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ABSTRACT

Square cycle graph C 3 is a graph which has 7 vertices and two vertices # and v are adjacent
if and only if distance between % and v not greater than 2. We show that the determinant of adjacency
matrix of square cycle graph C? are as follows

0 ;n=0,2,4(mod 6)

det(A(CH) =116  ;n=3(mod6)
4 ;n=1,5(mod 6)

where nis a positive integer.

Furthermore, we show that the determinant of adjacency matrix of graph C: +G and the
determinant of adjacency matrix of graph C:l le P,,2 which is a square cycle graph C':l adjacent a path

F, atvertex v,, where v, eV (P,,2 )
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Determinant of Adjacency Matrix of Square Cycle
Graph

Nitiphoom Adsawatithisakul and Decha Samana

Abstract—Square Cycle, C2 is a graph that has n vertices
and two vertices u and v are adjacent if and enly if distance
between v and v not greater than 2. In this paper, we show
that the determinant of adjacency matrix of square cycle C2
are as follows

0 ;n=0,2,4mod6
det(A(C2))=¢ 16 ;n=3mod6
4 3n=1,5mod6.

Index Terms—Determinant, Square cycle graph, Adjacency
matrix.

I. INTRODUCTION

et G be a simple graph with n vertices. We denote
det(A(G)) is the determinant of adjacency matrix of
G and E(G;k) is k** eigenvalues of the adjacency matrix
which det(A(G)) and E(G; k) are independent of the choice
of vertices in adjacency matrix and are an invariant of G.
In [2] and [4] , they determined the determinant of adja-
cency matrix of some graphs, such as K, C,, P, and W,,.
B. Gyurov and JI. Cloud [7] has determined determinant of
Pin-wheel graph. Moreover, there are studies of graph which
satisfy some properties of determinant for example, M. Doob
{5] construct circulant graph with det(A(G)) = —deg(G), S.
Hu [9] and A. Abdollahi [1] have found that the determinant
of graphs with exactly one cycle and exactly two cycles,
respectively.
Cycle power, C¢ is a graph that has n vertices and distance
each pair of vertex is less or equal d . For example,

Figure 1. d-th power of cycle graph

If d =2, n > 6, it is called square cycle graph.

Furthermore, there are studies of cycle power such
as, C.N.Campos and C.P.de Mello [3] , M.Krivelevich and
A.Nachmias {10] studied about the colouring in cycle power,
Y.Hoa, C.Woo and P.Chen [8] investigate the sandpile group

N. Adsawatithisakul is with the Department of Mathematics, King
Mongkut’s Institute of Technology Ladkrabang, Bangkok, Thailand 10520
Email: pa.adsawatithisakul @gmail.com.

D. Samana is with the Department of Mathematics, King Mongkut's
Institute of Technology Ladkrabang, Bangkok, Thailand 10520 Email:
dechasamana@hotmail.com.

in cycle power , D.Li and M.Liu [11] consider cycle power
and their complements which satisfy Hadwiger’s conjecture.

From figure 1 graph C? and graph CZ, we write to
adjacency matrix

01 10 1 1
10110 1
110110
AC)=10 1 1 0 1 1
1011 0 1
11011 0
011000 1 1
10110001
11011000
5_ (001 1 011 00
AC)=1p 011 0 1 1 of
000110 11
1000110 1
11000110

We see adjacency matrix of CZ and C? is a circulant matrix
because a main diagonal of matrix is equal to zero and entries
in first row satisfy a1; = a3 (n—jt2) for j = 2,...,n and
aij = @iy15+1, then a square cycle graph is a circulant
graph. It is interesting to study determinant of adjacency
matrix of square cycle graph.

Proposition 1. [2] Suppose that [0,az, ...,a,] is the first
row of the adjacency matrix of a circulant graph G. Then
the eigenvalues of graph G is denoted E(G; k),

B(Gk) =) a;2" 7"
J=1
2kwi

where 2 =e"» k=1,2,...,n

square cycle graph is a circulant graph then eigenvalues
of square cycle graph is

E(CLk) =) ez

1)
=1
where z = 61&"»:_:', k=1,2,3,.... Thus
E(CYk)=z+22+2" 2+ 2L 2)

Theorem 2. [6] Let M1, ..., M, be a eigenvalues of a square
matrix A. Then

det(A) = M Aa...

Next, we present lemma that will be used in the proof
of determinant of adjacency matrix of square cycle graph.



II. MAIN RESULTS
Lemma 3. Let q be a positive number. Then

aq+41
o 3km kn
H( 6 +3 5% +3) I[ (s S 62 +3 6q+3
¢! 2 k=2g+2 q
6q+2
H ( 3kn krn ) = 2_12‘1'
k—dgt3 6q + 3 6q +3
(€)]
Proof: The left hand side of (3) is
2q Gk 2k 4q+1 6k s 2kw
H Sln 6q+3 sm 6q+3 Slﬂ 6q+3 sin 6q+3
3km _knm__ kr
k=, 28in g 2sin g k=29+2 2sin 255 6q+3 6q+3
6q+2 i Gkm 2kn
sin 6q+3 sin 225 8q+3
—km
kedgs3 250 6q+325m 8q+3
2k7
_ 1 Hk—q+181ngm51n6q+3
212g (6k—3)r . (2k—1)n
[T}, sin = s S
4q+1 6k 2km
IT.E 2q+2 51 53 Sin 8q13
4g+1 Bkn_ “kn
Milogt28in 5555 Bq+3 SN 5gr3
6kx 2k
Hk-4q+3 sin go13 810 513
Bkw km
Hk—4q+3 sin g Yy 8in gods
q (6k— 3!1( §2k D
1 k=150 73 6913
T 92l2q (6k=8)w o (2k=~D)7
k L 8in 6q-+3 sin 6g9+3
3g+1 (6k—(6q+3))~ (2k—(2q+1))7
Hk=2q+2 sin 6q+3 sin 6q+3
3q+1 (6k—(6q33))7 .. (2k~(2q+1))7
[Tkl5g128in 8q+3 S 69+3
5q+2 (6k—(12q+9))7 . (2k—(dq+3))7
k=4g+3 S 6943 AL 6q+3
5q+2 (6k—(129+9))7 _.  (2k—(4q+3))7
ITxZg4asin 6q+3 sl 6913
—_ 2-—12q

Lemma 4. Let q be a positive integer. Then

6q
3k kx
H(cos cos ———) = 27122,
6g+1 6q +1
k=1
Proof: It can be proved by
H (cos cos kn - sin aﬂf_ﬁ sin -é%%_”;
1 6q+1 §q+1 2smeiq_*.l?sméﬁ_—1
_ 1 nk-sq-H sin §q+_1 sin égﬁ-%
T 912 3 3 2k—1
2 I ‘Z_l sin %ﬁ-lu sin '(Wi)l
. (Bk=3)m . (2k—1
_ 1 L, sin Eg-9n sin FEmRE
= 212 6k—3 2k-1
2 Hk =1 sin Lvl)l sin %
- 2—12q_
»n
Lemma S. Let q be a positive integer. Then
6q-+4
3kn kr
H (cos cos ) = 2726a+4),
6g+5 6g+5
k=1
Proof: Tt can be proved by
6ﬁ4(cos kw cos kn )= Sat4  gip 6%“_%5 8in 3%’%
6g+5 6g+5 ooy 2sin &‘f;’52smﬁ'§,3
_ 1 Hz‘f—.sﬁ-s sin 3§—~k" sin eaqfs
2(Bat4 3942 . (6k—3)m __ (3k—1)
22(0a+d) [134: sin a5 Sin ~gory
. I—Iaq+2 sin gsk s)n— ain gz:q+15)n
= 2(6q+4 3q+2 8k-3)x . (2k_1)
22(6¢+4) | p3et slns——3—69+ sin 52
— 9-3(63+4)

)
)

Theorem 6. Let C2 be a square cycle graph with n vertices
and n be a positive integer where n > 6. Then

0 ;n=0,2,4mod6
et(A(C2)) =< 16 ; n=3mod6
4 ;n=1,5mod6
Proof: Let E(C?;k) be a ktP eigenvalue of adjacency

matrix of square cycle graph C2. From (2) We get

(i n—2}ni n—1) =i
E(C,zl; )_e s +e$%‘_‘+e2k( =2 ezk("l)
kwi 2knmri —dkni 2knmi —2kni
= + e n 4+e n e n no .e  n
By Euler’s formula, we obtain
E(C%E) = (cos & +isin %-) + (cos ‘—lﬂ +isin %)+
(cos — T +isin— ) + (cos LU, —2k7r
= 2cos & + 2 cos 4k1r
We can rewrite
E(C2; k) = 4(cos Sk———ﬂ cos —) )
From (4) We have
det(A(CD) = [] E(Ci; k)
k=1
& 3k k
= T 4(cos —“ Tf) )
k=1

Consider n as follows
Case I, n =0,2,4 mod 6
Since 7 is even and 1 < k < n, consider (4) when k = %. Then

n

E(C:HZ -—) = 4(cos i—ﬁ— cos 2—
= 0.

n
27!’

)

n

From (5), we obtain

det(A(C2)) = ][ B(CE:k)

=0.

Therefore, det(A(C?)) = 0 when n = 0,2,4 mod 6 .
Case I, n = 3 mod 6 Then n = 69 + 3, 3q€Z+

)



From (5), we obtain

det(A(C2)) = ﬁ E(C3;k)

k=1
6q+3
3km
= H 4(cos cos —— cos —)
3k7r 3kw kr
= 4(005 27T c06 )4 c0 T oo b
4(cos % cos ——)212"
n n
2¢
3kn km
4(cos —T_ oog T
’g (cos 6q_*_gcos 6q+3)
4ﬁ1 4{cos 3kw cos kw )
k3g42 6g+3 6g+3
6g+2
3k kmr
4(cos cos ———)
k=l‘;[+3 6q -3 6g+3
kn
4)2'%¢ 11 4 ——
= (-2)(-2)(9) H (co8 i cos 2
4ﬁ1 4(cos 3Ir1r kx )
k=2g+2 6q +3
6q+-2
3km kn
4(cos cos ———).
k=14—!+3 6g+3 6g + 3

Using Lemma 3, we have

det(A(CT)) = (—2)(-2)(4)(2'29)(27"2%)
=16.

Therefore det(A(C?)) = 16 when n = 3 mod 6.

Case I, n = 1 mod 6 and n = 5 mod 6. We consider 2 subcases.

Subcase 3.1, n = 1 mod 6, by (5), we obtain

det(A(C?)) = f[ E(C5; k)

k=1
6q+1
_ 2 3km “kr
= kr:Il 2 (eos g7 S 1)
3(6g+ 1w (6g+ )7, 12
=4 2
(cos =6+ T 6gF1 )
km
(l;ll 4(cos 6 + 1% 6gr+ 1)
Using Lemma 4, we have
det(A(C2)) = 4(2'%7)(271%9)
=4.
Subcase 3.2, n = 5 mod 6, by (5), we obtain
n
det(A(C7)) = [] B(CE:k)
k=1
6q+5
_ 2 3kr kn
= kll 2 (e 5 15 g1 5)
- 3(6g+5)r  (6g+5)7\ 2(6q+4)
= 4(cos 015 cos 615 )2
Satd kr
H 4(cos 6q n 5))

Using Lemma S, we have
det(A(C2)) = 4(22(6q+4))(2—2(6q+4))

=4.

From subcase 3.1 and 3.2, we obtain
det(A(C2)) = 4 for n.= 1,5 mod 6.
From case I, II and HI,

0 ;n=0,2,4mod6
det(A(C2))={ 16

;n=3mod6
;n=1,5mod 6
where . > 6. | |
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Abstract

Square cycle power, C> Is a graph having 11 vertices and the distance between each vertex pair ls
less than or equal to 2 and GUU, P, isagraph G adjacent v, where v, €V(Z, ). In this paper, we show

that the determinant of the adjacency matrix C,; U, £, .

Keywords: Determinant, Square cycle graph, Adjacency matrix, Sum operation
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fvmuald G, unudasnsl C2 uaznsml G, unwudaonsl P, 4

(0 ;nithunsg wds o, Shuned

16 ;m =6g,+3U08  n, =4q,

def{A(C; +B,))=4-16  ;m =6q,+3U8 n,=4q,-2 a
4 ;n=6q,+1 vie n=6q +5u0t n,=4q,

| 4 ;n=6g,+1vl0 n=6g+5u0z n,=4q,~2

Tavh g, une g, Aufnaudiun

draudall iszmAmeituuusvsssms ndlssFasesnsniiiidsaes C: Use¥atuns i

WP, flya v, Tasfl v, € V(Pm) duifle det(4(C3 U, B,))

uunsn 4 W C2 dunanbiafdanesiyaven 2 3o uns P, Wuniniiifidyaven », ya Tavi
n, Wuinouduuang $1 C2U, P, fensmiididenss C2 isedatunsmi3d 2, fiya v &

v e? (P, ) uda

0 n Wuinmowdvuong

16 ;n=649,+3 Wz n,=4gq, .
det(A(C2 U, B,)={~16 ;m=6g,+3 unz m=4g,~2 Q)
4 ;n=6g+1 Wis n=6g,+5uaz n,=4q,

| 4 n=6g,+1 vl n=6g,+5 une m=4g,-2

Tasf g, une g, Shudnnuduuan

figed imualinanl C2 dsenevdovyaven uy,u,,...,u, uaznsml P, dlszneudiyaven

R uazidlehnymiismenmlszBadufiya v Tacil v, e V(P ) dhdepaidhaan



mmdszpmnRlngna afeil 3 453 _i¥8e “ms3sturtowansdonsing»

71 7 n3ndaaiidesms dselatunsmitaiya vwviensnl C; U, P,

- - 2 & e g v
 WIBUNALen v, uazyaven v, veensml Co U, B, BIEMUNINQ, ) N(v, )

uazdlertudy v, v, _, oon iiflddegdmdn

71t 8 puitiavinmsdaduesndangquiun 2

e namCl U, B, , 4B, dehlweivounga v, , oz v, , 8 N, L) N (¥,,-4) unzih

1du v, v, 980 21803l C2U, B+ B+ A Midelites q exk11d1&ns1d

m-2"m
C:+R+P+..+F dag1# 9 ilel8naugim 2 unsermms (1) 021
: d'z

det(A(CL U, B,))=det(A(C +B, +B, 4B



mathepmalugining a3 454 dos “mrs3otoanndsning

(0 ;n  dhdwowdiang

16 ;7 =6g,+3 uns m=4q,

det(A(C; U, B, ))={-16 ;m=6g,+3 une n,=4q,~2

4 n=6g+1 ¥ie n=6¢,+5 usz m,=4q,
|—4  in=6q,+1 ve n=6q,+5 uaz n,=4g,-2

oL 9nimC, +F,+ P +..+ P,
nf2

ol

 amidmedlunudesauninddizSasesnsml C2 U, P mdreududinnuassudeu
R %M

essmnumindilsziavesnsml C2 U, P, fvwalug de n, uoy o, Wuinuduiitidunn &

wnindduan

I ‘1 0 0 0]
L0 0
ACY) 10 0
‘00 0 ..0
AC*U, P )=|-"-=rmmmmmmmmmoneeees e

U B)=1T0 0 T 0

0 0!

0 0! AR,)

00 0 0 |




1309 “mrs3seterinndansiing”

455

3

v

madssyumalugivims af

™ CiU, P,

A5 AU NT

o

dlel¥unumsn 4 szaemnuazs’

T coco0ooo0cceocoooo =g
QOO 00O 000 00 O -
LTI - T - T - B — I~ S - S — B A - BT - B ]
-0 O 0 0 0 O Q0 0 ¢ O -0 O
- e OO0 DO O MmO 00 Q0
-0 O DO D e O D Q@ O O
C D 00O = O -0 O 00
O O 0D e O -0 00 9 O
D OO O QOO QOO
QO o O oo OO0 OO0 O OO
QC = = O ™ = 00 Q0 0 O
LB I — T T I T T — T — T - B
-0 e 00000 o O OO
.01100000111.]000.
[}
o
=
M
P4
Uﬂ.
.mum
E
e
2
aE=
-
e

U, A)=0

2
10

ilessn 7 =10 dudnoumdiuang 92189 det(4(

T ocoococo o000 o0 -0
- DO 00000000 O m
- O 00000~ =000
-0 OO0 QR ™~ -0 O
OO OO0 0O MmO =0 Q
S OO QO = -0 —~ =0 QC
S O OO e O M~ 0 0Q
O OO = O = -0 QO 00
OO e Do O 000 OO
S o D e OO0 00000
- O oo OO0 0 OO0 S OO
O O OO0 O OO0 =00
.0110000001.11.0.
]
)
LY
'3
=
-
g
Pz
>
13
e
[
-
-t
=
)
e

4 tfleasn n=11ua

=2

ar
v

Uy B))=

2
11

uazifleRerannsml C2 U, B, s 1&31 det((

1enm 81984

1. Adsawatithisakul, N. and Samana, D., “Determinant of Adjacency Matrix of Squared Cycle Graph”

Magjo International Journal of Science and Technology. (To appear)

2. Biggs, N., “Algebraic Graph Theory”, Cambridge University Press, Cambridge, 1974,

3. Cvetkovic, DM., Doob M. and Sachs, H., “Spectra of Graphs: Theory and Application”, Academic

Press, New York, 1980.



mdszymalngnms af 3 456 oe “nns3iamtoriansdonsing

4. Gyurov, B. and Cloud, ., “On the algebraic properties of Pin-Wheel graphs and Applications”, 73"
. annual meeting of the Oklahoma — Arkansas section, 2011 University of central Okighoma.

5. Hersiein, L N. and Winter, D, J., “Matrix Theory and Linear Algebra” Macmillan Publishing
' Company, a division of Macmillan, 1988,

6. Rara, HM,, “Reducﬁmpmoedumformlaﬂaﬁngmedammmamoftheadjacencymaﬁxofsome
- graphs and the singularity of square planar grids”, Discrete Mathematics 151 (1996), 213-219.

7. Szidarovszky, F. and Molnar,S., “Introduction to Matrix Theory with Applications to Business and
 Economics” Series on Concrete and Applicable Mathematics Vol 3, 2001.





