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Research Project Mathematical Modeling of Thrombocyteopoiesis

Regulation
Researcher Kanchana Kumnungkit
Location Faculty of Science,

King Mong Kut Institute of Technology Lardkrabang

Abstract

This research develops a nonlinear mathematical model of platelet regulation.
The production of platelets by thrombopietin is on the stem cells with effective delay.
Hopf bifurcation theorem is analyzed to find the critical delay time in this system. Finally,

the system is simulated by numerical method and confirmed the results.
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Theoretical Background

Most physical or biological problems can be expressed mathematically by a set
of differential equation, which may be nonlinear. In many situations, it is possible to
replace the nonlinear differential equation by a set of related linear differential equation
that approximates the real nonlinear equation close enough to give useful effects. The
method of “linearization” may not always be reasonable. Then the original nonlinear
differential equation must be considered. The study of nonlinear differential equation is
usually confined to a variety of special cases and we have to use various approximation
methods. In this part, we shall give an introduction to the method which we use in this
research. We then used the method of standard dynamical modeling to analyze the

behavior of the equilibrium points.

Definition A.1 A point X, € R™ is an equilibrium point ( or stationary point,

singular point, critical point or rest point ) of

dX
- = 1
& ft, X) (A1)

if ft,Xe) = 0 forall t =t

If X, is an equilibrium point of (A.1) at t’k , then it is an equilibrium point for all

*
T =1

Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every O > 0and

anyty e ®¥ thereisa o(d,ty) > 0 such that
’u(t,to,y)l < & for every t 2 tg
whenever Iy‘ < o(d,tg) where u(t,y) isthe solutionof (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt; > Othereis an €(t,) > 0 such that

lim u(t,tg,y) = 0 whenever |y| < g [b4] (A.2)
t—o
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Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In
this case there is a t, 2 0 and a sequence ¥, [] 0 of initial points and a sequence th

suchthatlu(to +tm,t0,ym)| > vy foreverym,t > 0.

For more general setting, consider a system of two autonomous first-order

differential equations :

dX

- E=gl (XY) (A.3)
dy
I g82(XY) (A.4)

where g; and g, are nonlinear functions. We let (3(,?) is the equilibrium point, then

g(XY) = XY = o (A.5)
Setting the solution at any time in the form
X® =X+ x(t) (A6)
and
Y() )= Y (1)L (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t)
from (A.6) and (A.7) into (A.3) and (A.4) ,

C;it(§(+x)=g1()—(+x,?(+y) (A.8)

%(?4 Y) =g, (X+x, Y+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we

expand g; and g, in a Taylor series about the equilibrium point ()_(,?[). Then we
obtain

dX | dx =3 5T =
o T - a&Vrg X Vx+g, (XVy

(A.10)
+ terms of order x 2 , y2 , Xy and higher,
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dy d e = = <
o 22XV +g2, X Vx+gp, (X Wy
(A.11)

+ terms of order x 2 , y2 , Xy and higher,

—_ = a —
where glx(X,Y) is ng—l calculated at (XY) and similarly for
1y .82, (X ). g2, (% D) and over s

By the definition of the equilibrium point, we have %? =0, %2—{ = 0,
g1 (X ?{) = Oand gy ()_(,?) = 0 .We consider only linear term. Thus from (A.10) and

(A.11), we obtain

_dX = aj1xt+a
dt 11 125,
ANy b 74 AN\
dt 21 £227-

We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by

%g1 081
T v R EAR IO 0x oy
JI(XY) = N
% ¥ Lzl azz} %8 %82
x ¥ Ixy
Letting o=ayj; +ap

B=aj1a —apay
and Y = a? — 43 is called the discriminant.
Then the characteristic equation is A2 — otk + B=0

The eigenvalues are obtained from :

aiﬁ

2

Mo =

A linear system can have at most one equilibrium point, (0,0) if B =det J 0.

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J
have negative real parts and every eigenvalues of J which has a zero real part is a

simple zero of the characteristic polynomial of J.
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The behavior of the equilibrium points of the system of equations (A.3) and (A.4)

can be determined by considéring the different kinds of eigenvalues of the Jacobian

matrix.

The different behavior of equilibrium points are determined from the

characteristics of eigenvalues of J.
i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
i) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.
Case | The eigenvalues of J are real and distinct. There are three possible behaviors.

a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two

tangent node (Figure A.1).

7

Figure A.1 A stable two-tangent node.
b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).
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Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In
this case there is a t, 2 0 and a sequence Y, [J 0 of initial points and a sequence t,

suchthat [u(ty +ty,to, > foreverym,t > 0.
0 m 0 Ym 'Y m

For more general setting, consider a system of two autonomous first-order

differential equations :

dX

T ca&y (A3)
dY
G 82 (XY) (A.4)

where g; and g, are nonlinear functions. We let (5(,?) is the equilibrium point, then
g(XY) = &XY) = o (A5)
Setting the solution at any time in the form
TWE KL\ (A.6)
and
YO = Y + y(b). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t)
from (A.6) and (A.7) into (A.3) and (A.4) ,

dit(i+x)=g16<+x,?+y) (A.8)

%(?# y) =g2(§(+ x,§+ y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we
expand g; and g, in a Taylor series about the equilibrium point ()—(,?{'). Then we
obtain
dx dx el el S5
—+ — = XY) + X Vx+g1, (X Yy
% @ g1 (X Y) +gp, ( ly

(A.10)

+ terms of orderx 2 , y2 , Xy and higher,
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dy d = = < = = -
T = B&Vren,Xx+n &Yy
(A11)

+ terms of order x 2 , y2 , Xy and higher,

—_ — a — -
where glx(X,Y) is % calculated at (X,Y) and similarly for

e1y (%D, 2, (X 9. g2, (R 9 and averterms.

By the definition of the equilibrium point, we have ccll_i( =0, — = 0,

g1 ()—(, ')_() = 0and gy (5(, ?{) = 0 .We consider only linear term. Thus from (A.10) and
(A.11), we obtain

& ajyx+a
dt 11 125
S R A
dt 21 82275

We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by

%1 Og1
T ar; a2 ox 0Oy
J x = =
S 9 Lm azz} %2 gy
MY,
Letting a=aj; +tay
B=ajaxn —apay;
and Y= a? - 4B is called the discriminant.

Then the characteristic equation is A% — otk + B=0

The eigenvalues are obtained from :

oci\/?

2

Mo =

A linear system can have at most one equilibrium point, (0,0) if B =det J 0.

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J
have negative real parts and every eigenvalues of J which has a zero real part is a

simple zero of the characteristic polynomial of J.
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Figure A.2 An unstable two-tangent node.

c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).

Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.
A i AR , A 0
a.If J isdiagonaland J issimilarto the matrix as J = 0 , then the

critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A.4).

AV x
A

(a) Stable (b) Unstable

Figure A.4 A stellar node.

b.If J isnotdiagonal,then it is not similar to a diagonal matrix. The critical
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point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

F
;5
'r“-x X
1
(a) Stable (b) Unstable

Figure A.5  The one-tangent node.

iii) The eigenvalues of J are complex.

Itis necessary and sufficient that y = QO 4 is negative and then

ocii\/——y

AL
1,2 5

There are six possible behaviors as follows.
a.lf >0 and B >0, then the equilibrium point will be unstable node.
b.If O <0and ﬁ > 0, then the equilibrium point will be stable node.
c. If Ol < 0 then the equilibrium point will be a saddle point.

dIf o’ < 43 and OL>0 , then the equilibrium point will be an unstable

spiral node (Figure A.6).
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o

r
Figure A.6  An unstable spiral node.

2

e lf a® < 4B and <0, then the equilibrium point will be a stable spiral

node

i

1

g,

Figure A.7 A stable spiral node.

fIf ol < 4B and & = 0 mean that the eigenvalues of J are purely imaginary,

then the critical point will be a center (Figure A.8).
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Figure A.8 A center.
In this section, we use the above ideas to apply for systems of n > 2 equations.
Consider

fi—)t( = £(X), X Xi) where = 1,2,k (A.12)

or in the form of vector notation

dX Yo
& 0\ F(X) (A.13)

for X = (X, Xy..., X)) and F = (f,, f,...., f,) where each function f, depend on all or
some Y,, Y,,..., Y. The equilibrium point Y is obtained by solving F(Y) = 0. The next

step is to determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting

a —
s ot A14
J =20y (A.14)

where J is a kxk matrix. The eigenvalues A of the matrix satisfy det( ] —AI) = 0. We

obtain a characteristic equation in the form

AN bk hb = 0 (A.15)
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Abstract. A nonlinear mathematical model described the production of platelets by thrombopietin is considered in
this talk. The system is described by a pair of autonomous continuous delayed differential egquation. The equation
Jor the production of the platelet contains a positive feed back loop controlled by the amount of TPO acting on the
progenitor platelet stem cells. It is shown that a Hopf bifurcation can occur in this system. The conditions which
insure the existences of a steady state or of a non steady state are given. Finally, the behaviors of the productions of
the platelets for the two sets of conditions are simulated by numerically solving the two differential equations. The
behaviors agree with the results predicted by the theoretical analysis.

1 Introduction

There has been revolutionary a change in our understanding of human physiology. This has been fueled by the
exponential growth of facts dealing with the various processes. The editors of the third edition of The Molecular
Basis of Blood Diseases [1] states that “Since the second edition of this book was published in 1994, knowledge
of the molecular basis of blood diseases has grown exponentially.” Most of the present day explanations of
human processes have been in terms of growth factors (GF) and their receptors (GF-R), transcription factors
(TF), and other proteins and their effects on the particular genes controlling the processes. Using concepts taken
from chemical (enzyme) kinetics, it becomes possible to represent the processes by a set of mathematical
equations. .

In this paper, we are interested in the mathematical modeling of the development of blood platelets (derived
from megakaryocytes (M)) during hematopoiesis. Platelets are the smallest of blood cells, being only fragments
of megakaryocyte cytoplasm. Nevertheless, they are critical to life. They mediate the body’s clotting response
to injury and day-to-day blood vessel repairs. Platelets are the results of the fragmentation of the
megakaryocyte cytoplasm by the shear forces exerted by the circulating blood [2]. The development of the
megakaryocytes is controlled in part by the growth factor (hormone), thrombopoietin (TPO). Other proteins
called TF are needed to induce the hematopoietic progenitor cells to differentiate into the M lineage cell line
from which the megakaryocytes evolve. The transcription factor FOG acting with its cofactor GATA-1 causes
the progenitor cells to first differentiate into myeloid system cells and then into M cells. Finally, another
transcription factor, NF-E2 is needed for the platelet biogensesis.

TPO was first identified as the ligand for a receptor on the surface membranes of megakaryocytes and platelets,
termed c-mpl. The major site for the production of TPO is the liver, but TPO mRNA is also found (but at lower
abundance) in the kidney, the spleen, and in bone marrow (BM) stromal cells. The total output of TPO from
these organs remains constant. The amount of TPO in the blood plasma is regulated by total mass of the
platelets in circulation at the time. This is done through the metabolism of the TPO by the platelets. In most
circumstances, the amounts of platelets and TPO in circulation are stable over time [3]. The amount of platelets
in different humans varies greatly. The normal range in humans is 150-450 x 10° platelet per liter of blood with
an average of 290 x 10° platelet liter'. The concentration of TPO is very low, ranging between 0.5 and 2.0
pmol/L.

Excess of the megakaryocytes in the blood leads to thrombocytosis while the lack of the megakaryocytes leads
to thrombocytopenia. Thrombocytopenia is the condition which is detrimental to human heath since petechlae
and mucocutaneous bleeding result from this condition. The bleeding results from the non-sealing of small
endothelial lesions that normally occurs during daily activity. Thrombocytopenia can be induced by drugs,
especially heparin based drugs. Under very rare conditions, the amount of platelets in circulation can oscillate
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a >0 and A is constant rate at which TPO is produced by the liver and other organs.. The equilibrium points
Ys

of the system are obtained by setting eqns. (3) and (4) to zero. We get z, =-——— and
(18 + ys) Hy
A azg . .
ys=————  where  f(z;)= . For this function, when x<<b  then
f (.’I:_,) + kg b+ Zs
9% 5 %% whichis small(f1 <<1| and when x>> b then —— =% =4 (a>1) . Including a time delay in
b+x b b b+x x '
equation (3), i.e.
dz y
E:a[g(y(t—r))—plz(t)]; Fr= (5)

The time delay system is defined by equations (4) and (5). The characteristic equation for the time delayed
system is

A2+ pAtrqgrre? =0 (6)
where p=(op = 7(x)+us) 0]
g=(au)(f(x)+p2) (8)
r=-og(y) )

For 7 =0 the characteristic equation becomes

A +pi+(g+r)=0 (10)

~pEyp’ -4(g+7) . . .
which has the roots A= p There are negative real roots if and only if p>0 and

0<(g+r)< p?. Now forr#0,if A=iw is a root of equation (6), then we have
—&’ + poi+q+re”® =0

Separating the real and imaginary parts of this equation, we get

—w’ +q+rcoswr=0 (11)
po—rsinwr=0 (12)
Squaring both sides yields
2
2 cos? a)r=(w2—q) =0’ -2q0° +4° (13)
¥ sin’ ot = p*w’ (14)

Adding both equations and regrouping by the order of @ we have
o' +(p?-29)07 +q* =17 =0 (15)

We obtain

o =—(p2"2q)i\/(p22'2q)2+4("2_qz) (16)
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There is one positive solution when ( P’ - 2q) +4 (rz - qz) > ( p2 - 2q) . Thus equation (6) has one pair of pure

imaginary roots.
We can find the critical value of T by determining the value which satisfies equation (11) and (12), i.e.

I w 2 »

2 2 :
r, =L arctan| 22|+ 257 2012, amn
a—q

Lemma
If ( P’ —2q) > 0,q2 -r?>0 and 7=17, the equation (6) has a pair of pure imaginary roots. Next we show

. o d . .
that the and we can satisfy the transversal conditions —L—i—Re A (z j) >0 is satisfied. Therefore, z; are the
T

bifurcation values. Putting our results together, we have the following theorem.

Theorem

Let 7, be defined by equation (17). If p>0 and0< (q+r) < p" , then the equilibrium (xs,ys) of system is

stable for 7 < 7, and unstable for 7 > 7, , the system undergoes a bifurcation at 7,

3 Numerical simulation

The changes are in the behavior of (Platelet and Time) as the oscillation. Figure 1., 1A. Delay time equal to the
critical time delay of 0.478 days. 1B. Delay time of 0.25 days which is less than the critical delay time of 0.478
days. As is seen, the oscillation dies as time passes until the steady state value is reached. And 1C, A delay time
of 1.025 days which is larger than the critical delay. We see that during the initial stage of the behavior, the
amplitude of the oscillation increases with time.

l

2

)

PLATELET

WL

T w0 # m  i4 te fi0
TIME
1A. The delay time 7 =0.478
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Figurel. Time evolution of the platelet of the delay time

4 Discussion

In Figurel, we see the time evolutions of the platelet in a typical human being for three time delays; 0.478 days
(FigurelA), 0.25 days (FigurelB) and 1.025 days (Figure1C). For a mathematical model to be of any use, it
must describe the simulation system. The changes are in the behavior of (Platelet and Time) as one goes from a
steady state to one of limit cycle behavior and then to one having diverging behaviors as the time delay 1
increases for 7 < 7T, to 7 = 7, and than to T > 7 that support in the theorem. This may not be possible in

real situation since the platelet values should not be negative. We wish to look at this in later paper.
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