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Numerical Solution of Nonlinear Suspended String Vibration
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ABSTRACT

This research concerns with the finite difference scheme and the numerical simulation of the
suspended string equation. The vibration solutions when various external forces are taken into account are
obtained and compared with the solutions without external force. In addition, the effects as a result of
external forces, their powers and coefficients on the amplitude of vibration are investigated. They are
basically three cases: 1) the amplitude of the suspended string vibration as a function of the powers and
the coefficients of the external force; 2) the comparison of the amplitude of the suspended vibration with
various powers and coefficients of the external force; and 3) the resonance of the suspended string
vibration as a function of the powers and the coefficients of the external force. Furthermore, the study of

how the linear and nonlinear damping terms affect the resonance behavior is demonstrated.

Keywords : Nonlinear external forces, Numerical simulation, Suspended string vibrating equation, Damped vibration.
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_u(x,t+ A1) —u(x,1)

u,(x,t) +o(At)
' At
ul x—Ax,t)-2u(x,t)+u(x+Ax,t
{H u, (x,t)= ( ) (2) ( )+0(Ax2)
’ Ax
W ldunumadluaymsez 1@
m+l m m m m
ey ut =2ul +u
L dwmsy j=1,..., n, m20
At Ax
A a &
PRoulvvouuavesa NN (2.2.1) AB
u, =0 waz u,,, =0
—® m+1

—e o4 f m

-1 j j#1
Uil 221 msfnuagavevessziilonTidauds (The Explicit Scheme)

fwmiunng m=0 wisuhlnssadieldlag
0_ IR
W= (x,) @M j=l...n
W r=Ar/ Ax® udadagil Indag1lén

ui™ =+ (1=2ruf +ruly,  j=l.,n, m20 (2.2.2)



Taseerden@onluaumsfi@.2.2) sxdunaimvoaszduna £, 9AMUINAIUININAIVDITLAY

kY
naduneu ¢, aauIimsdaudezunnaaduismsyTes

b3

QaLs

=002

R

a5 |-

dx=0.167,dt=0.0125,/=0.45 \

1 It 1 1 It

Rlins
23 ot 9l A3 4 893 05 07 Q8 0% H

gﬂﬁ 2.2.2 namavesauminnuiou Tasnswhdulsafunamasuoinan19§1fin (The Finite
Difference Solution) Lmzﬂﬁmﬁ’uﬁmﬂuwama EJ‘U’rNVJﬁU{ (The Fourier-based Solution)
Taafvuassezafounameuieo Ax=1/6 uazAr=1/80
518N Ax=1/6 uag  Ar=1/80 HagfuIanamaelEIAiav(The Numerical Solution) i
0<r <1/10 namauifeiamuunsnamaudedingzd i £=1/10 qruane 13 lugfi 222 Suduly

wldninmsdsznamlugisgningauunsu

d‘ ] Lé [ { a g o
Tugtf 223 S muald Axv=1/20uag Ar=1/800 FuiumsinseiiaziBoauniinozi

3
TWmsdszanaafdu

) 1 Q' 9 d' s dy
1519 WATITHIAUTUAUUDITUMTN (2.2.1) AU
2x x<1/2,

f(x):{Z(l—x) x21/2

[

g ¥
stuvuramangisvesymi awnsaldiimsven]Fes 1A Al

u(x,t) = %kz [Sm(l;c#j e *" sin(kx) (2.2.3)
=l
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3 DUOESE R S 3 45 05 T s 0%
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511 2.2.3 namasvosaumMIausau laonsidullszitunameusanad19819a (The Finite

U

. . <) ! .
Difference Solution) LLﬁSﬁﬂS’IWLﬁuﬁmﬂuN@Lﬂﬁﬂﬂl@dﬂﬁﬂg (The Fourier-based Solution)

T¥w131Tmes Ao Ax=1/20uag At =1/800

2.2.2 Tyl adu

Ed
Turiadeil aznademsiiiiTvesreuuaeiusl (Von Neumann) 1 l4duilayma luiBadu Undudn

Ey
A a o

ad A a a 1 Q) ansq Yo a Y Ad o al &8 v a u’;’ v
Wenasan sl lwralinsigdegwuuthudsn ldnuilymuigudunidudssinsiduaasiumiiy us

Y

9 [ T a Y Ad o a &4 a a a I'g aa C4 1
Fwsudgm ldgaduiidudlszaniillududs msfnsenidiinsgdasciideuueeiml 1u

] I 3/ [} < Y a ac Y] o9 Aand A o 9 9)
?f']ll']iﬂu’]iﬂcl%vlﬂiﬂﬂﬂiﬂ '&’]EJ'N‘liﬂﬁ']lJ ﬂ']WFﬂ'ﬁﬂﬂ?'ﬁ?‘lauu@ﬂﬂuu@?ﬁnm‘ﬂﬂﬂ?m‘lﬂlﬁ? L'i']ﬁ']lJ'liﬂcl‘lf

a. 3 q’: a { [ a &g @ 1A o 1 [ ¥ o
S idnallynusaduiidulsedntidudulsuozgnr liisudy Taslidunauaiiag asil:

g
a o

ta & a o I~ a o 1 a { a &d
T lFadudsidulsz@nsiluileafduvesdmdsauldeglugdymiaduniidulszansidu
Can

[ { ° o s & [~ [~ o a &A 8 1 i o {
mned Tnevrlddudszansidududs Wnaad ududseansmtluaaei 9ramsisauanizh
N Jas Y ¢ A A ~ ad a o Yy 3 A 4'{ dy

wazdaaunsaleiiveunesiul ionulou luanuafesveadsiFadavldondqe daufou luiley
dgl 1 U s a 4{ s d' [ EYl o 1 t dy
Tupgiumvesdulssinsnnmanasanmmen aaarad 1A ludedens il

3
Aosanaumsanudoulidaudu aeliil

u, = (a@u,), §WMiU xe(0,1),1>0
#(0,6) =u(l,t) =0,
u(x,0)=f(x),

X 1+ 3u?
Taen a(u) = +3uz
1+u

= acl § [ o v dy o
szmﬂ‘u’Jﬁwamqauﬂzuuummmmaﬁ’ltymu gﬂﬂ?ﬁuﬂiﬂﬂ

m+l m m m m m m mn
v, L v ) e, () —vi)

A e (2.2.4)
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Taen aﬂ-l/Z =(a(})+ a(v;f' ) /2

a A v o4 a = Y [~ Jdo
Aorsanilymunmizi dufeRarsanige (x,,4,) 61 widludedduSey siewnsodszuna

T % T i { é o
mueailefdu o) Wumasilusums a, = a(u(x,,t,)) 19 (x,,7,) Faildidaums

= aouxx

£
~

é A Q/ ol
Faaasluglvenaniedunz 1daedl

m

J+1 9

Y7 —v}" v}”_l—2v;f’+v o .
MY j=L...,.n m20

=q
0
Ax’

HamaIRWIZYBIaNMnFUdY gndimualay

T}c (t) eik;rx
Tauf
]-;‘ (t) . —(kﬂ)za(,/
1AeANdBaiy rHGESE t>0,

¥ I

dmsu & Manwe iesnn o, >1
:;’ = 1 = ad 1 o w Y v dy
mzagiy mamasmwzizananIadousgluglvesszdioniFrnaniedifa 1Al
(a )me(ik”xf)
k ’

oy |a,|<1

E4
$nsy k avua

] 9 = ac 1 o w v
LmumwamaﬂmwwmﬂszmUm‘ﬁwamwmmﬂuﬁums fﬂz‘lﬂ

4o, At
2

a, =1- sin® (kmhx 1 2)

1 9
Taemvualdvavesmsidnes Wuldaudoulvds ladl
At (Ax)' <1/2

Y

9 s Y o 1 o 1 o o =] ' = as =)
ﬂﬁuﬂ‘ﬂﬂ;ﬁWu uﬁﬂ<1°1m14mwmsmwuﬂmmmmmwﬁmmaiuu UHARDANUITDYTUDIIDTSIUYY

pasouay uazezldidenlunall Ae

<3

1+ 342
a(u) B 1+u*
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o Y & o dyd'( ° 9 o a [ ' A4y ' 9 9 A
dmsu u Ninue seilledmualddulseing o, Wudmannilosndn 3 wwdeadimuadonluves
¥
AIUANYBAIA Fa7]
2
(Ax)
6
TugUfl 224 ugasnsveswamasdsduailiodoyaisudu Ao £ (x) =sin(37x) MvuaviAves

At <

a o 1 {
w15 limes Ar=0.00005 uaz Ax=0.02 1519zWUN wanasd ldlaugndes
@ T (=] 1 a o/ o 1T a °
nafed1atedu azifiudifeunesiudarwiso ldfuilgm liFuduld Taen1sdinua
a 3 ¢ o (=] a ) 1 { 4 {
winlinesvowniii ¥ dym liidwSadultiiumnd uazez 1diTon lvvmavesiafmingay
g

[ 3 H
dmFumsfinsaanigiinng ga uenninil infuuhmdulseansimmiznd ldhnuavuaves

a v
I[19NKY

1 s ! 1 1 i ) 1 1

“
f
)
i
&

an 0t 03 0§ 07 as 09

~ a o 9 rta 9
g‘lh’l 2.2.4 fmwwamaamaumzmm’dmmﬁmmsammu‘lummu

f1vuald Ax =0.02, Ar=0.00005

L] Y

au 44
2.3 N1 eTiheIves
msduveudualalunuffiusrinanumiwazusaneuen luiBudu (The Suspended

. . . . = o ) o A Ay v a =3 =
String Oscillation Equation) gnanzn lagvinasinsnansanisade [3] mui IdeTuienieazideaninives

aumsWBlu 41 msduvenduadaluiulfezgnioulugdvedilgmaniudunazavouiunves

e

s

aumsiieywusdoaenius Al

2
2 (x0)=Lu(x)=0 (2.2.1)
Jonlvuouiun Ao u(0,6)=0 e te (0,T)

JouluFudu fio u(x,0) = £,(x) uoe %“_(x,o)=f2(x) e xe(0,a)
¢
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A [~ @ o A a v v w A o
e Lidludaduiiumsideyiusdosduduindes fimualay
x 0* 0
L= —t+t—
u+l)ox* ox

& a a 4 . . 1 -] G4 o o o A a P
FIHADAUFINATIZN (Analytical Solution) 8¢ lugtveteynsueudvesfleanfuivmFariai 1 awi

3
[ %

I&osunesieaziden 1314 [5] fafl

gpjcos\/—H\/_sm\/_t mx \/7)

AU [8] ladn1msduveaduatalunuiaulomuauniiuazusameuen luFaudu

v

o o & ' A ' a
T fuszuuveamsdu FeusadeusglugdvedilgmaisuduuasaveuunvesaumsiFoywus
1 1 o o w dy
goo lulonWus Al
2 2 p-l gq-1
Oyu(x,t) — x0u(x,t) =0 u(x,t) + a\u,l U, = ﬂ|u| u, a>0,8eR,(x,t)eQ,
u(a,t)=0, te(0,7), (2.2.2)
u(x,0)=¢(x), 0,u(x,0)=w(x), xe(0,a)
efarsains Funuuiianunidaiaz liusenieuen (B=0) udIMUNINTINUTINYDY

@ A aw P a 1 a [} 1 o A et
MIFUNNAADI 11138 [6] hlﬂﬂﬂkl']ﬂ']'ill’e]g%iﬁ‘llﬂﬂNﬂlﬂﬂﬂ@ﬂ?ﬂﬂ@uﬂ?qﬂﬂlﬂﬂﬂiyﬂi (2.2.2) V]lllm

o ! '
AUNUI (@ = 0) HAZLFINEUDANNTY (Blow Up Term) 1o A >0 luvaizd [71 1ddnyimsley

Y

15evenanasFavuaivvesilani (2.2.2) ilitinuniie (e =0) uazusintvusnanas

(Absorbing Term) e f==1UnaE g=3

é Y a Y Qv u'/ Y Q‘ =) a I'd a d?
Woldifaautiladnyae MIduUIBUTUAIA THIUIAINIUNG Y NINAMTATUINEITY
aw YR = a  w cl-l c; d' ]
U388 [15] uag [16] IdAnmdamamadduavuoidlymmsduluuuiffilsmnanumuiiuag
a o . da a .
usamenenaNaums (2.2.1) Tnea1u3de [16] 1935un59RH Inadu (Crank-Nicolson Method) WalRay

{ o o { Qo zé a N o . .
Al&amiliUSeuifeudunai ldanaudde (151 saldsuifiouITnan190uae (Finite Difference

U

k2
Method) uazlddeagiimamasdeiuaveinieaeddtiialndifsfiy molddumiaSuduung

s v 9 = @ ad sa @ A ~ ad 1 Y A 1
ANMULTIAHUUVBUTUAIALUUIAYINUY TﬂU’J'ﬁLlﬂiﬂﬂuiﬂﬁﬁuﬂﬂ’ﬂizmﬂﬂ’lﬁNﬁ@']']\ii]uﬂg IHBIINALDY

a ANy 1 @ 1 o S w o A = ] A =) & aa
Wﬁ‘ﬂﬂ‘l’lhlﬂllﬂ']uﬂﬁlﬂ’ﬂ Iﬂ&]ﬁ'\ilﬂﬂfmﬂﬂﬂ‘ﬂlﬂglﬁuﬁﬂﬁmgﬂﬁﬁl\!ﬂiWULSEJ‘IJLLﬁ%ﬁGlE]Lu’ENﬂ’J'] PANIIBLA

U

Y]

fa as 1 = T sy 9
iqﬂuiﬂﬁﬁuﬂ\jﬁ’]ll’]iﬂll‘i_Nﬂ'J']JJagﬂaEJQSUGQ‘Iﬂlllut'ﬂ']‘lﬂﬂulﬂ

3% [17) wag [18] awarumys 2.2.1) diedmuald =0 Taefnyuferfunamasdaainy

waza1amssianavesms suveadualn lunmfwuu ey aduuay ludadusia
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£ a Y Y a aw A 4 A o da 1 g a v 1 a Y o o
aeq ana Idroandesfunuised 8] nandenmsduiianumirnusudunes igadusds
=) o Y 3 ) o’j ) ) ' 1a Y o @ a o A
aoslinailfiduainduanasis 2 nsdl Taonsdlvosarumiae ligadumdsresldnyasmsdui
unnA U asuduvs udualandrann lusazfinsdlvetnnunmiiugadu ifuainduana

wufueianefnegdsemsdusudull
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A
Unn 3

Aad o o a W
IHAUUUNITIVE

dy v &2 A o 9/ a p=} 1 a kY d

Tuunil sznandsfiuaumsmsduveuduaia luundunuiiusimenen ldidudunasdl

amhaFudunas Widuduifaesfifmuamidunsdudssaniiamaieg fu uazmsngas
= acd 1 [ d' a oo Qs 1 =< :j Y d‘

sufloyiTrasssunziiomwamasfeiuavaedilymiaina1 sadauaouvesms 14 Tsunsuie

uaaawamsfiuanlugdueansivuazasedoyaveinamaadduay

3.1 guMIMITHveadualalunfAwLuin NIz Tusenaven Ll ady

E2
awv o

NuITeR 18R 1n1sAnEInIsS1a0UTIdavUBInIsFuvsudualIaluuIAIRBLH D991
= W é o =y Qs G‘/ H 1 1} (- u’/
NU3se [17] uaz [18] F11dAnunsirasudednavveamsdu ldlanuntalSeueufumsdu
PR 1 a 9/ ] 1 a 9 o w o o 3 9 1
AtanururusuduLazaurEae hiFudusdeans awdidy Taedvuald iduained a v
a A 1 . fof [ A ) , ) ; y
uanuvigaveu (Flexible) HU1viUN (Heavy) memmwmuummmafmJ (Uniform Density) {dUR1A

gruvanlunuaasTagdmeduun (x=0) gnnsalegduil dandatedas (x=a) Tanwduily

3
2 Y

qud iﬂimsmuua mmﬁmmummmummuag Ydumie  x AN ¢(x) 1AL w(x)
udd tazAua iy u(x,) WU UVINMIFY (Displacement) W0 unInfiya x @ han ¢
a o dy A o 1A 9/) 1 A d—1 A o
Gl‘lN']‘Ll'Jﬂﬂu‘ﬂ$LW3J‘Wi]i.l‘\l't‘]\iuiﬁﬂ']ﬁluﬂﬂlllll%ﬂlﬁu AN1IND ﬂ|u| u UHOALUUHDIINWIUND

t — A o o y
AU aly | u, G 1R daumsvesiym Al

u,,—(xuxx+ux)+a‘u,|c_lu,=ﬂ‘u|d_1u, a>0,cx1,feRd>], (3.1.1)
Faulvveuiun u(0,1) =0, u,(a,1) =0, te[0,T],
Roulusuau u(x,0)=¢(x),  u,(x,0)=y(x), xe[0,al.

= 1

4 o) o a 1 (] [ o a o 1 a
i o Wududszanivosnnuniieianiuuin g fudulszd@nTveasinmenenluadulia
o) ° a ' At T £ [~ o 1 T a (%
Fusrwanedelan g cuay 4 Sanandmil dlumdwesanuniluazusameuen ligadu
MU
< 1A 3 4 ] o 9 A P = 4
MU 3.1.1) szuhivennivesanunihusududag liiudusazinalvons
1 a 9/ @ d’l ] a [~ A ~ a @
meven lumadu luaudseiitetimsionsaoontu 2 nsdl AonsaiLsn 13192 WTUINTTUVDS
] i 4

duaalunfdlifewsaneuen lidadu TavvzRnsanidulses@ns gusshda d azlinade

1] ¥ ’
mautTuvseanasueounagansuLaznsiiamsfmenediels uaawaliluade 4.1) dau
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ASBN D 519z RTaINITTUYdduana luLIf Rl aneuen TFudus wiuANurEIe Tag
xR IIIANLnuFudunaz luFaduideaeasinadensannsfinouiinaainis g
T a/ oy Q( T 4 L} . a
mononluiFudues1els melddulszanianuniig o Nuanalafi Gaaana 3 luide 4.2 uag
4.3 MUBIAL)
& o 1A Y o £y 1 a a 'd
Wesnnauns G.1.1)  HuaumsuuuldiFadu s ldnndensmnamandaling gy
. . awv dyﬂ o = . a o Y =} ac J @
(Analytic Solution) T IteiltedhmsAnywamastszmnanugsduaulaglossidioyITnameduny
Weothuinnamaudduavazademitaoudeduavvenmsduveddualaluuuinwuuiingg

Meuon JWIFUFUIaZTANUNU
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3.2 MsmNamadesziauITNan 199 un (Finite Difference Method)
d' 1 a ar 9 1 as d’ =1 1]
olszmnuA eI AIHas 199 Uaz TuN157 (3.1) asgnileuagTugiues

u, —((mAx)uxx +ux) +oc|u,|c—1 U = ,B|u|d—l u, a>0,c21,8<0,dz=],

u(0,1) =0, u,(a,t)=0, tel0,T], 3.2.1)
u(x,0)=¢(x), u,(x,0)=p(x), x€[0,a].
a—0

Tae m=1,..., M ile M=
n+l n n-1 " n n n n n+l n-1 ¢l n+l n-1
um — 2“2"1 + um _ mh um+1 - 2uzm + um—l 4 um+1 — um—l +a um B z’lm um - um
k h 2h | 2k | 2k

(3.2.2)

u™t = u(x, t+k), ul = ulx, 0, uit = ulx, t-k), ul,, = u(xth, 1), ul_ = u(x-h, 1), Taoh m=1,...,

m+l

4 a—o T_O 1 { 1
Muagn= 1,...,NLﬁe M:E uag N:T’ h=Ax Uae k=At Lﬂummmmﬁmqﬁgmmq
t

VOIRNUG X HAZLIAT £ MNEIAU

a o
navalgatenwdrofevesaums (3.2.2) isennsonosan Wil 2 nsdl fle

pstf 1 o —u" >0 agldh

el 1 n~1\¢
n+l _on-l (u"+ —u )
(um u, J Dy m m

urH-l _ un—l

m m

2% |

2k

psdifi 2 7"~ <0 azldn

c-1 1 n=1\¢
ntl 0=l (u"+ —u )
(um u, ] ., m m

2k (2k)°

n+l n-1

2% |

'
1 A

< o 1 o/ i o a o g i A 1
Aoudu wzAnsangassieuiTnaaedunsi ldmnamonsadimvdmsunsaiinilanou
1 dt:i o @ ~ o 1 L4 L) d' 4 4"
dyunstifaesiuinludnyusfeiiu@Eiuuniisunsomug) sl

1 { A H 1
dounumaunisi ldannsdinnideadluaumsi 3.2.2) 32 1d

n+l n n-1 n n n n n nil _ o on-1\©
-2u’ + -2 - u, —Uu,
Uy uzm U —| mh Ui uzm + Uy + U1 um~l +a ( - ) — ﬂ
k h 2h (2k)
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1 2k queasalugums (3.23) 914
(2u::1+l 4u" _.+_2u" I) [2mp( m+l _2u +um l)+p( m+1 m l)]+a2| Lkz L( 1,111 . ~u:r_|)c
u,
4 2
¥ p=7, c>1 (3.2.4)

fvnsanwod ()" —u)" ) Tuaums 3.24) Taol¥mauiunnIuiu (Binomial Theorem) F1aunI3

do'luil

3|
& ocouay r o Pus i Yaoh 0<r <n udh

(a+b = ( a“"b"

r

= c cpee=0 ¢ =171 ¢ 212 ¢ C—CpC
vio (a+b) =fab 4| a'b' +| @ P’ F i+ fa b
0 1 2 ¢

vio (a+b) =a" % T a b+ (2j b L+ b

: (& -1 1 C =2 2 ¢
n+l A=Y\ L ¥ n+1¢ ( n-1 ) n+l (__ n-1 ) ( n-1 )
(u"l 1 u"l ) - um q 1 um o\ um * um um o= um

aw o 1 a < A
Tuaudseil 5zuinswos sy 3wy fe
~ ad 1 Y A 1 a 9 & d' Y
3.2.1 'CIG]SiZlUUU'JﬁNﬁﬂ’N@uﬁz ﬂimlﬂliﬂﬂ‘lﬂu@ﬂ‘lut%\uﬁu FIVNNAUNITN (3.2.1) LNUAIY
d-1 A o Y o a o @ =" AJ [ = 1
Blul’ ™ u iodmuald dulseant g uazdiaed finwnen du uay hiusanin (o =0)
= ad 1 o A 1T a a ' a Y é
322 q@ﬁﬁxLUUUUﬁWﬁﬂ”N@uﬂﬁ ﬂimulliﬂﬂWUuaﬂqﬂl‘HQLﬁu HAZHANUHAUIUDUIYUTU B
a Y oo | A o Y o a a 1 v
VNAUMITT (3.2.1) INUAW alu,[ T, Wafimuali ¢ =1 uagdinlsedns o IAwananny
= ad U @ A ra Y ) ' 1 a £
3.2.3 QW33$LUUU'J‘EWT35]'N@NW$ ﬂimﬂ“iﬂﬂ‘]ﬂuﬂﬂ"lulﬁlﬁlﬁu Llagllﬂ']'lllﬁu'NLLUU“N!‘D’QL?[H

[ & ~ 3 c-1 A o Y @ a A
A1dedes Fannaunish (3.2.1) unudie aly,| u, Wedmuald c=2 uazduilszdns o Iim

UANAINY

130041
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I =y T (v A Ta vV d! d' ¥
3.2.1 gasszDeuIsuameduny nsdiliusemeuen B udu Fannaumsil 3.2.1) unudae
d-1 & o o a a o & o
Bl u ilominuald dudszdns g uazdds 4 Ameheg A uazlaifiusania (e =0)

31

MNAUMIA (3.2.4) UNU @ =0 uazdagilaunsIdeglugldauda (Bxplicit Form)"l fatl

1
w," = 5 [(4 4mp) (2’"p +p) Upil (2mp—p)u:’_I —2u! T } (3.2.5)
A 2
BN =—
P
n+l
lainsuAn
. LU,
NIILAT
[
un—l
] NIILUAT

i.lﬁ 3.2.1.1 ﬂﬁiw‘UGﬂLmu\‘l‘U’ENNﬁLﬂﬁU u UMy (3.2.5)

Sl
7

INFTUNIT (3.2.5) LS"I%w‘lﬂﬁﬂ'iiwLUEJU’]‘ﬁNﬁGIN?JuG]“’VNﬁMﬂ 4 gn3n4 N5l Aeil

AsEif 110 n=0 uAz m=1,2,3.., M ~1
Asdif 21800 n>0 uAE m=1,2,3.., M <1
A3fif 3o n=0 uaz m=M
Asfif 41800 n>0 uaz m=M

nadiN 10 7=0 luaumsn 3.2.5) e m=1,2,3..,M -1 32'ldn

=2 (4= 4mp)u + (2mp+ p)ut + (2mp = P, '] 629

’ 3
o990 o Tuauns 3.2.6) aguenlamm [0,a]x[0,7] AU u;' vzgniszualaenis

T T Y . 4 Q' 9 g
UNUAIGATHAA19UAYATIAA (Central Difference) naluidou luFudu g1d
0 -1

L ;u"’ ~p(x) 130w ~ul —ky(x) (3.2.7)
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ENuaNMIh (3.2.7) aumsd (3.2.6) 912144
1
u,'n=5[(2—4mp) w+(2mp+ p)u,, +(2mp—p)u,_

Taof m=1,2,3.., M—1

} (3.2.8)

nO I‘ -8

31J°n 3.2.1.2 Aunusvesnamay » lunsdifl 1 uazdealdgas 3.2.8)

A6 2 1y > 0 Tuaumsi 3.2.5) e m=1,2,3..., M ~1 918

1 )
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AR 3 uNU 7 =0 uag m=M luaumsa (3.2.8) 3181
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INUAMEATHARIIBUAZATINAG (Central Difference) a4 luilou lvvouiva vz dd

0 0
u —u
MMl () U5 U, S Uy (3.2.11)
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unuaumMsn (3.2.11) lugumsi 3.2.10) 3¢ 18

u, L 2—4Mp)ul, +4Mpul,  — 2k (x)+ 2k Blu, ! (3.2.12)
M 2 M M-1 M

v
8

et

U7 3.2.1.4 frumiweswamas u lunsdif 3 uazdealdgas (3.2.12)

AIRIN 4 UNY > 0uay m=M luaumsd (3.2.9) alan

n
Uy

djl (3.2.13)
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1] } 4
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I
u = S [(2mp+ p)us, +(4—4mp)u, +(2mp—p)u,_, +(—ozk2 +2k)l//(x)+2k2ﬁ
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AsEIR 2 unu 1> 0 Maumsh 3.2.17) de m=1,2,3.., M -1 3z 1§
AR |:(2mp+p)u,',’,+1 +(4—4mp)u,',’, +(2mp~p)u;’,_1 +(ak~2)u,',’,_l +2k*Blu! d}
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319 3.2.2.3 fumieveanamay » Tunsdin 2 nazdesldges (3.2.21)

U

AN 3 uNU n=0 waz m=M luaumsf (3.2.20) 3¢ 1@

Uy, = 2+1 P [(2M117+p)u,?4+1 +(2~4Mp+ak)uf4 +(2Mp—p)1,¢,(‘)4_1 +(—0¢k2 +2k)w(x)+2k2ﬂ'uf4‘q
o

(3.2.22)

E3
o s

iWioenn u,,, Tuauns 3.2.22) eguenlawu [0,a]x[0,7] AU ul,,, azgnilszuanilag

MSUNUMYATHAA 19O UAZATINA (Central Difference) 04 luidou luvauiun 13 1497

o .0
uM+12huM—l ~ 0 'ﬂ?i’) u1?4+1 ~ u}(\)/[—l (3223)
unuaumMsh 3.2.23) luaumsi G.2.22) 1184
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unuaumsi (3.2.35) luaumsh (3.2.34) a2 149
a ( 1 )2 1 1 4Mpuy,_, +(4—4Mp)u,,
u +u,, =
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THE FINITE DIFFERENCE SCHEME FOR THE SUSPENDED STRING EQUATION
WITH THE NONLINEAR EXTERNAL FORCES

Jaipong Kasemsuwan

Abstract— This paper presents the finite difference scheme
and the numerical simulation of suspended string. The vibration
solutions when the various external forces are taken into
account are obtained and compared with the solutions without
external force. In addition, we also investigate how the external
forces and their powers and coefficients affect the amplitude of
vibration.

Keywords—  Nonlinear external forces, Numerical

simulation, Suspended string equation.

1. INTRODUCTION

he vibration equation of the suspended string was first

studied by [1]. Author in [2] considered this equation
taking into account the external force having the blow up
term and showed the existence of the global weak
solutions. Authors in [3] considered this equation with the
nonlinear factor known as absorbing term and showed the
existence of the global classical solution of nonlinear
suspended string equation. To fully understand the
characteristics of the suspended string vibration according
to mathematical theory, the numerical simulations of the
suspended string vibration have been studied. Authors in
[4] and [5] showed the numerical simulations of the
suspended string vibration without the external force
using the finite difference and Crank-Nicolson methods,
respectively. The characteristics of the vibration under the
same various initial shapes and initial velocities were
considered. To study the effect of damping force to the
vibration characteristic, authors in [6] and [7] showed the
numerical simulation with the linear and nonlinear
damping terms respectively.

In this work, the numerical simulation of a heavy and
flexible vibrating suspended string with a finite length o
with the nonlinear external force is studied. The
suspended string equation with the initial and boundary
conditions can be represented by

uy —((max)u +u ) = B, BeR d>],
u(0,0)=0, tefo,r], (D
ux,0)=g(x), u(x0)=y(x), xe[0,al.

where u(x,t)is the horizontal displacement of the string at
(x,t), B is the real number denoting the coefficient of

the external force term and the power d is the positive
integer.

Jaipong Kasemsuwan is with the Department of Mathematics, Faculty
of Science, King Mongkut’s Institute of Technology Ladkrabang,
Bangkok, 10520, Thailand. (phone: +66(0) 23298000 ext. 6185; fax:
+66(0) 23298400 ext. 284; e-mail: kwjaipon@kmitl.ac.th).

It is known that when £ is positive and 4=3, this is
called the blow up case. When £ is negative and d=3, it is
called the absorbing case as studied in [2] and [3]
respectively. In this work, we investigate the effect of the
nonlinear external force accounting for both blow up and
absorbing terms to see how they affect the amplitude
vibration. In addition, we will consider how various other
values of d and different values of the coefficients § of
the external force play roles in dictating the vibration
characteristics, e.g., the increase and decrease of the
vibration amplitude and the resonance of the suspended
string vibration. Finite difference method is employed to
show the numerical simulation of the suspended string.

1. THE METHOD OF SOLUTION

To apply the finite difference method to (1), the initial
condition has been modified as follows

u, —((mAx)uM+ux)=ﬂ|u]d_l u, B<0,d=],
w0,)=0,  u(a)=0, refo,r], @
u(x,0)=¢g(x), u,(x,0)=y(x), xe[0,a].

The solution domain (0 <x <1, ¢ > 0) is divided into
subintervals Ax and Ar in the direction of the position x
and of the time ¢, respectively. The numerical solution at
the grid point is found by substituting u,, u,, #, and u, in
Eq. (2) using the central finite difference as

u::H 5, 2”:: + ”:v—l ~| mh ul’r’Hl & 2“:: + ur'r'r—l + u:n‘l - u::—l
i W 2h

ul 3

where " =y (x,1+k), uy =u(x,t), w'™ =u(xt-k),
up =u(x+h,t), ul_, =u(x—h,t),m is the position step

(m=1,..., M) and » is the time step (n = 1,..., N'), while
h and £ are the mesh size in x and ¢, respectively.

For the third power nonlinear damping case (¢ = 3), the
last term of left hand side of Eq. (3) can be shown as

n n n
l l mh[umd»l —2:2:" +um—lJ
n+ n n-
u,” = 2u, +u, a
k2

u:wl - ul'r’t—l
4| =l md
2h

Multiplying Eq. (4) by 2k, we have

)




2mp (u,',’,,,, - 2u, + “:,-1)

n n (5)
um_l)

2 n+l
( ’ +p (um+l -

m

du, + 2u,’,',")—

d-1

=2k*B ul

Up
where p=k*h, >R and d>1.

Eq. (5) can be classified into 4 different cases depending
on the values of n and m. We then obtain the finite
difference schemes for the numerical solution as follows:

Casel:n=0andm=1,2,3,...,, M-1
1| (2—4mp)u, +(2mp + Py +(2mp—plu, (6)

o4

2 +2ky (x)+ 2k B |u,,,

m

Case2:n>0 andm=1,2,3,... , M-1
1 (4—4mp)u,','1+(2mp+p)u,':,+l

w1 ™
2 +(2mp—p)u,',’,_l —2u,',',_l +2kf

d

n
um

Case3:n=0andm =M
1 0 0 o4
he =7 (2-4Mp)uy, +4Mpuy, +2k|//(x)+2kﬂ|uM|
®
Cased:n>0andm =M
up! = %[(4—4Mp)u,'"4 +4Mpul, | = 2ul +2kB

; '/]
Upg

®
where p=k’/h, >R and d >1.

The finite difference schemes (6)-(8) have been
programmed in MATLA and the numerical solutions are
shown graphically (to be discussed in the next section).

I1I. RESULTS AND DISCUSSION

We show the graphical comparison of the vibration
displacement when no external force and nonlinear
external force are accounted for provided that there is no
initial velocity and various different external force
coefficients (£ are considered as follows.

1. The comparison of the vibration without external
force and with external force to the first power (d=1)
under the various values of £ as shown in Figs. 1- 4.

2. The comparison of the vibration without external
force and with external force to the second power (d=2)
under the various values of # as shown in Figs. 5 and 6.

3. The comparison of the vibration with external force
to the first (¢=1) and the third power (d=3), external force
to the first (¢=1) and the fifth power (4=5), external force

to the first (d=1) and seventh (¢=7) under the same S as -

shown in Figs. 7-9.

Position
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4. The comparison of the vibration with external force
to the first (@=1) and the third power (d=3), external force
to the third (¢=3) and the fifth power (¢=5), external force
to the fifth (¢=3) and seventh (¢=7), using the same S as
shown in Fig. 10-14.

5. The comparison of the vibration with external force
to the second (d=2) and the forth power (d=4), external
force to the fourth (d=4) and the sixth power (d=6) and
external force to the sixth (4=6) and the eighth power
(d=8) using #=-4, 4, 10 and -25 as shown in Figs. 15-18.

£=05
5 7=10 -
=
éts» (
B
N . Wi
Displacement Displacement
Fig.1  Graphical comparison of the vibration

displacements between the no external force (blue line)
and the first power nonlinear external force (red line) for
different =0.5, 5, and 10.

P05y [B= JB=R0T
; :
=10 > ~ 4 o o
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A o
1 '
EC y7; ,7{\\ 13 X
! S i R AR a :‘q = !
Displacement Displacement "~ Displacement
Fig.2 Graphical comparison of the vibration

displacements between the no external force (blue line)
and the first power nonlinear external force (red line) for
different f=-0.5, -5, and -10.

03] l%’.
. .
o N
=
&ns :\.
) LENERD
Displacement " Displacement " Displacement
Fig.3 Graphical comparison of the vibration

displacements between the no external force and the first
power nonlinear external force (red line) for different g =
-30, -50, and -100.
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'Displacement isplacement

Displacement

Fig.9 Graphical comparison of the vibration
displacements between the first and the third power, the
third power and the fifth power, the seventh power and
the ninth power nonlinear external force (red line) for =
10.

Bosition
Position -

vDaissplacemént»
Fig.12 Graphical comparison of the vibration
displacements between the first and the third power, the
third power and the fifth power, the fifth power and the
seventh power nonlinear external force (red line) for f=-
10.
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Fig.10  Graphical comparison of the vibration
displacements between the first and the third power, the ~ Fig.13 ~ Graphical ~ comparison =~ of the vibration

third power and the fifth power, the fifth power and the
seventh power nonlinear external force (red line) for § =
15.

B=-5 g B

displacements between the first and the third power, the
third power and the fifth power, the fifth power and the
seventh power nonlinear external force (red line) for f= -
50.

Position
Position

Position

Position
B2

Position

N

Displacement Dafsplacemént Displacement
Fig.11 Graphical comparison of the vibration

displacements between the first and the third power, the
third power and the fifth power, fifth power and the
seventh power nonlinear external force (red line) for = -
5.

/ .

) ;s’[’/?f“ II/I/ | L L > S \NE
Displacement Displacement Displacement
Fig.14 Graphical comparison of the vibration

displacements between the first and the third power, the
third power and the fifth power, the fifth power and the
seventh power nonlinear external force (red line) for f=-
100.

Figs. 11-14 show that the vibration with the external
force to the power 1,3, 5 and 7 which exhibit similar
characteristics and show no resonance.



Table 3 summarizes the resonance characteristic. We
can see that the resonance will not take place when the
external force has the odd power and when 8 is negative
or small positive values (i.e., 0<8 <3).

Table 3 The resonance of the suspended string vibration
as a function of the powers and the coefficients of the
external force.

The power of | The coetticient | Resonance No
the external of the external Resonance
force force
Odd power 0<pf<s v
(1.3,5,7) A>3 v
B <0 v
Even power B <0 v
(2.4.6.98) -5<f<3 v

From result table 3, we can study more the damping
term how effect to resonance occurring. It prevents the
resonance from occurring or not.

IV. CONCLUSION

The vibration characteristics can be divided into two
different cases, namely, when the power of the external
force is the odd power and the even power. In both cases,
the vibration amplitude is proportional to the coefficient £
of the external force. When f is negative or smalil
positive values (i.e, 0 < g < 5), the vibrations
characteristics with the external force to the odd power
are quite similar. However, when g > 5, the vibration
characteristics demonstrate differently. In addition, when
p is small and in the interval -5 < f < 5, the vibration
characteristics with the external force to the even power
are again quite similar and demonstrates different
characteristics when f# is not in the mentioned range. The
numerical simulation of the suspended string shows that
the vibration characteristics agree well with the
mathematical theory provided in [2] and [3].
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