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Department: Department of Mathematics, King Mongkut’s Institute of Technology Ladkrabang.

ABSTRACT

This paper presents the use of finite difference schemes to find the approximated numerical
solutions of the initial-boundary-value problem of the suspended-string vibrating equation with the linear
damping and the second power nonlinear damping terms. The numerical results are compared with the
suspended string without damping term provided that the initial shape and velocities are all the same. The
results show that the vibration amplitude decreases and the vibration pattern demonstrates quite different
from the initial pattern in the nonlinear damping case. The vibration amplitude also decreases in the linear
damping case but the initial vibration pattern is still maintained. The third power nonlinear damping term
has also been taken into account in this work and its effect on the vibration characteristic has been
investigated. The results are compared graphically and also summarized in tables. The simulation results
reveal that the coefficient of the damping term plays an important role in determining the vibration

amplitude.

Keywords : Suspended String Equation, Damped Vibration, Finite-Difference Method, Numerical Solution, Numerical

Simulation.
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Uit = 5[—(4Mp —8)uy, + (AMp)uy,, —2u |
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u(a,t) =0, _ te(0,7), 2.1)
u(x: O) = ¢()C), at u(xs 0) = l//()C), X € (O’ a)
nqufun Jgmansudunazivenivamuaums 2.1) Inamagededou u e Ho((Q;x°) Toe
u(-,) e W @msuyng a1ves te(0,7) HazaeandndfuNMIUIsuINAINITAARIUDINGINUY F9

quNg
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fanand Twdsdunsuvesms ¥ ldsunsumienaainamafinaas lugdvesnivuazmsstoyaves
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3.1 ’cmmsmiau‘ummumﬂcluumm!muumm'ﬁma
9 ] 1]
\3']‘1«!'3%ﬂﬁ‘lé}ﬁ'lﬂ']ﬁﬁﬂ‘ﬁ']ﬂ']i‘ﬂo'm'ﬂﬁL‘TNﬁ'?l!,ﬂEU‘UENﬂ"liﬁuﬂlﬂﬂlﬁuﬁﬂﬂqulluiadlmUﬁﬂ'ﬂu‘ﬁuﬁ]ﬁ
a g Ta oy o Y ' a A ' . ad o
mdmmmﬂmmmu Taotmualvidualng1n a nue UANNreangy (Flexible) WU UN (Heavy)

wagfanumiuyutuuengal (Uniform Density) iduaangnuuanluuuinsTasdasdinuy (x=0)

= Y tw a0 9/ 1 = v o v A v g A v Y
gﬂﬂiﬁiﬂﬂg un ﬁ'Jul]ﬁ']EJﬂ'luﬁ'N (x:a) Mﬂ'l']ll“lfﬂlﬂﬂf}fﬂﬂ Eﬂﬁ']ﬂliuﬂullﬁgﬂﬁ'mﬁﬁﬁMﬁu"U'ﬂQli’fH

42‘ 1 3 ' ' = o_ o Y o Y o 1 o
aeduogfuf s x na1fie 4(x) uaz w(x) mudwy fiimualn ulxr) unudumiamsdy

(Displacement) Toaduainiign x o . ¢ aumImMsduveuduaIaluuIALLLTANNHU9EgN

4

uaraalugdveailymidrSuduuaza1veuiva (nitial Boundary Value Problem) Y83eumsiifeoyius

fou §afi

U —(xuxx+ux)+0z|u,‘c—1 u, =0, a<0,c2l, (3.1)
o luveniun u(0,1) =0, u,(a,)=0, t [0,T7],
o lusudn w(%,0) = 4(x),  u,(x,0) =y (x), xe[0,4].

A [ a a ] a0 g
9 o L‘J.I‘Hi’fllﬂigﬁ'ﬂ‘ﬁ‘ll@\‘iﬂ’JHJ‘Viu’NLLﬁSJ’MﬂM‘]Ju‘U'Jﬂ uag c>1
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seazdganent1s8198anna1n i luiade 2.2
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3.2 mamwamasaeszileuITNan198unAs (Finite Difference Method)
di ) a @ JY 1 Y d' = 1
WoYszmnaAuo iU IoNad 19 UaL aumIN 3.1) wwgnileuaglugilves

Uy — ((mAx) Uy, + ux) +atfu, ‘c_l u, =0,

a <0,c21,

u(0,) =0, u (a,f)=0, tel0,T], (3.2)
u(x,0)=¢(x), u,(x,0)=w(x), x€[0,a].
Taeft m = 1,..., M iilo M:a—_o
el
( - 2;,: +uy” J i h[u,:ﬂ z 2:2:; +ily ] +(u,:+12—h ) > u,":‘z—k u:';‘| (u;;*‘z—k ) o
3.3)
upt = ulx, t+R), ul=ulx, 0), w7 = ulx, t-6), U, =

1
el = WOt 0, wn = ulx-h, 1), wn = u(xth, k),

urt = ulx, k), ult = uGe-h, R, Teelim = 1,..., M uaz n =

1,..., Nie "), WA
Ax
T-0

[ ' 4 v o v 9w
N :A—, h=Ax ua k=Ar l']_lusllu'lﬂ‘l]i‘]Q"]f'NﬁQﬂHUQ‘UﬂQW’HWi‘LN X UD2Inn £ auf1ay
!

L's Y 3/ =} o Y a A
nangaendielovesaums 3.3) isswnsoneisan ldilu 2 asdl Ao
Asen 1 w7~ > 0 vldn

=-q
2%k | (2k)°

a 1 Q { a e o Y { é I
Aoudu eWNTaNgAsTzidouITnaadunsi ldmnamasddnavd msunsdifinilanou
1 PP [ (Y =) o/ 1 (4 1 = d‘l (-4 dy
daunsdinaesaziiuias ludnyauzmefueEhatuunisuns o) dail
, . . 4 . '
Wounumaumsi Idennsdifiniladluaumsfi (3.3) :z1dh

n+l n n-1 n n ] n n
um — 2um + um _ mh um+1 — 2um + um—l + um+1 — um—l +a
k2 hZ

ntl n-1)¢
um - um

(2k)

=0 (3.4)
2h
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h 2k? gueaoaluaums (3.4) wldh

(214,’,’,+l —-4u; +2u,',',"l)—':2mp(u,',’,+1 -2u; +u,',’,_1)+p(u,',',+l —u ):I +a2 et -y ‘=0
(3.9)
4 K
¥ p=—m,c21
h
Avsaney ! —um Tugums 3.5) Tavldngufunniuty (Binomial Theorem) Sagrunis
fio 111l
v ldgnsgimldde

= §
1 ¢ uaz r Gudmwdy Tasfi 0<r <n uda

(a+b) = Z(j)ab

r=0

VD) (a+b)c o a’h ™ + s a’ b+ < a BN ] Sk ¥ a®°b°
0 1 2 c

e (a+b) =a° +[ﬂac'lb1 +[;ja“"2b2 +.. %5

0 C -1 EAY| C —2 1 \2 _
(u,';“—u;‘)°=u;+”+(lju;“” (Curt) +(2]u;+‘° [ N )

Y A

b4
awv 1 a o) @
Tunuddeil isvzutanmswasandy 3 #aide fe
3.2.1 gasszdenItnanduns dmsuanunthanudadu (c=1)

3.2.2 gassaenTinaneduas iusuanumilae lisududdedes ¢ =2)

P=1 ac 1 % o ar 1 1 a 9/ o o
3.2.3 gATTSIUUUITANDANIUAS ’mﬂiummwma'lmmmummmu (c=3)
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Ax
N T-0
At

0

Ax=k

a

31 3.2.1 namluermams s saz v Lvaves Taw [0,a]x[0,T]

t ' Y
n=N
n=N-1
un+1
.
n E] ]I n [.l n
n=1 U, Ium Uy
n=0 Tu,';‘l
| =0 —~ "
= i

U 3.2.2 naludaams sgydumiavongsIdoe, Nignuls
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3.2.1 gassueuiBnameduny dmduanumibauudady (c = 1)
Wouny ¢ = 1 asluaums 3.5) 92ldh

(214,',’,+l —4ul + 2y ) |:2mp ( =2u) +u | ) +p (u"

m+l

Uy uy,) |+ak(uy-ut)=0 @6

] 3
1aaumsi (3.6) Saglaums Ideglugidauss Explicit Form) 1@d il

it = g @t p)u + (4=dmp)ut +(2mp— ), + @k -2ur' ] 6)

2+ak
g p &
pP=—
h
n+l \ ,
U, linauan
n N5, n '
um_ID L ﬁ':lum+I NTILAN
[] NFILAN
un-—l

3U#1 3.2.1.1 msszydumsvesnaman » Tueums (3.7)

3 ~ s 1 [ 0’}’ o W dy

nATuMs (3.7) 15192 IdgassadisyiTnamed unyianua 4 qn3910 4 39 A9l
Asfif 11i0e n=0 uaz m =1,2,3..., M —1
2ifle n>0 waE m=1,2,3... M1

20
=b.

N3

D

3D n=0 UdE m=M

=)
20
=n

7

i

40 n>0 s m=M

£n
=3,

3

ASOIR 1 U n=0 luaumsf G2 m=1,2,3..., M —1 321§

u:”=2+lak[(2mp+p) m+l+(4 4mp)u +(2mp p) o H(ak—2)u, ] (3.8)
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wWoann ' lueaums 3.8) eguenTamu [0,a]x[0,7] fa1iu u vegnilsziam Tavns

UNUAGATHARNBUAZATINGI (Central Difference) a3 luidou lusudu 12183
0 -1

m m

k

~p(x) ¥30 u' ~u’ —ky(x) (3.9)

smuaumiﬁ (3.9) “lu?mmsﬁ (3.8) %‘lﬁl’h
1
um =
2+ak
Taoh m=1,2,3..,M -1
ta

0

[(2mp+ p)u””l +(2—4mp+ak)u2, +(2mp - p)ug,_l +(~ak’ +2k)(//(x)] (3.10)

3N 3.2.1.2 Aumiisvoaramas « Tunsdfi 1 uazdealdges (3.10)

nsof 2 uny n>0 luaumsi 3.7) e m =1,2.3...M =1 3z 1édN

n+l __

" T 2+ak

[(2mp+ p)un,, +(4—4mp)u +(2mp—p)u_ +(ak —2)u,',',"] (3.11)

131041
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t
n=N
n=N-1
n=1

s | \
I
vl\)

8

31U 3.2.1.3 Aumsvesnamar « lunsdifl 2 uazdosldgas (3.11)

NSO 3 UNY n=0 taz m=M luaumsn (3.10) 918

Uy = > +1ak [(2MP + p) iy, +(2—4Mp +ak)u,, +(2Mp— p)u,,_, +(-ak’ + 2k)1//(x)] (3.12)

' ¥
ifieann uly,, Tuaums (3.12) eaguenTawu [0,a]x[0,7] dariu «' azgndszunam Tasas
UNUAIYATHNAAIIBUAZATINAI (Central Difference) 84 1R U lvvoiun 121491

0 0
Uy —U
MMl () e ul,, ~ Ul (3.13)

2h

pnuaumsi (3.13) luaunmsi (3.12) 3z 1dn
1
1

u
Mo 2 tvak

2—4Mp +ak)u), +4Mpu,,,, +(—ak® +2k)y(x) (3.14)
M M+l
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UM 3.2.1.4 dumrisvoswamas » lunsdlf 3 uasdealdgas (3.14)

NN 41U n> 0uay m=M luaunmsi G.11) 321é

. 1 n$
T o [ (2Mp + p)uy,,, +(4—4Mp)uy, +(2Mp - p)uyy , + (ak ~ 2}y | (3.15)
Wloanin uf,,, luawums (3.15) eguen ey [0,a]x[0,T] fusiu o, svgnilszanudrlng
MIUNUMATHOANTUAZATINAN (Central Difference) avluidon lvvouun a21dn
n n
Uppog —Ups A n -
ML~ 0 50 u,,,, ~ UL (3.16)

2h
nuaumsh (3.16) luaums (3.15) azlan

n+ 1 n n n—
u! = m[@ —4Mp)u;, +4Mpuj,_, +(ak - 2)uy; | (3.17)
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31 3.2.1.5 fumsvoswamar « lunsdln 4 uazdesldges (3.17)

g

[ [y

VINTUNS (3.10) (3.11) (3.14) uaz (3.17) 92 IdgasszdenITnadduns dmsuninamae

9

[FaduavupsrymMsmMsdusdduain luuuIAuuIaunUIuTUdY Fail

m+l1

’g]ﬂi"?; 1u, = —2——+1—k-[(2mp + p)uy,, +(2—4mp +ak)u, +(2mp - p)u,_, +(-ak® +2k)!//(x)]
a

gmﬁ 2y = ﬁ[@mp +p)ul,, +(4~4mp)u, +(2mp - p)u,,_, +(ak - 2)u;’1"]

u‘j‘a m=1,.,M-1

’sjﬂ‘i‘ﬁ 3u, = ﬁ [(2 —4Mp +ak)uy, +4Mpu,, , +(—ak® + 2k)t//(x):|

qasii 4 ' = 2:7[(4 —4Mp)uy, +4Mpu,_, + (k= 2y’ |

4 K’
Taeh p=—
P
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= asy 1 . Q [ ! 1Ta Y o
3.2.2 gASITINEUITHNONNOUAL mmummﬁma"lwmmummam (c= 2)

dWouni ¢ =2 aaluaums (3.5) 3zl

(2u,',’,“ —4ul +2u,',','1)—[2mp (u,',',+1 -2u} +u,',',_,)+p(u,',',+1 —u,:_l)} +a2” =0 (3.18)

n+l n-1
m - um

U

n-1

m m

2 2 2
=(upt) = 2uy () melugums (3.18) 9214

n+l
u, — u

N
(Zu;” — 44" +2u"! ) - [Zmp (u,';+l =2u, +u, ) +p (u,',',+1 —-u, )} +a2™ |:(u,',',+‘ )2 —2uur (u,',’,'1 )2} =0

fagleumsIfoglugiFauds (Explicit Form) 1@l
d ’ ! [(2mp + p)ul,, +(4—4mp)ul, +(2mp— p)u;_, —(cu, " +2)u, ]

n+l n+l
)(u"’ ) +u”' —(Z_aun—l)

2 (2 —aul -

(3.19)

2

k
Tay p=—
=7,

n+l

lainuan

N9ILAN

4
L
=

d
=
=

u' [

m-1

LLI NIVUAN

51l 3.2.2.1 msszyfumtsvoswaimoy » luaums (3.19)

3
a 1 s Y ] a L
naums (3.19) 11gldgassadouItnascdunzienun 4 gasain 4 nsdl wRerduiade

3/

3.2.1 fafl
3SR 1 uny 7= 0 Tuaumshi (3.19) e m=1,2,3.., M -1 ag1dh

a 1\2 ' 1 0 0 _ o _ -1 -1 (320)
- =— | (2mp + - aH(4—amp)u, +(2m u, ,—(au, +2)u,
2(2—0514;,1)( M) e (Z—au;.l)l:( mpt p)ha +( ) (2mp = p)ty = :I
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E4
s

Weanin u)' ludums (3.20) eguonlamu [0,a]x[0,T] feWu u szgatszanadi Taeas

UNUAIGATHAR T UAZATINGTN (Central Difference) A luou lusudu az1d

0 _ -l )
”'"—kﬁm—zy/(x) wio  ul mul —hky(x) (3.21)

NN (3.21) luaumsn 3.20) sz ldn

o (i )2 1 1 (2mp + pYu,,, +(4—4mp)u} +(2mp— p)u_,
+u! =
2(2—a(u,‘,’, —ky/(x))) ) T (2—a(u,‘,’, —k(//(x))) —(a (u,?, —ky/(x))+2)(u,‘,’, —ky/(x))

(3.22)
Taen m=1,2,3..,M —1
t
n=0
=t
511 3.2.2.2 dumslsvoswaman » lunsdin 1 uazdesldgas (3.22)
AN 2w 7> 0 Tuaumsi 3.7) de m=1,2,3.., M -1 2 1dn
< (u,':,“')2 +ult = 1 [(2mp+ p)up,, +(4—4mp)u, +(2mp— p)u,_, —(au," + 2)u§7"] (3.23)
2(2—au,',’,'1) (2—au,',’,'l)

Tatf m=1,2,3.., M —1
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t
n=N
n=N-1
n=1

U 3.2.23 dumssvoawamas » Tunsdin 2 uasdesldgas 3.23)

NIEIT 3 UMY n=0 LAy m=M luaumsn 3.22) 1ldh
1 (2Mp + p)uy,,, +(4—4Mp)uy, +(2Mp - p)uy,
(Z—a(u,?, ~kf, (x))) —(a (u,?, — K, (x))+2)(uf,, —ky (x))

a |

2(2-a(u, -1, (%)) (e

)2+u,1w =

(3.24)
(o1 u),, Tumuns (3.24) eguen Tawu [0,a]x[0,T] detfu ' 9zgnilssunaa lagnis

UNUMIEATHAA1IBUAZATINGIL (Central Difference) ad 1uiTou luvauivn 9z 1d91

0 0
U —U
“Mel ML ) S0 Ul Ul (3.25)

2h

UNUTNMIA (3.25) Tuaunish (3.24) sz ldn

(3.26)

a ( . )2 . 1 4Mpu,_, +(4—~4Mp)uy,
2(2-a(uy, - i, () u, ) +u, —.(z_a(ufd — i, (x))) | (o (e — 473, (x)) + 2) (i —hky (x))
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‘l.]‘ﬁ 3.2.2.4 AUNUIVDINAINAY © °luﬂ5m‘w 3 Llﬁuﬂﬂﬂﬂl%ﬁﬂi (3.26)

NN 4 UNU 7> 0uae m=M Juaumsa (3.23) 121dn

1
upt! = " [(2Mp + p )y, +(4-4Mp)uy, +(2Mp - p)uy_ +(ak - 2)u,'[4'1] (3.27)

1109910y, Twanms (3.27) eguenTaumm [0,a]x[0,7] Sy ul,,, szgnUszinslng

MSUNUAITATHAA O UAZATINAI (Central Difference) adluifou luvouiun a1

n
u —U
M+l Mol 0 $5e i ~u, (3.28)
2h M+ M-1

unuaumsh (3.28) luaunish 3.27) 32'1éd

2—(2:)[7;;’_])@;,“) +upt = m[(ZMp +p)uyy, +(4=4Mp)uy, +(2Mp - p)uy,_, —(au;' + 2)u,('4'l:| (3.29)
t

> T

ﬂﬁ 3.2.2.5 AUNUIVOINAIRAY u TUNTHTN 4 Llﬁ"’ﬂ’ﬂ\ic],‘lfﬁﬂ'i (3.29)
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MNAUMT (3.22) (3.23) (3.26) uay (3.29) vz lAgassufiouTTradeduns dmsumnamay

£ 4
w

Fefmvvosaumsmsuvesuduatalufuunianunii liradusdaaes agil

ﬁﬂiﬁ 1
a (u' )2 iy = 1 (2mp +p)u,,, +(4—4mp)u, +(2mp - p)u,
2(2 -« (u:, -k, (x))) " " (2 - (u,‘,’, - i, (x))) (o (u,‘,), —kf, (x)) +2) (u:, - ky (x))
qﬂiﬁ 2 W(u,’:l)z +um = m[(Zmp +p)ul,, +(4=4mp)ul, +(2mp— p)u,_, —(cu,”" + 2)u,';":|

o m=1,..,M~1
g’ﬂi‘ﬁ 3 o (u}w )2+u}w _ 1 4Mpuy, +(4—4Mp)uf,
2(2—a(u,?4 —kf, (x))) (Z—a(ufﬂ, — K, (x))) —(a (u,?, —kf, (x))+2) (u,?,, - ky/(x))
1

Y b = m[wpu;,_, + (4= 4Mp) uf, — (s +2up ]
M

d o 3 ' a 1 3 <
nngasd 1-4 Anuald o8, Fugdasuduvenduaa dauw y(x) iuanudduves
y Y ) < ! v Ay a sy 1 A
Fuaia  ndwinunudmatiiniudas 1l lugasmediuenilonds ssaamoui linsiuaae

2 < J 9w ' 2 L, 3
() woz w? Geszegluglvosaunisdideans ndiife a(u)” ) +bu, ! +c=0 Anluimeg

~b+b*—dac a

usanIHaman 1den ut = =y SILN
=P R o x =" Hluramagvesauns nazasiangan
a

A g o a0 & o & o a g 1q ¥
mm::ﬂ'iiu'ﬂNamﬂmﬂummmidmmu ﬂ?ﬂn’]NﬁLﬂﬂULﬂu%’lu’]uL‘lN“lf’ﬂuLi'ﬁ]gllﬂql‘ﬁ
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3.2.3 gasszideuitnamedun: dimduanumihdliBudumdsmu (c=3)

douny ¢ = 3 adluauns 3.5) 3z ldn

(2u,',',+l — 4y + 2y ) - [Zmp (u,’,’,+l —2ul +ul ) +p (u” ur )] +a2 -l
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Jun 3 hondnTsunsy MATLAB
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VVM;I‘LAB 7.8.0 (R2009a)
FlaEﬁannPudd__mmM_ 5 s O
' Y@
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© Shortcuts &) Howto Add 2] What's New

Command Window, y
. — . — W
@ New to MATLAB? Watch this Video, see Demos, or read Gekting Started

S>>

=1 ~ s e A

Look in: | &) MATLAB ~ BB
| _)project_SSS_GUI _v1.2.1
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My

@ U
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v 4 1
(% a A

0‘.’[ § a Jd @ J
Wi 6 duidiandnii d “Mainm™ v1l51ngni190904 source code Fsi]

B Editor -D WMATLAB\project SSS GUI v1.2.1\Main.m
mu;«&arﬂmmmmr
DEBERRI0 09 Aedf, B-BRAVD DA s A
BB -0 ]+ 2l x EeE Q@

) function varargout = Main(varargin) F (=]
2 % MAIN N-file for Main.fig 4|

3 % HAIN, by itself, creates a new MAIN or raises the existing | .
N % singletont. IES
5 % =
6 3 H = NAIN returns the handle to a mev MAIN or the handle to =
7 % the existing singleton®, o
8 N =
9 % HAIN('CALLBACK' ,hObject, eventData, handles, . ) calla. the local E
10 % function named CALLBACK in MAIN.M with the given input arguments. E
u % =
12 % HAIN('Property','Value',..:) creates a nev BAIN or raises the =
13 % existing singleton®. Starting from the-ieft, property value pairs are _:_
14 % applied to the GUI before Main OpeningFcn gets called: kn E
15 % unrecognized property name or imvalid value makes property application E
16 % stop. All inputs are passed to Hain OpeningFen via varargin. —
17 % -
18 % *See GUI Options on GUIDE's Tools menu. ' Choose ™GUT allows only one E
19 ¥ instance to runm (singletonm)”. &
20 %

21 % See also: GUIDE, GUIDATA, GUIHANDLES .
22 =
23 % Edit the above text to modify the response to help Nain =
24 i3
25 % Last Nodified by GUIDE v2.5.20~Jun-2012 21:39:51

2 =
27 % Begin initialization code - DO NOT EDIT i
28 - gui_Singleton = 1; -
29 - | gui_State = struct('gui Neme', mtilename, I
30 'gui_Singleton', gui_Singleton,

31 'gui_OpeningFcn', @Nain OpeningFcn, ... s
32 'gui_Outputfen', @Bain_Outputfca, ... =
33 'gui_LayoutFen', [] , ... =
34 'gui_Callback', []): =
s - if nargin &6 ischar (varargin(1})) E
36 - wi_sr.nte.gui_culhack = str2func(varargin(1}); E
37-  end -
8 =
39 - if nargout ;
4 - [varargout(1:nargout}] = wux_mintcn(wx_snr.e, varargin(:}): E
9 - else =
Q- gui_mainfcn(gui_State, varargin(:}): E
48 - end =
44 % End initialization code - DO NOT EDIT =
45 &
% Z
47 % --- Executes just before Main is made visible. i
48 function Hain_OpeningFcn(hObject, eventdata, handles, varargin)

% Thia function has nn antnut arma  ase OutnutFen

317 2 Juuanani199999 Source Code
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Abstract

This paper presents the use of finite difference schemes to find the approximated numerical
solutions of the initial-boundary-value problem involving the linear and nonlinear damped
equations of a suspended string. The results are compared with the suspended string without
damping term provided that the initial shape and velocities are all the same. The results show
that the vibration amplitude decreases and the vibration pattern demonstrates quite different
from the initial pattern in the nonlinear damping case. The vibration amplitude also decreases in

the linear damping case but the initial vibration pattern is still maintained. The results are
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compared graphically and also summarized in tables. In addition, we find that the coefficient of

the damping term plays a role in determining the vibration amplitude.

Keywords: Suspended String Equation, Damped Vibration, Finite-Difference Method, Numerical
Simulation.
Introduction

In this work, we study the numerical solution of the initial boundary value problem of the

suspended string equation with a damping term as follows:

u,,—(xuxx+ux)+a‘u,|c—lu,=0 a>0,c21
u(a,t)=0, te[0,T], (1)
u(x: 0) = ¢(X), ut (xs 0) = l//()C), xXe [O, a]:

.where u(x,t) is the horizontal displacement of the string at (x,7), « is the coefficient of the
damping term and a positive number, ¢=1 and Q is a cylindrical domain (0,a)x(0,T). The
string being investigated is assumed to be heavy and flexible with the length of a . In addition,
the string is assumed to have a uniform density and be suspended with the upper end fixed
and the lower end free. This equation (1) first introduced by Koshlyakov, Gliner, and Smirnov
(1964) to explain the vibration of suspended string.

Eq. (1) was used to describe the energy decay of the global solution and was explained
in Kasemsuwan (2009). The time-periodic solution of damped equation suspended string
equation taking into account only linear damping term was comprehensively studied by
Yamaguchi, Nagai, and Matsukane (2008). The numerical solution of Eq. (1) without damping
term was obtained using the Crank-Nicolson method as Subklay and Kasemsuwan (2011) and
was compared with the finite difference method suggested by Kasemsuwan et. al. (2010). The
characteristics of the several types of solutions previously reported are discussed by
Kasemsuwan (2008). Finite difference method is one among the most well known numerical
methods for finding the numerical solution of the partial differential equations in the hyperbolic
type. For example, Zhang (2005); Kutluay, and Esen (2009); Koide, and Furihata (2009) used
this method to find the numerical solution of the regularized long-wave equation. In this work,
we apply the finite difference method to find the numerical solution of Eq. (1) considering both

linear damping (c=1) and nonlinear damping (c=2) terms. To the best of the author's
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knowledge, no attempts have been made to solve Eq. (1) in both cases. The numerical solution
of suspended string with both the linear and nonlinear damping cases are compared with the
solution without damping under the same initial condition. We have found that the vibration
amplitude is inversely proportional to the a term while the vibration amplitude is proportional to
a in the nonlinear damping case. The finite difference method is implemented by using
MATLAB and Excel. The results are graphically shown to ease the interpretation and also

summarized in tables.

The Finite Difference Scheme
To solve Eq. (1), we have modified the initial condition so the suspended string

equation can be shown as

u,,—((mAx)un+ux)+a|u,|c_lu,:0, a<0,cxl,
u(0,0)=0, u,(a,t)=0, te[0,T], (2)
u(x,0)=¢(x), u,(x,0)=w(x), xe[0,a].

The solution domain 0<x<1,#>0 is divided into subintervals Ax in the direction of the
position x and time ¢.

Applying the central finite difference to Eq. (2) yields

n+l _ on-1

n+ n n— n n n n n 1 n+ n—
U, - 2uzm +um 1 —| mh U _2uzm * U + U1 — Uy +a Uy Uy U 1 Un ] = 0,
k h 2h |2k 2k
(3)

where u" = u(x, t+k), ul, = u(x, ), u"" = u(x, t-k), u",, = u(x+h, 1), uh_ = u(x-h, 1),

m+l

Upey = UQxth, t+E), ul" = u(x, t+K), u"* = u(x-h, t+k), m is the position step (m = 1,..., M)

m+1 m—1
and » is the time step (n = 1,..., N), while 4 and & are the mesh size in x and ¢, respectively.
In this work, the numerical solution of Eq. (3) is categorized into two different cases i.e.,
linear damping case (¢ = 1) and nonlinear damping case (¢ = 2).

For the linear damping case, substituting ¢ =1 into Eq. (3), we get

ntl n n-1 no_ n n no__.n ntl o on-l
(um 2]:4201 +um J__l:mh[umﬂ 2;:2711 +um—1 J+£um+12hum—] )jl_}_a[um Zkum J =0, (4)

Similarly, substituting ¢ = 2 into Eq. (3) for the nonlinear damping case yields

2
S B W) n-1 no_ AN " noo__n u"*] — u"“]
Up 2u2m +u, —| mh Upnel 2u2m Tl + Uppr) U J +a I m '2” , =0. (5)
k h 2h (Zk)
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It is noted here that when u,';“ —u,',',‘l < 0, the numerical solution, i.e. u, , has the same
magnitude with that when #”™ —u”~' > 0 but with the opposite sign.

Multiplying Eq. (4) with 2k?, the result is

(2u,',',+1 — 4y +2u ) - [Zmp (u,',',+1 =2u, +u,_, ) +p (u,',’,+1 —u ):‘ +ak (u,';+1 —u! ) =0 (6)
where p =£hz—, h and k are the mesh size in x and ¢, respectively.

By rearranging Eq. (6) into the explicit form, we have

n+l 1 n n n n-
u," = 2ok |:(2’71P+p)u,,,+1 +(4=4mp)uj, +(2mp=p)u,_, +(ak—2u, ‘:l. 7)

Eq. (7) can be subdivided into four different cases, depending on the values of n and m
as foliows.

Case1:n=0andm=1,2,3,.., M-1

By substituting » = 0 into Eq. (7), u;,‘, the outside cylindrical domain, can be estimated

by applying the backward difference into the initial condition to obtain

ul =uy —ky(x). (8)

Substituting Eq. (8) into Eq. (7) yields

1
= ampt p)u + (2= dmp+ ak)ul +(2mp = P+ (oK +20Y ] @

Case2:n>0andm=1,2,3,..., M-1
Eq. (7) is employed.
Case3:n=0and m=M

In this case, we find that u_,., is the outside cylindrical domain and can be estimated

by applying the central difference into the boundary condition to obtain U = Uy

Consequently, Eq. (7) can be simplified to

1
ul, = o [(2-4Mp+ak)uj, +4Mpuyy,, +(—ak’ + 26y (%) ]- (10)

Case4d:n>0andm=M
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In this case, u,,,, can be estimated by applying the central difference into the boundary

condition in a similar manner to case 3 and we obtain

n 1 n Id n—
Ut = m[(4—4Mp)uM +4Mpuy, , +(ak - 2uy;" | (11)

The numerical solutions of Eq. (1) for the linear damping case (¢ = 1) can be calculated

by applying the finite difference equations to Egs. (7), (9), (10) and (11).

n+l _un—l 2
m m

2
_ n+l n+l, n-1
—(u ) =2u "+

m

For the nonlinear damping case (¢ = 2), we apply

u

2
(u”'l) to Eq.(5) and we have

m

2(2 —o;un-—l) ()

m

(12)

= ——(2 _ ;un—l) I:(Zmp + p) ”::+1 =+ (4 u 4mp) u:’ + (2mp - p)ur':r—l _ (au'):'—l + 2)1{;_1:]

m

Similarly, Eq. (12) can be treated similarly to Eq. (7), namely, Eq. (12) can be
categorized into 4 different cases depending on the values of n and m. Then we obtain the
finite difference schemes to find the numerical solutions of Eq. (1) for ¢ = 2 as follows
Case1:n=0andm=1,2,3,..., M-1

0

@ (L +1i = 1 (2mp+ p)uy,, +(4—4mp)u) +(2mp - p)u,,_,
2(2—a(u,‘,’, —kf, (x))) g’ X (2—a(u3, —Kf, (x))) —~(a (u,‘,’, —kf, (x))+2)(u,‘,’, —ky/(x))

(13)
Case2:n>0andm=1,2,3,..., M-1

a5 ) (leun-l)[(zmp Pt + (4= dmp)ts +(2mp - p)u ~ (e + 20

m m

(14)
Case3:n=0andm=M
a (u,'w )2 . u}w _ 1 4Mp1,¢,?4_1 + (4 - 4Mp) ufd -
2(2 ~a (ufd — K, (x))) (2 ~a (ufd — K, (x))) —~(c (ufd —kf, (x)) +2) (u,?,, - kl//(x))
(15)

Cased:n>0Q0andm=M
1

o ( n+l n+l _
(2 —au)’ )

2(2_—0%—1) Un )2+”M = [4Mpuf4_1+(4—4Mp)u,{} —(au,{’4“+2)u,(’;‘]. (16)



Results and Discussion

The numerical solutions of the suspended string vibration with the linear and nonlinear

damping by using the finite difference are shown in Table 1 and 2, respectively. The results are

obtained under the same initial shape (i.e. sin(2zx)) without the initial velocity.

7 X

0 0] 0.58779 | 0.95106 | 0.95106 | 0.58779 | 1.2E-16 | -0.58779| -0.95106
0.03 [ 0] 0.58872 | 0.94916 | 0.94657 | 0.58291 | -0.00213 | -0.58477] -0.94278
0.05 /0] 0.5913 | 0.94386 | 0.93408 | 0.5694 |-0.00795]-0.57633]-0.91981
0.08 [ 0] 0.59543 | 0.93519 [ 0.9139 | 0.54772 | -0.01709[ -0.56249] -0.88276
0.1 | 0] 0.60094 | 0.92317 | 0.88634 | 0.51847 | -0.02901 | -0.54321 [ -0.83241
0.13 /0] 0.60765 | 0.9078 | 0.8518 | 0.48237 | -0.04304[-0.51841]-0.76967
0.15 | 0] 0.61536 | 0.88904 | 0.81072 | 0.44027 | -0.05837 | -0.48801 ] -0.69561
0.18 [ 0] 0.62379 | 0.86686 { 0.76357 | 0.3931 |-0.07412[ -0.4519 | -0.61145
0.2 |1 0] 0.63269 | 0.84123 | 0.71092 | 0.34192 | -0.08933] -0.41003 | -0.51854
0.23 |10 0.64174 | 0.81211 | 0.65333 | 0.28782 | -0.10304| -0.36241 | -0.4184
0.25 | 0] 0.65062 | 0.77949 | 0.59148 | 0.23198 | -0.11424|-0.30911[ -0.3128

Table 1 The numerical displacements of a vibration with the linear damping term (o = 1).
X

0 0] 0.58779 | 0.95106 | 0.95106 | 0.58779 | 1.2E-16 | -0.58779 [ -0.95106
0.03 ) 0/-0.00359-0.03352 -0.03334 -0.00391| 2.7E-05 | -0.00881] -0.00921
0.05 | 0(-0.00034 | -0.00095 | -0.00087 | -0.00042] -7.3E-05 | -0.0004 [ -0.00046
0.08 (0] -2.3E-05| 6E-05 | 7.3E-05 | -3.2E-05| -2.1E-05 | -6.1E-07 | -7.1E-06
0.1 |0]-9.2E-07 | 1.4E-05 | 1.5E-05 | -1.3E-06 | -2.96-06 | 2.3E-06 | 1.9E-06
0.13/0) 1.9E-08 | 1.4E-06 | 1.5E-06 | 6E-08 | -2.3E-07| 3.1E-07 | 2.9-07
0.15/0]| 8.4E-09 | 9.7E-08 | 9.4E-08 | 2E-08 |-7.3E-09| 2.7E-08 | 2.7E-08
0.18 (0| 1E-09 | 3.8E-09 [ 2.9-09 | 2.4E-09 | 1E-09 | 1.7E-09 | 1.8E-09
0.2 |0 83E-11 | -1.2E-10| -2.2E-10| 2E-10 | 2.1E-10 | 6E-11 | 7.7E-11
0.23 /0] 48E-12 | -3.9E-11 | 4.7E-11| 1E-11 | 2.3€-11 | -2.56-12| -1E-12
0.25]0] 1.2E-13 | -4.4E-12 | -4.8E-12 | -4.9E-14| 1.56-12 | -7E-13 [ -6.1E-13

Table 2 The numerical displacements of a vibration with the nonlinear damping term (a =3.1).

The numerical simulations considering both non-damping (blue line) and linear damping
cases (red line) under the same initial shape (i.e. sin(2zx)) and the various « ie. o = 1, 10,
30 are illustrated in Figs. 1-3 for different values of r. They reveal that when alpha increases,
the vibration amplitude decreases. In our calculations, we have varied the value of alpha from

0.1 to 10,000 and found that the vibration amplitude gradually decreases and approaches the

initial shape of the suspended string as shown in Fig. 4.
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Fig.1 Graphical comparison of the vibration displacements without damping (blue line) and with

linear damping (red line) for different values of alpha and time (without the initial velocity).
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Fig.2 Graphical comparison of the vibration displacements without damping (blue line) and with

linear damping (red line) for different values of alpha and time (the initial velocity: 1 m/s).
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Fig.3 Graphical comparison of the vibration displacements without damping (blue line) and with

linear damping (red line) for different values of alpha and time (the initial velocity: x m/s).
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Fig.4 Graphical comparison of the vibration displacements without damping (blue line) and with

linear damping (red line) for different values of alpha and time (the initial velocity: x m/s).

The numerical simulation of suspended string compared between non-damping and
nonlinear damping cases under the same initial shape (i.e. sin(2zx)) and various « ie. a =
0.5, 2.5, 3.1 can be illustrated in the following Figs. 5 and 6. To show that the value of alpha
decreases, the vibration amplitude decreases. In our calculations, we have varied alpha from
3.1 to 3.5 and the amplitude is gradually increasing until the resonance is developed as shown
in Fig.7. In addition, the initial velocity has been varied and the numerical solution shows a little
variation in the vibration amplitude with nonlinear damping provided that the values of alpha
and initial shape are the same. Figs. 5 and 6 confirm this fact. From Figs.5 and 6, when the
initial velocity is varied from zero to one, the vibration amplitude when the nonlinear damping

term taken into accounted almost remains the same (see red line). However, the vibration

amplitude demonstrates some variation when damping term is totally ignored (see blue line).

w@=05 .
02f- é t=10
10 N
N ;
03t ¢ l ........... / ; 03 - 2
o o P Gl ... Cw ;
(o]
Sos 5 B a3 =
b7 ; = @ t=0
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09f- : CT{ I A——! S— W
h ois 0s J| 1 0; 05 1 ois 85
Displacement Displacement Displacement

Fig.5 Graphical comparison of the vibration displacements without damping (blue line) and with

nonlinear damping (red line) for different values of alpha and time (without the initial velocity).
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Fig.6 Graphical comparison of the vibration displacements without damping (blue line) and with

nonlinear damping (red line) for different values of alpha and time (the initial velocity: 1 m/s).
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Fig.7 Graphical comparison of the vibration displacements without damping (blue line) and with

nonlinear damping (red line) for different values of alpha and time (the initial velocity: x m/s).

Comparison results as shown in Figs. 5 and 6 show that the nonlinear damping term
plays a more important role in decreasing the vibration amplitude than the linear damping term.
In the linear damping case, the vibration amplitude is inversely proportional to the term «,
while the vibration amplitude is proportional to « in the nonlinear damping case. Furthermore,
we investigate the vibration characteristic under various initial constant velocities. We find that
the vibration characteristic maintains the no damped shape in the linear damping case, while
characteristic vibration does not depend on the no damped shape in the nonlinear damping
case as illustrated in Fig. 8. From Fig. 8, the resonance takes place when the damping term is

ignored (blue line) and this resonance is still preserved if the linear damping term is included
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mainly due to the fact that the vibration maintains the initial resonance shape. However, it is

noticed that the resonance is attenuated when the nonlinear damping term is included.

0 pospsssevennsonsaspisaion sessis QRIS Seo
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Fig.8 Graphical comparison of the vibration displacements without damping (blue line) and with

linear and nonlinear damping (red line) under the same initial velocity 3 and o = 0.5.

2
The stability condition of the finite difference scheme is 2mp <1 where p=7 with

h=0.02 and k = 0.0025. We can not only study more nonlinear damping cases i.e. ¢ >2 with
various velocities but also external forces and study more the other numerical methods to

compare the obtained results with the finite difference method.

Conclusion

The numerical solution of the suspended string equation with linear and nonlinear
damping is obtained using the finite difference method. The comparison results taking into
account both the linear and nonlinear cases are shown to be quite different provided that the
same initial shape and initial velocities are assumed. The results obtained in the linear damping
case show the vibration which maintains the no damped shape, while the vibration
characteristic shows quite different shape in case of the nonlinear damping. In addition, in the
linear damping case, the vibration amplitude is inversely proportional to the coefficient of
damping term while the vibration amplitude is proportional to the coefficient of the damping term
in the nonlinear damping case. Furthermore, the nonlinear damping term prevents resonance

from occurring under the defined coefficient of the damping term.
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THE FINITE DIFFERENCE SCHEME FOR THE SUSPENDED STRING EQUATION
WITH THE NONLINEAR DAMPING TERM

Jaipong Kasemsuwan

Abstract— A numerical solution of the initial boundary
value problem of the suspended string vibrating equation with
the particular nonlinear damping term based oh the finite
difference scheme is presented in this paper. The effect of the
third power terms of the nonlinear term on the vibration
characteristic is investigated. We compare the vibration
amplitude as a result of the third power nonlinear damping with
the second power obtained from previous report provided that
the same initial shape and initial velocities are assumed. The
comparison results show that the vibrdtion amplitude is
inversely proportional to the coefficient of the damping term for
the third power nonlinear damping case, while the vibration
amplitude is proportional to the coefficient of the damping term
in the second power nonlinear damping case.

Keywords—  Finite-difference method, the nonlinear
damped equation, the numerical simulation, the suspended
string equation.

I. INTRODUCTION

IN this work the numerical simulation of a heavy and
flexible vibrating suspended string with finite length a
with the particular nonlinear damping term is studied.
The vibration equation can be shown as [1]

u,,—(xuxx+ux)+a|u,lc_lu,=0 a>0,c>1
u(a,t) =0, te[0,7], 0))
u(x’ 0) = ¢('x)s ut (xs 0) 3 l//(.X'), xXe [0: a],

where u(x,r)is the horizontal displacement of the string at
(x,t), a is the coefficient of the damping term and a

positive number, ¢ >1.

The string being investigated is assumed to be heavy and
flexible with the length ofg. In addition, the string is
assumed to have a uniform density and be suspended with
the upper end fixed and the lower end free.

It is known that Eq. (1) is used to explain the vibration
of the suspended string without taking into account the
damping term. To consider the damping term, [2] showed
the existence of time-periodic solution for the suspended

_ string equation with the linear damping term by assuming
the periodic initial function. The global solution of Eq. (1)
for an energy decay with the nonlinear external force was
also shown in [3].

Jaipong Kasemsuwan is with the Department of Mathematics, Faculty
of Science, King Mongkut’s Institute of Technology Ladkrabang 10520
Thailand. (phone: +66(0) 23298000 ext. 6185; fax: +66(0) 23298400

ext. 284; e-mail: kwjaipon@kmitl.ac.th).

The numerical solution without the damping term was
studied by using the finite difference method and
proposed in [4]. The solutions were found to agree with
those obtained by the Crank-Nicolson method in [5]. The
numerical solution of (1) with the first power linear
damping term (c=1) and the second power nonlinear term
(¢=2) is studied in [6]. The purpose of this paper to
investigate the effect of the second power nonlinear term
to the suspended string vibration. In this work, we use a
finite difference scheme to find the numerical solution of
vibrating equation in Eq. (1) with the third power
nonlinear damping term; i.e. c¢=3. The results are
compared with the solutions of the vibrating equation
with the second power nonlinear damping term.

1. [HE METHOD OF SOLUTION

To apply the finite difference method to Eq. (1), the
initial condition has been modified as follows

—((mAx)uu+ux)+a|u,|c—Iu, =0, a<0,c21
u00=0,  ulan=0, te[0T], )
u(x’ 0) . ¢(x)’ Y (x: 0) = I//(JC), X € [0’ a]' .

The solution domains (0 < x < 1, ¢> 0) are divided into
subintervals Ax and Ar in the direction of the position x
and of the time ¢, respectively. The numerical solution at
the grid point is by substituting uy, %, % and % in Eq.
(2) by the central finite difference as

w™ = 2u” 0 up ., —2u, +u, + Uy —Un
£’ W 2h
n+l n-i |01 n+l n-1
O AL Uy U | 3
| 2k | 2k
where u™" =u(x,t+k), v =u(x,1), w2 =u(x,t-k),
ul =u(x+ht), uh, =u(x—ht), u =u(x+ht+k),

ut =u(x,t+1), w' =u(x—h,t+k),m is the position
step (m = 1,..., M) and n is the time step (n = 1,..., N'),
while 4 and £ are the mesh size in x and ¢, respectively.

For the third power nonlinear damping case (¢ = 3), the
last term of left hand side of Eq. (3) can be shown as

3=(u;+1)3_3(u;+1) +3un+1( n 1)2_(u;—1)3.
@)

n+l _  n-1
m m

u




Substituting Eq. (4) into Eq. (3), we have

(u:,’I )3 ~3u (u,',','l )2 + (i— 3(u,',',‘l )Zju;*l

a

2 2
=2 (omp+ p)uzy v (4= 4mp)u 5

2 n )24
+;(2mp—p)u,,,_I +((um ') —;)um N,
where p = k'/h

Eq. (5) can be classified into 4 different cases depending
on the values of » and m. We then obtain the finite
difference schemes for the numerical solution as follows:

Casel:n=0andm =1,2,3,..., M-1
(1) 30 45090

4 0)? 0 2 i
+[g—3l:(um) —2upkf, (x)+ (K, (x)) Dum

2 2 2
= ;(2mp+ p)u,., +;—(4—4mp)u: +;(2mp—p)uf,’,_l

+[(uf,’, )2 —2upkf, (x)+ (kf2 (x))2 —i}(u: —kf, (x))
a
Case2:n>0 andm=1,2,3,... , M-1
a1l Y} _a,on-1 (o n+l) 4¢€ A1) |, n+1
(um ) 3u, (um )+(a 3(um )jum
= %(Zmp +p)un,+ —2—(4— 4mp)u,,
2
+;(2mp - p)u,_, +((u;’,')2 <
Case3:n=0andm =M

(uly ) =3[ uts —4f, (x)] (ubs )

(=3[t - 205 3) 41 ) ] ®
2 0 2 0
=;(4Mp)uuil+;—(4—4/v1p)u,w
+[(u;; ) - 2uykt; (x)+ (k7 (x)) —ﬂ(u;’, - kf2(x))
Cased:n>0andm =M
n+l) n-1(, n+1)? 4 n-1\2 |, n+l
(up*) = 3uy (ur) +(;—3(uM ) ]uM 9)

2 n 2 n n=1}2 4 n-
- ;(4Mp)uM>, +;(4—4Mp)uM +((u”I l) —;)uMl

The finite difference schemes (6)-(9) has been
programmed in MATLA and the numerical solutions are
shown graphically as to be discussed in the next section.

(7)
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1. RESULTS AND DISCUSSION

The numerical simulation of the vibrating suspended
string equation accounting for the second and third power
nonlinear damping cases under the same initial shape; i.e.
sin(7x), and the various values of a;ie. a@=0.5,13,2
are illustrated in Figs. 1 and 2, respectively. We have
found that the amplitude of vibration decreases rapidly in
case of the second power nonlinear damping accounted
for especially when alpha is less than 1.2. It can be seen
from Fig. 1 that the frequency of the vibration is the same
as the frequency of the initial shape. In addition, the
amplitude of vibration is greater than an interval of -1 to 1
when alpha is larger than 1.3.

The solution of the vibration equation is quite different
if the third power nonlinear damping is considered as
shown in Fig. 2. That is, the amplitude of vibration
increases gradually with time for every value of alpha,
while the frequency of oscillation demonstrates both

(6)decrease and increase when compared with the frequency

of an initial shape. Moreover, the amplitude of vibration
decreases when alpha increase as shown in Fig. 2. To
investigate how initial velocity affects the solution, the
initial velocity has been varied and assigned to equal to its
position; i.e. w(x) = 0, 1 and x. The numerical solution
shows that the vibration shape of the suspended string

with the third power nonlinear damping barely change as
illustrated in Figs. 2-5.
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Displacement Displacement Displacement
Fig.1 Graphical ~ comparison of the vibration

displacements with the second power nonlinear damping
term for different values of « and time (without the initial
velocity; w(x)=0 m/s).
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Fig.2 Graphical comparison of the vibration

displacements with the third power nonlinear damping
term for different values of o and time (without the initial
velocity; w(x)=0 m/s).
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Fig.3 Graphical comparison of the vibration

displacements with the third power nonlinear damping
term for different values of « and time (with the initial
velocity w(x)=1m/s).

a:l.}”' ra:24]«‘ If\i\
" - “4'; ‘
HI ) i o el t::O
.8 0 gl &~ 5
.2 5} &
| % il 'y
A , éw‘ . Ir,\\ ,
" | s
g LA LD
\§ rr /i f
Displacement i'jisplacanent' Displacement
Fig.4 Graphical comparison —of the  vibration

displacements with the third power nonlinear damping
term for different values of « and time (with the initial
velocity w(x)=x m/s).

Fig. 5 shows the vibration when the third power
nonlinear damping term is taken into account. Three
different values of ¢, i.e. = 18, 1,000 and 10,000 have
been chosen and it is found that the frequency of
oscillation decrease as « increases. In our experiment,
several values of « have been assumed and the vibration
amplitudes are always within the interval of -4 to 4. In
addition, the vibrations are almost the same when « is
large as illustrated in Fig. 5 when o = 1,000 and a =
10,000.
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Fig.5 Graphical comparison of the vibration

displacements with the third power nonlinear damping
term for different values of & (without the initial velocity;
w(x)=0m/s).
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Unlike the second power nonlinear damping term, the
third power results in a increase in the amplitude of
vibration. As a consequence, the resonance cannot be
minimized by adding the third power nonlinear damping
force while the second power nonlinear damping term
prevents resonance from occurring under the defined
coefficient of the damping term.

The stability condition of the finite difference scheme is
given by 2mp <1 where p = K/h, h = 0.1 and k = 0.05.
The study can be further carried out by investigating
various nonlinear damping cases i.e. ¢ > 3 and the
external forces are added to the string equation.

IV. CONCLUSION

The numerical solution based on the finite difference
method for the suspended string equation with the third
power nonlinear damping term is shown. The coefficient
and the power of the nonlinear damping term play a
important role in dictating the amplitude of vibration. For
the third power nonlinear damping case, the amplitude of
vibration increases which is opposite to the second power
nonlinear damping case which demonstrates the decrease
in the amplitude.
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