (A.13), the Jacobian is obtained by setting
0 .,
J = —F A.l4
X (V) (A.14)

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det(J—AI) =0. We
obtain a characteristic equation in the form
| A +bakl +--4+bg = 0 | (A.15)
The stability of the equilibrium po.int can be determined without solving the
actual values of eigenvalues by using the Routh-Hurwitz criteria.

Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

o o do o o
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Take the characteristic equation (A.15), define k matrices as follows:

H, =[b],

by 1
H2_b3 b, |’

[b; 1 0
Hy=|bs by by
bs by bs
[ by 1 0 0 ... 0
Hj= bs b, by 0
bs by b, by 0 [
b2j-1 b2ja baj3 byj4 ... b
by 1 0 - 0
e LR
0 0 - by

where the (l,m) term in the matrix H, is
by, for 0 < 2lm < k
1 for 21 = m
0 for 2 <m or 21 > k+m.

Then all eigenvalues have nega_tivelreal part. This means that the equilibrium
point X is stable if and only if the determination of all Hurwitz matrices are positive
which is | |
DetHj > 0 for j = 1,2,3,..,k

Nexf, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which
are appeared in the thesis.

Fork=3;

We need to show that DetH, > 0 for j = 1,2and3.

H, = [b]; DetH, =b,, .
by 1

H, = ! ;  DetH,=bb,- b,,
by b,

o A do @ o
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by 1 0
Hy=|bs. by by | DetH,= bjbybs ~b% ~b%by +bbs.
bs by by

Since coefficients b, and by in 3" order characteristic polynomial equation equal
to zero then we have
DetH, = b,
DetH, = b)b,- b_3 and
DetH, =  bybybs —b> = bs(biby —bj).

So the three conditions which correspond to Det H > Oforj = 1,2and3
areb, > 0, b, > 0 and bb, > b, |

Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical
stability in 3" order characteristic polynomial equation are
i) b, > 0,
i) b, > 0 and
iii) bb, > b,.
Fork=5

We need to show that Det Hj > 0 for. j = 1,2,3,4and5.

H = [b]; DetH, =b,,
bll 1
H, = [b | ]; DetH,=b,b,- b,,
3 2
by 1 0
Hy=|b3 by b DetH;= bjbybs b2 —b%b, +b;bs,
by 1 0 0
by by by 1
H =03 %2 D

as = Lo @ o
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DetH, = b,b,b;b, ~blb, —bjbZ —bb2b, +b,b,b +2b,b,b, —b2 +bZb,b, — b b,b

6

—-b,b,b, +b,b,,

b; bg bs by bj
bg bg by bg bs

Det H; =b,b,b;b,b; ~blb,b; —b’b2b, —b,b2b? +b,b,b? +2bb,b? ~ b3 —b;b,b2b,
+blb, +bfb3b4b6 +2b;b,bsbs —3b,b,bb, ~b{b? +b,blb,b, —b,bZb,
—b{b,b,b, —b,b,b,b, +2b,bb, +2b;bgb, —b, b2 —b’b,b,b, + b,b2b,
+b;b,bg —~bib b, +b,b,b,b, —bib, —blb,b, +b,b.b,.

Since the coefficients b, b,, b, and b, in 5™ order characteristic polynomial
equation equal to zero then we have

DetH, =b,,

DetH,=bb,- b,

DetH, = bb,b; —b; —blb, +b,b,

= bs(b,b, ~by) ~b,(b,b, —b,),

DetH,= b,b,b;b, —b3b, —bb3 —b,b2b, +b,b,b, +2b,b,b, —b?
=b,(b,b,b, - b} - blb,)-b,(b,b> —b,b, ~2b,b, +b,),
DetH,= b,b,b,b,b, —b2b,b, ~b’b2b, —bli)§b§ +b,b,b? +2b,b,b? —b3

= by(b,(b;b,b, - bj- blb,)-b,(b,b2 —b,b; —2b,b, +by))

So the conditions which correspond to Det H > 0for j = 1,2,3,4andS5.

are b, ' > 0,
bb, - b, >0,
b,;(b,b, —=b;)—b,(b,b, —by) > 0,

b,(bbbs - bl - blb,)-bs(bb; —b,b, —~2bb, +b,) > 0.

Qs - daor o o
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After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz
criteria for local asymptotical stability in 5" order characteristic polynomial equation
i) b > 0(1=1273,4,5)

ii) bbb, > bl+blb, and
i) (b;b, =b;)(b,b,bs —b3 —blb,) >b,(b,b, —b;)> +b,b>.

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method [13] which is one of the
most widely used methods, and is particularly suitable in cases when the computation
of higher derivatives‘is complicated. It can be used for equations of arbitrary order by
means of a transformation to a system of first-order equations. We shall discuss the

solution of three first-order equations. Let this system be
dx

— = fx,y,2t
" X, ¥,2,1)
dy

- = Lz, t
" g(x,y )
dz

— = h(x,y,2t
" *, y,2z1)

with initial point (x,,y,,2,,t,) and interval length h.
Runge-Kutta-Fehlberg’s method for finding approximate values of X,y and z at

each step is

N (2375k ;| +11264k 3 +10985k 4 — 4104k

¥n+l = Xn 20520
_ @375 +11264r 5 +10985r 4 - 4104k
Yn+1 = n 20520
(2375s , +11264s , +10985s , — 4104s |,
Zy = Z,+- o
20520
where

k, = hf(x,,y,,2,,t,),

a/ =t Jda o &
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k2 = hf(xn +lz_l’yn +r_l,zn +£l—’tn +%),

4 4
k, = hfx, +(3k1 +9k2), ) +(3rl +9r,) 2, +(3s1 +9s,) t +&),
32 32 32 8
K, = hitx, + (1932k | — 7200k , + 7296k ,) ’
2197

. (1922r | - 7200r , + 7296r ,)
2197 ’

o

o 4 (19325, -72005 , +7296s ;) o2
2197 13

-32 -
k, = hfix, + 8341k , -3 832k4210-|£—129440k ; - 845k ,) ,

n

. (8341r | - 32832r , +29440 r, - 854r ,)
4104 ’

| (8341s , - 328325 , +29440 s, - 854s ,)
4104

n ,t. +h),

n

- — 28352 k, + 9295k , - 5643k
k, = hige, + C6080K , +41040K , 23:5;;'0 5 +9295k | .

n

(-6080r | +41040r , — 28352 r, +9295r , - 5643r ;)
+ ,
' 20520 |
(-6080s | +41040s , — 283525 , + 92955 , - 5643s )
Z +

n

and the error for each step will be

k, 128k, 2197k, k,

'E = —,
T T 360 T 4275 75240 50

: ,t, +
20520
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I;>T;5., [gand the emor of y value can be evaluated from the above equations.
$1>8,5» Sgand the error of z value can be evaluated from the above
equations.k , k, ..., k¢ and error of x by replacing function f with function g and
function h.

Runge—Kutta—Fehlberge’s method can be applied directly to a systém of n first-

order differential equations

@ do w
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DENGUE MODEL WITH AGE STRUCTURE AND TWO DIFFERENT
SEROTYPES

P. Pongsumpun
Department of Mathematics and Computer Science, Faculty of Science , King Mongkut’s Institute of Technology
Ladkrabang, Thailand

ABSTRACT

Dengue disease is the most important arboviral disease
in the tropical countries; especially in Thailand. Aedes
aegypti is the primary vector for this disease. Four types
of virus have been identified and denoted as DEN-1,
DEN-2, DEN-3 and DEN-4. The transmission of dengue
disease is studied through mathematical model. It has
been observed that age structure of the human and
serotypes of dengue disease effect to the transmission of
this disease. We formulate the mathematical model by
separating the human population into two classes such as
Jjuvenile and adult humans. The transmission
probabilities of dengue virus to the juvenile and adult
humans with two serotypes are difference. The standard
dynamical analysis method is used for anmalyzing this
model. Two equilibrium states are found. Numerical
results are used to show the results for each equilibrium
state. The basic reproduction number is obtained. The
alternative way for controlling this disease is discussed
in the term of threshold condition.

1. INTRODUCTION

The most important arboviral disease, Dengue fever
(DF), has been around for 200 years. The symptoms of
DF patients are headaches, bone or joint and muscular
pains, rash and leukopenia. A more virulent
manifestation of this disease is Dengue hemorrhagic
fever (DHF). DHF is characterized by four major clinical
manifestations: high fever, hemorrhagic phenomena,
often with hepatomegaly and, in severe cases, signs of
circulatory failure. These patients may develop
hypovolaemic shock resulting from the plasma leakage.
This is called dengue shock syndrome (DSS) and can be
fatal [1]. Dengue disease was reported throughout the
nineteenth and early twentieth centuries in the America,
southern  Europe, North Africa, the eastern
Mediterranean, Asia, Australia, and on various islands in
the Indian Ocean, the south, central Pacific and the
Caribbean. DF and DHF have increased in both incidence
and distribution over the past 40 years. The first recorded
outbreak of dengue disease compatible with DHF

occurred in Australia in 1897. A similar hemorrhagic
disease was recorded in 1928 during an epidemic in
Greece and again in Taiwan in 1931. The first confirmed
epidemic of DHF was recorded in the Philippines in
1953-1954. Since then, major outbreaks of DHF with
significant mortality have occurred in most countries of
the South-East Asia Region, including India, Indonesia,
Maldives, Myanmar, Sri Lanka, and Thailand, as well as
in Singapore, Cambodia, China, Laos, Malaysia, New
Caledonia, Palau, Philippines, Tahiti and Vietnam in the
Western Pacific Region. Over the past 20 years, there
was a dramatic increase in the incidence and
geographical distribution of DHF, and epidemics now
occur each year in some South-East Asian countries. In
South-East Asia, 50-100 million people infected with
dengue virus are reported each year.

Dengue disease is transmitted to human by the bite of
infected female Aedes aegypti mosquitoes. There are four
serotypes: DEN-1, DEN-2, DEN-3 and DEN-4. Infection
by any single type of dengue virus apparently produces
permanent immunity to it, but only temporary cross
immunity to the others. Epidemiological evidence
suggests that an important risk factor for DHF is the
presence of preexisting antibodies at subneutralizing
levels. This led to the formulation of the secondary
infection or immune enhancement hypothesis. Briefly
stated, this hypothesis says that DHF appears in person
who has had a previous infection with a heterologous
serotype.

This disease is endemic in many large cities of
Thailand, eventually spreading to smaller towns and
villages during the period of epidemic transmission [2].
Most dengue patients are children less than 15 years old
and only juvenile human are infected with dengue virus
[3]. Within a year of DEN-1 epidemic in Cuba in 1977
[4], 44.6 % of the population in Cuba had the antibodies
to DEN-1 virus even though the reported number of
confirmed DF illness in Cuba during the year was much
less.

The original model used by Esteva and Vargas [5] did
not include any age structure and serotypes of dengue
disease in the human. In this study, the mathematical
model of dengue disease is modified by incorporating age
structure and two different serotypes of this disease.
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2. TRANSMISSION MODEL

The transmission model of this disease is formulated by
considering the human and vector populations. The
human population is separated into juvenile and adult
classes. Each class is divided into susceptible, infectious
and recovered subclasses. Vector population is separated
into susceptible and infectious classes. We assume that
there are two different serotypes of dengue virus. The
human population infect with dengue virus only one time
and only juvenile human is infected with dengue virus.
The following flow chart shows the dynamics of human
and vector populations.

¥

I KY

: & I,
A 1#«3\' bﬁﬁﬂq*—ln_) Ky
— 5, = 1,

Figure 1. Flow chart of the model.

The total human and vector populations are assumed
to be constant [5]. The variables and parameters of our
model are defined as follows:

s is the number of susceptible human,
I is the number of infectious juvenile
. human who be infected with the first
serotype,

[;)1 is the number of infectious juvenile
human who be infected with the second
serotype,

R is the number of recovered human ,

Y is the number of adult human,

S, is the number of susceptible vector ,

1; is the number of infectious vector,

H, is the death rate of the human population,

o is the rate at which the juvenile human

passes to adult human,

A is the birth rate of the human population,

is the biting rate of the mosquitoes,

b
B, is the transmission probability of dengue
virus from the human to the mosquitoes,

,qu is the transmission probability of dengue
virus from the mosquito to the juvenile
human with the first serotype,

B o, is the transmission probability of dengue

virus from the mosquito to the juvenile
human with the second serotype,
N, is the total human population,

¥ is the recovery rate of the human
population,

A is the constant recruitment rate of the
mosquitoes,

u, is the death rate of the mosquitoes.

The dynamic of each population can be described by
the following equations:

ds' bp, . bB, . .

— = AN, [y, +6+—2 +—2r115 (L)
PR A A G

dr, bp

A DGy, +r+ ), (12)
aa N, ' (py+r+ ),

dr, b, . ,

Tf’: N’: STy~ +r+8)I, (1.3)
%:r(l,','+l;}.)—(ﬂ,+5)k' (1.4)
%:5(1‘ +I, +S+R)-pY’ (1.5)
a5, _ 4o [bﬁ” Ly, + 1)+ 1,5, (1.6)
dt

dl, _bB,S. .

—_—r = 1 -ul (L.7)
&N, —==(l, +5,)-u1,

with

Ny =S+I, +I, +R+Y, N,=8,+1,.
From our assumptions, the rates of change for human
dN; _dN,
dt dt

and vector populations equal to zero, i.e.

A
Then we have A = 1, and N, =—

M,
We normalize equations (1.1-1.7) by letting
l I 3 Y B i
S I < R T S =
then we obtain the following reduced equations:
bp, 1,(A4
§=#;,‘[/1.+5 ﬁ./q (A/M) ﬂlla V( /‘v)]s
dr N, N,
dr, bp,,Sl,(4/n,)
dt N,
dr, bB, Sl (4/w,)
dt N,

Lt
NV

@.1)

~(y+ 541, @2)

-4, +5+r)ID] 2.3)
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(4.4)

% =r(Ip +1,) (4, +S)R 24)
dl,
—Jt"— =bB,SyIp +bB, S, 1), — w1, (2.5)

with the new conditions:
1=S+ID. +Io, +R+Y, 1=8,+1,.

3. ANALYSIS OF OUR MODEL
3.1.  Analytical Results
We set the right hand sides of (2.1) — (2.5) equal to zero,

then the equilibrium points are obtained as follows:
i) The disease free equilibrium point

E, - (Ml,o,o, 0,0) (€)
ii) The endemic disease equilibrium point
E,=(.I,.I,.R",Iy) @
where
o B @1
M[B +(R +R,)I,]
i R, 42)
D, 0
MM,[ B +(R +R)I,]
I, = Rl " 4.3)
MM, +(R +R)I, ]
g MRAR)L
MM,[B,+(R +R)I;]
1° - ,Bl (Bo - 1) 4.5)

" (BB, +R +R,)

where
o B s g VEMIK)
DN T u N (y +6)
zzbZBJ,IB;D‘(A/PV)’ 2=p‘+8+rand

1 NE (, +8) u, +8
Bo=b'6”(R‘+R2)_

MM, p\p,

The local stability of each equilibrium point are
determined by the sign of eigenvalues for each
equilibrium point. The eigenvalues are obtained by
solving the following characteristic equation:

det(J —AlL;)=0
where Is is the identity matrix. If the real parts of all
eigenvalues are negative then that equilibrium point is
local stability.

For the disease free equilibrium point, the
characteristic equation is defined by

(M, + ) (A’ +a,A* +ad+a,)=0 5)
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where

8, =2M,M,/4 + 4, 5.1)

a, = MM +2M M, 41,44, —m‘%-—mzﬂl o (52)
1

_leMle v/‘:_szMxMz v/‘: (53)

2, = MM 24,
CoT A, A

The eigenvalues are
A=-pM,, 4, =-uM,, 4,4, and A are
found by solving the equation
A +a,A’+al+a, =0
where ay, a; and a, are defined in (5.1) to (5.3).
The first and second eigenvalues are always negative.
The signs of the other eigenvalues are determined by
using the Routh-Hurwitz criteria [6].
1)a,>0
2)a, >0
3) a,a, >a,.
We consider
i) a,=2MM,, +u, isalways positive,

_ leMlMZﬂvlu: — bRZMlMZﬂviu:
A A
2
is positive for MIM2 2y, > M}‘i{’f'B;““'(ll, +R;)

MM, fu, >bB,(R,+R,)

i) a,=MMpu,

or By<1
where B = ______bﬂ (R, +R,)
MM, B u,
iii)
2,3, —3,
=2MM, 4 +3M{M 5011, + M, M, 11, 15
R
+(MIM2/‘M”3 _ leﬂvﬂhﬂv _ b 2ﬂvluhyv)
B B,

+HMM2 i p, - bR,M,M, 8, 4 _bR,MM, v/‘:)

A, A
- MM+ 3MEME i, + MMl +——20— v,

MIMZiuhﬂv

is positive.

We will see that all three conditions are satisfied for
bAR,+R,) _ -
MM, B, |
Therefore, the free disease equilibrium E, is local

stability for B, <1, where g, — bB,(R,+R;)
MM, S 4,
For the endemic disease equilibrium point, The
characteristic equation is defined by
(1,M, + A)(A* + d,l’ +d, A%+ dA+d)=0 (6)
where
d; = brqﬁv *’brn,ﬂv +My, +2M M,z +%ﬂ+mﬁ+ H,



(6.1)

dy =H, MA 44 +H, AM +2Mbl, MM 1 +2MbL, MMA 4 +

O LMR S, L IMR.AL LSMR S LI MR.AA
A B A

DLEMR.A  BILSMR A F2MIM MM 5 TOMIMGR
A A A

+——21;M:M1Rzy: £ Ml/‘l/“' + M|Mz/‘./"' .5 ‘—L M'R'ﬂ.ﬂ' + I;M';z/"/"

1

JOYMRA BRMR S Do MRS MRS

3.2. Numerical Results

The numerical simulations are shown in this section. The
parameters are determined by the real life observations as
follows: The life expectancy of human is 70 years. The
duration of time for each juvenile human become to adult
human is 15 years. The life time of the vector is 14 days.
The vector can bite 3 times per day, thus the biting rate of
the vector is 1/3 per day. The time for each person can

A A A recover is 3 days. The total human population is 100,000,
MRSy, SRME S, SMR A, M;’R LN The transmission probabilities are arbitrarily chosen.
ﬂ, ﬂ. pl T
bMR B4, BMR,B.u £
+M,M ——eh K § s
(MM, 4,1, A A ) § § =
(6.2) £ §
d, =2bI;, MIM, 3, 11, + 2bI;, S MIM,f, 45 +bI, MIM3, 4 + b, MIM3B, 422 ; e oy
(BLSMR AL 2L MMR AL 26T, MIMLR 5,8 i jie
ﬂ‘ ﬂl ﬂl = L - s, - -3 o W00 e sese  1seees
JMSMMRAL HSMR/AE 2LIMMRAL HEMMRAL HSMMR/AZ o i
A R A & A H
A A L 0 OO DO | x
. . 85 o §.5 e
JOYMIR B BR'MIR B bI, MIR B sy PLIN IS EE wa § §u....
2 2 A A, { Ghas if.
JDYMMRA KL BRMMR A4 % bl MMR 4 4 +ULM|’MzR|ﬂ/f ;-5 L g'? o
A A ﬂ A i :::: g 0. 00000631
: e A58 . TR s M e eseee
DYMMRAL RMMRAL oMMRAL BoMMRAL  * 5 o
A A A A
JOYMIR By BR'MIR Sy Do MR,y bI, MIR,A, 4y § s
A 7 7 A b '
NW‘M%M%‘M)W MM;W Wﬂ"?ﬁlf) Eé e Eé s
63)  seom - dooae
=i, M2 + i, MOMEA U + blyS {Jimzk.ﬁ.n.‘ L blqrvM,:leﬂ.A % 5 .4..: § g s :
1 h EX ) o Rt ed
SREMMRAL WSTMMRAL MLMMRAR WoIMMRAR § vt o o o T
A A A A 3 e Time (ters)
SMMR L, EMMR, G4, bYMMRS/4  bRMM,R 4,4
A A A A
JOLMMR AL BLMMR AL bYMMR,A,4  bR'MIMR, A,
ﬂl ﬂ| ﬂx ﬂl . o
b, MM.RAL bl MM.R. A4 BMIM,R,,8 BMIMR 6,12 v § .
A + A +(MMI L4, A A ) g_ ;
(64) E - .
From (6), the first eigenvalue is always positive. The sign i s -
of the other three eigenvalues are negative if they satisfy X |
the following conditions [6]: et i o R
iy d;>0
ii) d, >0 E- g G ‘
|
i)y d, >0 g_ﬁ y
iv) d,d,d, >d} +did,. et N
h T twnae
It can be easily seen that d3 is always positive. g:‘ s VA g
From our evaluations, condition ii) to condition iv) are Tmettar) Tmeirs
true when By> 1. 1a) Ib)
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Figure 1. Numerical solutions of (2.1)-(2.5) demonstrate
the times series of S,I;, ,I; ,R,I, . The parameters in our

model are g, =1/(365x70)day™" ,5=1/(365x15) day™*,
u, =1/14 day',b=1/3 day™', B, =01, B, =05,
B, =0.5,r =1/3,N; =100,000.

a) For A =500, Bgy=0.0345652, Bb =0.185917.
The fractions of populations S,II>l JIp,,R,I, approach to
the disease free equilibrium point (0.176471,0,0,0,0).

b) For A =50,000, Bq=3.45652, By =1.85917 .
The fractions of populations S,IDl ,ID] ,R,I, oscillate to

the endemic disease equilibrium point (0.0510643,
0.0000486413, 0.0000347438, 0.125323, 0.000195427).

From figure 1, we will see that the proportions of
populations converge to the disease free equilibrium
point for B, greater than 1. For B, less than 1, the
proportions of populations oscillate to the endemic
disease equilibrium point.

4. CONCLUSION

The basic reproduction number for this model is given by
BBB, + B, A )k,

= )
N (s, +0) gy +S+1)1,

The number of secondary infections results from
primary infections, this number is obtained from the
square root of the basic reproductive number [5]. If this
number is more than one then this disease can be capable
of invading and establishing itself. Every successive
generation will reduce in size until its number approaches
zero. We note that an infectious juvenile human
introduced into the susceptible juvenile human is bitten,

Saring his infective period, by
[b(N/'lv))( 1 )[ A -) mosquitoes; the
N, My +O+T )\ py +0
proportion
ﬂ,(b(Nﬂ')]( 3 )( L ] of these mosquitoes
N, M +O+1 \ 4y +6

becomes infectious. In this manner, an infectious

mosquito distributes 2 bites in the juvenile human
Hy
population during the rest of its life and a ratio

By, + B, )[LJ of these bites create new infectious in
# v
the juvenile human population. Therefore, the geometric
mean of these quantities ( B, ) gives the number of
secondary infectious juvenile human as we see in (7).
The different basic reproductive numbers are produced
for the different diseases. The different diseases are
controlled by using the different basic reproductive
numbers [7, 8, 9, 10]. As we see from (7), if we can
reduce the infection rate of dengue virus then the

The 3rd International Symposium on Bi

threshold number will be decreased. Consequently, the
outbreak of this disease can be reduced.
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AGE STRUCTURAL MODEL WITH FOUR SEROTYPES OF DENGUE
' DISEASE '

_ P. Pongsumpun
Department of Mathematics, Faculty of Science , King Mongkut’s Institute of Technology Ladkrabang, Thailand

ABSTRACT

Nowadays, the most important ftropical disease in
" Thailand is dengue disease. Aedes aegypti and Aedes
albopictus are the primary vectors for this disease. DEN-
1, DEN-2, DEN-3 and DEN-4 are four serotypes of
dengue virus. The transmission of dengue disease is
studied by using mathematical model. Age structure and
serotypes effect to the transmission of this disease. We
construct the mathematical model by separating the

~human population into two classes such as juvenile and -

adult humans. The transmission probabilities of dengue
virus to the juvenile and adult humans are different for
each serotype. The standard dynamical analysis method
is used for analyzing this model. Two equilibrium states
are found. Numerical results are used to show the results
Jor each equilibrium state. The basic reproduction
number is derived. The alternative way for controlling
this disease is discussed.

1. INTRODUCTION

The dengue virus is now the most frequently cause of
arboviral diseases. It has become a major public health
concern, particularly in the tropical and subtropical
regions. The first epidemic of severe dengue disease was
reported in the Philippines in 1953. This disease occurred
in Thailand, Viet Nam, Indonesia and other Asian
countries, becoming endemic in several of them. Before
1970, only 9 countries had experienced severe dengue
epidemics, a number that had increased more than four-
fold by 1995 [1]. The greatest burden of dengue disease is
in Asia, where in many countries are leading cause of
paediatric hospitalization. The global epidemiology and
the dynamics of dengue transmission have changed
dramatically in South-east Asia since World War II [2].
The disease is now highly endemic in more than 100
tropical countries and the number of cases has increased
dramatically during the past three decades [2-4].

Dengue disease is the major international public
health concern because of the expanding geographic

distribution of the virus and competent mosquito vectors,
increased frequency of epidemics, co-circulation of
multiple virus serotypes and emergence of dengue
hemorrhagic fever in new areas. Dengue virus is
transmitted through the bite of an infected Aedes
mosquito. It is caused by infection with one of four
dengue virus serotypes (DEN-1, DEN-2, DEN-3, DEN-4)
[5]. This disease is presented with a wide range of
symptoms, from essentially asymptomatic to a life-
threatening hemorrhagic fever (DHF) or dengue shock
syndrome (DSS) [6]. Generally, the severe forms of the
disease are thought to occur more commonly after prior
sensitization with a different serotype. They may occur,
however, even with a primary infection, perhaps
depending on the infecting serotype [7].

Dengue fever (DF) is an acute febrile viral exanthema,
accompanied by headache, myalgia, anorexia,
gastrointestinal disturbances and postration. DHF is a
severe febrile disease characterized by abnormalities of
hemostasis and increased vascular permeability. DSS is
the result of a hypovolemic shock observed in some DHF
cases [8]. The viruses exist as four serotypes, with the
proportion of dengue cases caused by each serotype
changing dramatically between years. Epidemiological
studies indicate that homologous immunity provides
nearly permanent protection against re-infection with a
previously  experienced serotype. In  contrast,
heterologous immunity does not provide protection
against reinfection in the long term [9]. After a brief
period of heterologous cross-protection [9], previous
infections are considered risk factors for DHF [10].
Because preexisting antibodies have long been held as the
causative agent for this enhancement in secondary
infections, this effect is commonly called antibody-
dependent enhancement (ADE). Most DHF cases occur in
children less than 15 years old [11]. ]

Mathematical models have become important tools in
analyzing the spread and control of infectious disease.
Epidemical modeling can contribute the design and
analysis of epidemiological surveys, suggest crucial data
that should be collected, identify trends, make general
forecasts and estimate the uncertainty in forecasts [12-
13]. In 1998, Esteva and Vargas [14] introduced a
mathematical model to provide a qualitative assessment
for the problem. The model they used is based on the
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susceptible-infected-recovered (SIR) model often used to
model the dynamics of transmission of some disease.
They established the global stability of the endemic
equilibrium. They discussed the vector population in term
of the threshold condition which governs: the existence
and stability of the endemic equilibrium. They showed
that the endemic equilibrium point was globally stable
whenever a parameter R, called the basic reproduction

number is greater than one. The basic reproduction
number (R,) is the average number of secondary

infections produced when one infected individual is
introduced into a host virgin population

The original model used by Esteva and Vargas [14]
did not include any age structure and serotypes of dengue
disease in the human. In 2008 [15], we formulated the

mathematical model of this disease with ‘only two

serotypes. In this study, we construct the mathematical
model by incorporating age structure and four different
serotypes of this disease.

2. TRANSMISSION MODEL

The human and vector populations are considered in this
transmission model. The hurnan population is divided into
juvenile and adult classes. Each class is divided into
susceptible, infectious and recovered subclasses. Vector
population is separated into susceptible and infectious
classes. We assume that there are four different serotypes
of dengue virus. The human populations infect with
dengue virus only one time and only juvenile human is
infected with dengue virus. The following flow chart
shows the dynamics of human and vector populations.

Alpy

bApST, /Ny

b8ip3ST, !

Nr
Hilna

bA4ST, /Ny

TﬂvS'v
of s

58S, (I + Iy + [ + )
N,

T _ﬂvrv
L

Figure 1. Flow chart of the model.
The total human and vector populations are assumed to be
constant [14]. The variables and parameters of our model

are defined as follows:

S is the number of susceptible human

];)1 is the number of infectious juvenile
human who be infected with the first
serotype

1}32 is the number of infectious juvenile
human who be infected with the second
serotype

[1')3 is the number of infectious juvenile
human who be infected with the third
serotype

]})4 is the number of infectious juvenile
human who be infected with the fourth
serotype

R is the number of recovered human
V4 is the number of susceptible adult human
S;f is the number of susceptible vector
I is the number of infectious vector
K is the ratio of the people who be infected

. with the first serotype of dengue virus
U, is the death rate of the human population
o is the rate at which the juvenile human

: passes to the adult human

A is the birth rate of the human population
b is the biting rate of the mosquitoes
B o is the transmission probability of dengue

virus from the mosquito to the juvenile
human with the first serotype

B, is the transmission probability of dengue
virus from the mosquito to the juvenile
human with the second serotype

ﬂlm is the transmission probability of dengue
virus from the mosquito to the juvenile
human with the third serotype -

B » is the transmission probability of dengue
virus from the mosquito to the juvenile
human with the fourth serotype

NT is the total human population

r is the recovery rate of the human
population

A is the constant recruitment rate of the
mosquitoes

o, is the death rate of the mosquitoes

The dyﬁamic of each population can be described by the
following equations:

%:ﬂ.Nr —(u, +6+%1{, +%[,’,+b—§’rﬂl,} +b£’:‘ LS

‘ 1.1
d—;l;l = bi—’:sv; ~(u, +r +5)1%,, (1.2)
%:%sn P (1.3)
Los %s‘g G+ + )L (19
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di,, b8, .. o
ﬁ=T’T51,—(p,,+r+5)1,M (1.5)
dR

= =r(Ip +1p, + 1y + 1)~ (i, +6)R 1.6)

ay’ : : . C .
7=6(101+1D2+ID,+ID4+S +R)-uYy (1.7)
ds, b C .
Titl=A_,(—&(Im+IDz+IDJ+ID4)+ﬂv)SV (1.8)
dL, _bB,S,

7{‘ A;,r (ID1+ID2+ID3+1D4) .uvv (1.9)

with the two conditions

Ny =S+l +1l,+ L+, +R+Y, N,=S,+1I,. (1.10)
From our assumptions, the rates of change for human and
dN, _dN,
@ dt

vector populations equal to zero, i.c.

Then we have 4 = g1, and N, =—

s
We normalize equations (1.1-1.9) by letting
s In ; _In ; _In doe p R Y S,
S= e = v = o = Loy = R T =, =
This yield ‘
a_ o b8 L(AR) 88 L (AR) b8 1(4n) BB 1(An)
E_ﬂh (4454 Ny ’ N ) Ny l N; »
2.1)
dly 58,5 (4n) (45491, (2.2)
dt N,
dly, 58,5k (4/n,)
= o1 —(g, +8+n)1 (2.3)
dr N, (4, iy,
dr,, b8, Sl (4/n,
f=J—I:;T(—~)—(yh+5+r)Im - 29
dl,, 58, S, (4/n,
—;ﬁ=—ﬁL§§—~l—oa+5+ng4 2.5)
dR
@ =r(Ip +1p, +1p; +15,) (4, +O)R (2.6)
dl
7:=bﬂysy(11)1+102+103 +1p) -1, @7

with new two conditions

S+Iy+1,+1,+1, +R+Y =1, S, +1,=1
(2.8)

* 3. ANALYSIS OF THE MODEL

3.1.  Analytical Results

The equilibrium points of our model are obtained by
setting the right hand side of We set the right hand sides
of (2.1) — (2.7) equal to zero, then the equ111bnum pomts
are obtained as follows:

i) The disease free equilibrium point

1
E, =(— 3
1 (Ml ’0:090>9>0y0) ( )
ii) The endemic disease equilibrium point
E, =(8". Lo [pas Ipss [5o R .15 @
where
_ A @“.n
M(B+Rl,)
PR 42
J (B +BL)
oo Rl (43)
" J(B+RL)
RIL . (4.4)
"B +RE)
. _ R, ‘(4.5)
2 (B +PL)
Sly (4.6)
J (B +B1I;)
_bB R -5, “@.7n
" bBR+mIR,
where
Py ;M &= BB (4!0'& 8.5, (4n) R= _BB.B.(4n)
BN ENGHT NG T aNpd)

=_b2‘8-’mﬁ-’bc ( /'uv)

N, 12 (4, +9)
=Bt MM, M, =

H,+6 (/1;,
The local stability of each equilibrium pomt is determined
by the sign of eigenvalues for each equilibrium point. The
eigenvalues are obtained by solving the following
characteristic equation:

det(J, ~ AL,)=0 (.H
where I, is the identity matrix dimension 7 x 7. If the real
parts of all eigenvalues are negative then that equilibrium

JA=R+R+R+R,

4

= MR (4.8)

_ point is local stability.

For the disease free equilibrium point, the characteristic
equation is defined by
My + A2 () + P2 + A A+ Ag) =0 (52)
with
A=pd +p, (5-3)
bbb - (5.4)
B

There are seven eigenvalues satisfy (5.2). The first five
corresponding eigenvalues are
A=—uM, L=—u4M, 4 =—4),4, =—A,Jpﬂs =—#J,.

(5.5)
It can be easily seen that the real parts of the above
eigenvalues are negative.

Ag=ppt —

"The remaining two eigenvalues are derived from the

equation
AP+AA+A,=0 (5.6)
where Ay and A are defined in (5.3) and (5.4).

o a Sy o o
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A= —A, — Al -4A, A= —A,+AT-4A, .
2 ’ 2
We can see that the eigenvalue A, has a negative real

part. Next, we consider the sign for the real part of
eigenvalue A, . A, has negative real part when

JAI-4A, <A, or A?-4A,<A? or A, >0.
So that ﬂhﬂvJI_M>o
b
or #u B —bfy P >0
or bAMP .
Bl
Thus, the disease free state is locally stable state when
R, LY (3.7
luvﬂl‘]l
For the endemic disease equilibrium point, The
characteristic equation is given by

M, + D)1, + AP (A +c,A +cA+¢,)=0  (6)
where '

c =ﬂl((Jl+Ml)luh+I;)5)+PlMlluhI; , 6.1)
2 ﬂl )
o _(UMES AL )HS HPEL)+H (Bl +MyL) (6.2)
A
o = MIAEMISIA-TV) + 1l 15y) (6.3)
B
where

I;) =I;)l+l;)2 +II)3 +rms I;Js =/4z+bﬂvl;’ 1:1 =4 +P11:w S; =bPthI:r‘
The first four eigenvalues are A4 =-g M,
b=y =4y ==p1pJy-

The remaining three eigenvalues are derived from the
equation

/13 +02/12 +Clﬂ.+00 =0
Next, we will check the signs of these remaining three
eigenvalues by using the Routh-Hurwitz criteria:

i) ¢, >0 (7.1)
i) cp >0 (7.2)
lll) C2C1 >Cp (73)

D), LB +M)m +I) +BML is always positive.

, =

B

i), Mg (MiSTA-T)+ M1 g

Co =

Y] :

positive, Since all parameters in the above inequality are
positive and 0 <T <1.

always

ii)c,c, —C, =

1 . . . . o .
F[leﬂxﬂh (Blps + My 1) + 41, (Tps (M, B, + LBl + Mg, 1)
]

'(M|ﬁll;)s +(Mx ("A +Ml (Pl +ﬂl))ﬂh _ﬂll;as)n _/IhMlpll:: )S;)
+J1(M12/‘:I:Jl +M, 8.4, (I;Js(ﬂl(l'*‘/‘h)"' Pll:r)"'(_l'*' .uh)I:'l)
— S} + BBy, + 11, (BT, + S

To show that ¢c, >cy, We need to show that
¢, >¢, >0 and ¢, >1.

Because ¢, —C, =

AH- O ORI+ S+ Xeg +)rRMI (g +6+0,)
+MpZOP AL, (L~ L) + 4, BM, + g1, B, > 0 and

cy >0,cq >0 then we have ¢, > ¢, > 0.

Since

mf’.m&:*—' ~R)*+ HM Bl +HBRAL, +HBILT + AT + AG+)=

“HMUBAL +4MAG +ABAL +URLL + Al +IMu A +IMUBL -4
then we have
“UMS +4MAL +4ST,+4BLL +1 Al +IMut, 2 4
This means that
(4 OACS AT+ +REIE) (Bl +MAL) |
A
From the above inequalities, we have c,c, >¢, .
All three conditions of Routh-Hurwitz criteria are
satisfied for R, >1. Therefore, the endemic equilibrium

G

point E, is local asymptotically stable for R, >1 where

_b5 A .
& B

3.2. Numerical Results

The numerical simulations are shown in this section. The
parameters are determined by the real life observations as
follows: The life expectancy of human is 70 years. The
duration of time for each juvenile human become to adult
human is 15 years. The life time of the vector is 14 days.
The vector can bite 3 times per day, thus the biting rate of
the vector is 1/3 per day. The time for each person can
recover is 3 days. The total human population is 100,000.
The transmission probabilities are arbitrarily chosen.
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Figure 2 Numerical solution of the (2.1)-(2.7) §
- . S surt
demonstrates the time series of S,Ip;,Ip2,Ip3, g .
i Azl
o
Ip4.R, 1y for R, < 1with g4, =L(365x70) day ), E
2
o
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Figure 3 Numerical solution of the (2.1)-(2.7)

= — -1
A=700, 5=1/(365x15) day demonstrates the time series of S,Ip;,Ip2,Ip3,

M, =5.66667, Ry = 0.097 and Ry =0.31.

Ipg,R, 1y for R, > 1 with g, =1/(365 -1
The individual proportion approaches to the D4R Iy for K Wit Hn (365x70) day

disease free equilibrium point. Ly =1/14 day"l ,b=1/3 day_1 ,
= - B, =017, B, =055, =038, B,,=04,
i » B,=0.5,r=1/3 day”!, Ny =100,000,
e
e 3 A =100,000,5 =1/(365x15) day ™!,
g w 3t '
- ¥ M, =5.66667, Ro = 9.68and Rj =3.11 .
e . S e . The individual proportion oscillates to the
Tiv ) Tmepeas) endemic disease equilibrium point.

In figure 2, for A =700, Ry = 0.097. The solution

approaches to the disease free equilibrium. point

E, = (Mi,o,o,o,o,o, 0). In figure 3, R, =9.67827,

1
R, =3.11099. The solution oscillates to the endemic

equilibrium point E, = (S',1},,1,,,1h:515,,R",I},) where
S’ =0.018238175, I, = 0.0000306868 ,
Ip, = 0.0000219191, I, = 0.0000350706 ,
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I, =0.000017535, R" =0.158127202 and
I, =0.000245434 .

From figure 2, we will see that the proportions of
populations converge to the disease free equilibrium point
for Rq less than 1. For Ry grater than 1, the proportions of
populations oscillate to the endemic disease equilibrium
point.

4. CONCLUSION

The threshold condition of this model is given by
g = BB _bB/(R AR+ R+ R)
B ) MM, B,
_ b, (A/ﬂv)(ﬂj,,, + B, + B, + B, Ny ®)
- 1,7, +8)(at, + 8 +71)
The quantity R, = \/E is the basic reproductive number

of the disease, it indicates the average number of
secondary cases that one patient can produce if
introduced into a susceptible human. This means that an
infectious human introduced into the susceptible human is

bitten,  during  their ~ infective  period, by

b(4/n,) . 1 — . vectors; the ratio
N, (u+6+r) (u,+6)

g b(4/m) 1 H_ of these vectors becomes

N; (u,+8+r) (y,+96)
infectious. In this manner, an infectious vector distributes
b bites in the human population during the rest of its life
H, . :

e b .
and a ratio (B, +B,,+B,, + ﬂ!.,.)‘#— of these bites

4

become new infectious in the human population. So the
geometric mean of these quantities, R0 gives the number

of secondary infectious persons. The threshold conditions
are derived for the different diseases. The different basic
reproductive numbers are used for controlling the
different diseases [11, 14, 15, 16, 17]. As we see from
(8), if we can reduce the transmission rate of dengue virus
for each serotype then this threshold number will be
reduced. The outbreak of this disease will be reduced.
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