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ABSTRACT

For positive integers s and ¢, the Ramsey number R(s,t)is the least positive integer n such that
for any coloring of the edges of K, with blue or red, there are blue K, as a subgraph or red K, asa

subgraph.

For any G, and G,, the bipartite Ramsey number br(G,,G,) is the smallest positive integer 7
such that for any coloring of the edges K|, with blue or red, there are blue G as a subgraph or red G,

as a subgraph.

The problem of determining Ramsey numbers or bipartite Ramsey numbers is known to be very

difficult. This research study about finding lower bounds of some Ramsey numbers or some bipartite

Ramsey numbers are R(3,10), R(3,11), R(3,12)and or(K, 3 m).
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Abstract

The multicolor bipartite Ramsey number br(K), p; m) is the smallest positive n such that any coloring
of the edges of K, » with m-coloring, there are a monochromatic subgraph isomorphic to K, ». In this
paper, we show that

br(Kp p;m) > (p!\/ mp*=1 )UP.

Keywords: bipartite Ramsey numbers, complete bipartite graph, lower bound.

1. Introduction

The multicolor bipartite Ramsey number br(Gi,G2, ..., Gy) is the smallest positive such that any
coloring of edges of Ky, with m colors will result in a isomorphic copy of G; in the " color
for some i, where Gy,G?, ..., Gy are bipartite graphs. We will denote br(Ki;,Kix) by br(l,k) and
br(G1,Ga, ...,Gn) Where Gy = Ga = ... = G, = G by br(G;m).

In [3] some exact values and some upper bounds of bipartite Ramsey numbers b(/, k) are shown as
in Table 1.

br(l,k) k
2 3 4 5 6
2 5 9 14 <19 | <25
113 17 | <29 <41 | <56
4 <48 | <72 | €101
5 <115 | <168

Table 1. Some exact values and some upper bounds of bipartite Ramsey numbers

The determination of exact values of br(/,k) in general appears to be difficult, even for br(p, p).
For p > 21, R. W. Irving [6] showed that br(p, p) < 2>~ p—1).

In 1998, J.IL. Hattingh and M.A. Henning [5] showed that br(p,p) > 4n2"/2 and br(Kp p;m) <
m? +m—1 where m > 2.

167
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In 2003, D. Samana and V. Longani [10] proved that

Theorem 1.1. Let n,l;, ki,m be positive integers where i =1,2,3,....,m and
2 < Iy, ki,m < n. Ifn,li, k;,m satisfy inequality

(o) (e (<

then br(Ky, g,y Kty s s Kl fou) > 1

In this paper, we focus on the case br(Kp, p; m).

2. The main result

Now, we show the theorem for finding the lower bounds of multicolor bipartite Ramsey numbers and
compare the results with Theorem 1.

Theorem 2.1. Let K, , be a complete bipartite graph, then
1/p
br(Kp p;m) > ( 1V mp- 1) .

Proof. Let K, , be a complete bipartite graph with labeled vertices v, V2, .., V2p. It is easily seen that
the complete bipartite graph K, » contains

2
t= [(Z)} copies of Kp p,

says (Kpp)1s (Kp,p)2s -+ (Kp,p)t- Let us say that an m-coloring of K, » is (Kp,p)i-bad colonng if all the
edges in the subgraph Kp ) of K, » have been assigned the same color. Since, there are m"” colorlngs
in K, » and there are m™ ~F P41 (Kp,p)i-bad colorings in Ky ». Therefore, there are at most P+
colorings which are (Kp,p)i-bad colorings for some 7. Hence, if

tm” _p+1<m ,

then some m-coloring has no monochoromatic copy of Kp,p in K, ». This condition holds if
P 2 2
> (5) > 1G] =
p!

1
n< (p! mPZ_l) /p.

or equivalently

Therefore,

b(Kpp,m)>( vV mP 1)l/p. 0
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The lower bounds of multicolor Ramsey numbers br(Kj p;m) of Theorem 2 are better than the
lower bounds of multicolor Ramsey numbers br(Kp, p;m) of Theorem 1 when m > 2, as shown in the

tables.

br(Kp,p;m) m
2 3 4 5 6 7 8 9 10

>2 >2 | >3 >3 >3 >4 >4 >4 >4
>5 >6 | >10) >12 > 15 > 18 > 21 > 24 > 27
>9 | >16 | >26| >38 | >52 | >68 | >85 | > 105 | > 125
> 14 | >34 | >65| >107 | > 162 | >230 >313 | >409 | > 521

W)W

Table 2. Lower bounds of multicolor bipartite Ramsey numbers from Theorem 1.

br(Kp,psm) m
2 3 4 5 6 7 8 9 10
2 >2 | >3 | >4 >5 >5 >6 >17 >17 >8
)4 3 S5 | >8 | >12] >16 | >20 | >24 | >29 >34 | >39
4 S8 | >17 1 >30| >45 | >64 | >85 | >109 | > 136 | > 166
L 5 S14 | >36 | >73 | >124 | >192 | >278 | >383 | > 508 | > 654

Table 3. Lower bounds of multicolor bipartite Ramsey numbers from Theorem 2.
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Abstract
For positive integers s and t, the Ramsey number R(s,t) is the least positive integer n
such that for every graph G of order n, either G contains K as a subgraph or G contains

K, as a subgraph. In this paper, we obtain lower bound of some Ramsey number R(3,t) .
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