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Abstract.

The set of arithmetic functions with respect to addition and Dirichlet
multiplication (or comvolution) is a unique factorization domain but not an
Euclidean domain. To find divisors in this domain is not easy because the
Euclidean algorithm is not applicable. This research project is to

(1) improve the concepts of functions in standard form and derivative—
like operator and

(2) to propose the use of derivatien replacing that of Rearick's derivative-

»
like operator in finding divisors and/or common divisors of functions with

prime power norms.
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Standard Forms and Derivatives of Arithmetic Functions

51389 @AlnAa  Was ATI6NT PeEIRT

Vichian Lachakoso! and Kannika Kongsakorn

ABSTRACT

The set of arithmetic functions with respect to addition and Dirichlet multiplicationis a unique factorization domain

but not an Euclidean domain.. To find divisors in this domain is not easy. The concepts of functions in standard form and

derivative-like operator due to Rearick are neither clear nor appropriate. A modification of these concepts are carried out.

Key words : arithmetic function, Dirichlet multiplication, divisors, standard form, derivative.
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DIVISORS OF SOME ARITHMETIC FUNCTIONS

VICHIAN LAOHAKOSOL
Department of Mathematics
Kasetsart University
Bangkok 10900, Thailand

It is well-known that the set of arithmetic functions equipped with addition and
Dirichlet multiplication (or convolution) is a unique factorization domain but not
a Euclidean domain. With the powerful Euclidean algorithm not being directly
applicable, it is not easy to find divisors of two arithmetic functions in this domain.
The existing technique of using a derivative-like operator due to D. Rearick is rather
awkward. A slightly different technique based on the use of a derivation is proposed
and generally proceeds along similar line.

1. Introduction

An arithmetic function is a complex-valued function whose domain is the
set of positive integers, N.. The sum, difference, (ordinary) product and Dirich-
let product (or convolution) of two arithmetic functions are arithmetic func-
tions defined, respectively, by
(f £9)(n) = f(n) = (n)

(f9)(n) = f(n)g(n)
(f*9)(m) = )" f1)g(5).

ij=n

-

For brevity, when & is a positive integer; write f* for fxfx... x f (k times).
For each complex number ¢, the arithmetic function ef is defined by

(cf)n)y=cf(n).

Denote by A the set of all arithmetic functions. It is well-known that A is an
integral domain with respect to addition and convolution ((1],(2]). The domain
A has two other representations, one as the domain of (formal) Dirichlet series
and the other as the domain of (formal) power series in a countable set of
indeterminates ([2],(5]). Define the identity function by

[(n)z{l ifn=1

0 otherwise.

139
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Clearly, the set of arithmetic functions cI, where ¢ runs through the complex
numbers, forms a subring of A isomorphic to the complex field. The function I
plays the role of the identity with respect to convolution and so the (Difichlet)
inverse f~! of f is the (unique) arithmetic function for which f* f~' =1I1. It
is easily verified that f~1is in A if and only if £(1) # 0 ([1])-

Our interests germinate from the fact that even through A is not a principal
ideal domain, and so not an Fuclidean domain, it is a unique factorization
domain ([2]). That A is not a principal ideal domain can be seen by making
use of the concept of "norm”. For each f in A — {0}, define its norm, Nf,
to be the smallest positive integer n such that f(n) # 0. The norm has a
multiplicative property, i.e. N(f=*g) = NfNg, and the units of A are those
arithmetic functions whose norms are equal to 1. Since the set of non-units
in A forms an ideal which is not principal, then A tannot be a principal ideal
domain. That A is a unique factorization domain is difficult to prove. Indeed,
this was established through the representation of formal power series in a
countable set of indeterminates. A major step of the proof is to appeal to the
fact that unique factorization holds in the ring of all formal power series inn
indeterminates for each positive integer n. Being a unique factorization domain
of quite an unusual character, one natural question is to ask for procedures and
results about divisors, in particular, greatest common divisors. Evidently, the
familiar Euclidean algorithm is not directly applicable, and we have to resort
+o different means. There has been only one published work known to us, that
of D. Rearick ([4]). Besides the concept of norm, Rearick used certain other
notions, which we now elaborate.

For an arithpetic function f with Nf = s, Rearick showed that there
exists a unique unit function u; such that

Si(ns) := (us * f)(ns) = I(n) (n €N).

The function Sy :=ug* f is called the standard formof f, and f is said to
be in standard form if and only if f (ns) = I(n). For a prime number p, define
the (derivative-like) function f'(= fp) by f'(n) = f(np). Based upon such a
setting, Rearick developed a method of obtaining formulae for certain common
divisors. There are several awkwardnesses in Rearick’s presentation, e.g. (i) a
slight ambiguity in the meaning of functions in standard form, that we quickly
clarify in our first lemma, (i) the use of a derivative-like operator f' is rather

* unnatural as witnessed via the failure of identities like (f*g)' # f'*g9+ g=*f.
We propose here to employ the p-basic derivation ([6], (7)), which is a truly
legitimate derivation. Further, the concept of norm, convenient in the entire
discussion, could also be related and replaced by the valuation If] :== 1/(Nf),
which is a truly legitimate nonarchimedian valuation.
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2. Standard Form and Derivation

We record for completeness a lemma of Rearick alluded to in Section 1,
which will be frequently quoted. The proof of this lemma is straight-forward.

REARICK'S LEMMA. Let f be in A with norm Nf = s. Then there ezists a
unique unit function ug in A such that Sy =ugpx f isin standard form.
Our next lemma confirms the uniqueness of the standard form.

LEMMA 1. Let f bein A — {0}, and let Sy be its standard form. Then f is in
standard form if and only if f=5;.

o
PROOF. if f = Sy, then the fact that f is in standard form follows im-
mediately from the definition of S¢. Now assume that £ is in standard form,
ie.
f(ns) = I(n) (neN, s=Nf) -
From the definition of Sy, there exists a unique unit function us such that
Sy = ug = f. It remains to show that u; = I, which follows readily from

1=I(1) =8¢(s) = (up» F)(s) =us(l),
and for n > 2,

0 = I(n)= S5(ns) = (ug *» F)(ns)=u(n).
[

Next, we recall the definition of derivation and establish certain prelimi-
nary results.

DEFINITION ([5]). A derivation d over A is a mapping of A into itself satisfying
d(f+g) = df x g+ f *dg, wd(c; f + c29) = c1df + cadg, where f, g are in A,
and ¢y, ¢ are complex numbers. Two typical examples of derivation are

(i) the p-basic derivation, p prime, defined by
(dpf)(n) = f(np)o(np)  (nEN),
where v(m)(= vp(m)) denotes the exponent of the highest power of p
dividing m,
(ii) the log-derivation defined by
(dLf)(n) = f(n)logn  (n€N).

REMARK. Each derivation annihilates all constant functions, and all usual
rules of differentiation hold for a derivation.
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LEMMA 2. Let f, eo,€1,...,em be in A, with em # 0. Let d be a derivation

on A. If
> eixfi=0 : i
i=0

andde; =0 (¢=0,...,m), thendf =0.

Proor. Taking the derivation of the equation, we obtain
df x Y eixifl=0.

i=0

If df # 0, then Y e; » if*=! = 0, and by taking successive derivations, the

order of the resulting equations are reduced by 1 each time. Finally, we arrive
at mle, = 0, which is absurd. . O

LEMMA 3. Let.pl, ...pr be distinct primes, and dy,...d, be their correspond-
ing p;-basic derivations. Let f be in A, having norm Nf = Py ... per,with
ai,...,a, positive integers. Then f is in standard form if and only if

di...d¥ f(n)=a;!...a.lI(n) (neN).
PROOF. The result follows directly from the identity
ka k.
dr...d¥fn) = f (np'f‘ ...p,’f") H v1(npt')... H vr(np)
t1=1 AE— g
where v; = vp;. O
LEMMA 4. Let h, f,g € A be such that
- vh=fxg, Nf=p% Ng=p’

where p is a prime, and a and b are nonnegative integers. If among h, f, g two
are in standard form, then so is the third.

PROOF. Suppose that f and g are in standard form, then by Lemma 3,
d® f(n) = alI(n), d’g(n) = blI(n) (neN),
where d is the p-basic derivation. Since d'f =0ifi > a, dig=0if j > b, then
d***h(n) = f:b (a - b) d'f +d***ig(n)
i=0 t

= (a : b) de f * d’g(n) = (a + b)I(n),

and so by Lemma 3, h is in standard form with Nh = p°*°.
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Suppose that g and h are in standard form with h = f * g. By Rearick’s
lemma, there exists a unique unit function uy such that uy * f is in standard
form. Now

uprh=(urcf)*g
and so by the first part of the lemma, the right-hand side being a product of
two functions in standard form must be in standard form and so is us * h.

But h is already in standard form and by the uniqueness of ug, we must have
up =T O
ReEMARK. (i) If h is in standard form where Nh is a power of a prime p and
h can be factored as h = f * g, let uy be the unique unit function for which
ug * f is in standard form. Then we can write b = (ug * f) * (u.;1 * g), which
by Lemma 4 implies that u}'l % g is in standard form. It follows that in the
(unique) prime factorization of an arithmetic function in standard form, each
prime factor can be taken as in standard form.

(ii) The result of Lemma 4 does not hold if the norms involved are not a
power of the same prime.

LEMMA 5. Let p be a prime with p-basic derivation d. If f and g are arithmetic
functions in stendard form with Nf =p, Ng = p°, b €N, then
b1
T (e =0
. k=0
PROOF. Put,h = f xg. Since f is in standard form with norm p, then
dfh = f xdfg +kd*1g.
Multiplying by f*, and letting k be b+ 1 and b, we get
Prled*h = (b+ D xdbg.
fordh = e dig + b 2 d*lg,
and so after subtraction,
fb+1 * db+1h - (b+ l)fb *dbh = —(b+ 1)bfb * db_lg.
Continuing in this manner, we have the required result. ]
LEMMA 6. Let h € A be in standard form, ivith Nh = p*, p a fized prime.
Then there is a sizth degree polynomial
T(f) := f° +A*f5+B*f4+C*f3+B*h*f2+A*h2*f+h3,
where A = —1d*h, B = %dh*d?’h—h, C = —(dh)* - %h* (d3h)? +hxd?h are
differential polynomials in k, of norms p?,pt, 08, respectively, such that every




144 VICHIAN LAOHAKOSOL

divisor f of h of norm p?, in standard form, is o root of T'. Furthermore, every
root of T lying in A is a divisor of h, of norm p°. : i

PROOF. Suppose h = fx*g, with f, g in standard form with Nf = Ng = P
By taking repeated derivations, we get

dh = df x g + f = dg, d?h = 2!f + 2df x dg + 2!g, d® f = 3df + 3ldg.

Eliminating df,dg and g among these four equations, we obtain the form
T(f) = 0 satisfied by f.

Conversely, assume f is a root of T lying in A. If Nf < p?, then the
term ¢ in T(f) would be the unique term of the smallest norm, so T'(f) # 0.
Similarly, we cannot have N f > p*, and so N f = p®. Next, we show that f|h.
By unique factorization, if f { h, then there is a prime ¢ in A which divides

f to a power higher than that to which it divides A, say ¢™ | f, g |

but ¢™ } h. Every term of T is then divisible by ¢*™~2 except for the last, so
T(f) # 0, which is impossible. O

LEMMA 7. Let ho, hy be in A with Nhg = Nh; = p?, AdRh #£0. If f, lying in
A, is a root of, with d being p-derivation,

V(f):= (AR)? - % AhxAdPh*f+ -(1; Adhx AdPh+ f — %(Adi*h)? * f3,

then f| A h and d2f =-3!1.

PROOF. If Nf < p?, then the term —2(Ad®h)? * f3 in V(f) would be
the unique term of the smallest norm, so V(f) # 0. Similarly, we cannot have
Nf > p?, so Nf = p?. Again, proceeding as in the proof of the last lemma,
we have f| A h. Finally, to show that d?f = I, rewrite Ah* V(f) =0 as

0=1u®+ (—-11—2(Ad2h)2 + % A dh* Ad3R) x u
1

1 1

2113 2 3 3712

ll - = h
0 (Ad*R)® + 6Adh*Ad h* Ad°h (Ad3h)? x AR),

+

where u := &% — L A d2h. Observe that each coefficient (of u) has zero p-
7 3l

derivation, and so be Lemma 2, we get d(ATh) = —% A d3h. Using this last
relation, together with taking p-derivation of the equation in u twice, we get
éf'—‘ = 31—, A d3h. Substituting this last relation in the equation V—;{—l = 0, then

dividing by Ad3h, and taking p-derivation, we arrive at d*f = 3II. O
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3. Results

THEOREM 1. Let h € A be in standard form with Nh = D¢, where p is a fized,
prime and ¢ a nonnegative integer. Consider the following polynomial. in f:

~(ZDF e, e
P(f) =) ~gy—f* = dth,
k=0 :

where d is the p-basic derivation. Then the roots of p lying in A are ezactly
the divisors of h of norm p, in standard form.

PRroOF. If f is a divisor of h with Nf = p and in standard form, then
h = f*g with Ng = p°~1. By Lemma 4, g is also in standard form, and so by
Lemma 5, we have P(f) = 0.

On the other hand, assume P(f) = 0. Define the arithmetic function

Pa: 1 1fn=1.7,
0 otherwise,

and note that r is in standard form with dr = I. Writing P(f) as a polynomial
“in f —r, we get

. 1\k ¢ (—1)i .
0=Z-(%l)dkh*(f_r+r)k =Z(i_})ci*(f—r)z’
k=0 0 ¢ )

where
c—i
N (D WA
. G,-_ZTT xd®tip,
=0

»
Observe that C. = d°h = ¢!l # 0, and dC; = 0 for all 7. Thus, by Lemma
2, d(f = r) =0 and so df = I. Since f is a root of P(f) = 0, then f divides
the constant term of P(f), which is P(0) = h. Consequently, NV f = p®, for
some nonnegative integer a not greater then c¢. Hence, f is not a unit and we
conclude that N f = p, with f in standard form. O

CoNVENTION. For brevity, throughout the rest of the paper, all functions
considered are understood as arithmetic functions, p is a fixed prime, and d is
the corresponding p-basic derivation.

THEOREM 2. Let h be in standard form with Nh = p2. Then
(1) h is a square if and only if h satisfies the differential equation

(dh)? = 4h = 0,

(ii) h is a prime if and only. if (dh)? — 4h is not a square.
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PROOF. The result follows by taking the case ¢ = 2 in Theorem 1, and
observing that the quadratic equation so obtained has discriminant equal to
(dh)? — 4h. . a

THEOREM 3. Let h be in standard form with Nh = p€, c being a positive
integer. Consider the following polynomial in f over the field of quotients of
A:
(D
QU) =) g dth bt x f5
k=0

Then the roots of Q lying in A are ezactly the divisors of h in standard form
with norm p°~L.

PROOF. Observe that Q(f) = P(h/f) * f¢, where'P is the polynomial
stated in Theorem 1. If h = f * g, with+f in standard form and Nf = pet,
then g = h/f is in standard form of norm p, so that by Theorem 1, P(g) =0,
and so Q(f) =0.

Conversely, assume Q(f) = 0. Then P(h/f) = 0, with h/f belonging to
the field of quotients of A. Since P is monic, then h/f is in A, ie. f | h.
By Theorem 1, N(h/f) = p, so Nf = p°~'. Also by Theorem 1, h/f is in
standard form, and so f is in standard form:. O

DEFINITION. Let hg,h1 be in standard form, both having norm equal to a
power of p. By a differential polynomial in hg,h; we mean a polynomial in
ho, 1 and their derivatives with constant coefficients. By a differential rational
form in ho, b1 we mean an arjthmetic function expressed as a quotient of two
differential polynomi‘a.ls in hg, hy.

THEOREM 4. Let hg, hy be in standard form, not equal, each of norm p°. Then
ho and h, have a mon-unit common divisor if and only if they satisfy the
differential equation

(AR)? — Ahx Adh + dhi + (AdR)? * h; =0 (i =0,1), (1)
where Ah = hy — hg. Moreover, if (1) holds, this common divisor, in standard

form, is equal to Ah/Odh.

ProoF. Let L = gcd(ho, h1) be in standard form. Then L is that unique
common divisor of hg and h; which is in standard form and has maximum
norm. Thus L = I or NL = p. Assume NL = p. By Theorem 1, f =L isa
common root of the two polynomial equations

Pi(f)=f*—-frdhi+ hi =0, (i=0,1).
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Taking the difference of these two equations, we get
Adhx L — Ah=0. )

Since Ah # 0, then this last equation yields Adh|Ah, and so L = Ah/ Adh is
a differential rational form in hg, ;. Also, Ah/Adh must be a root of each of
the two polynomial equations in (1). ‘

Conversely, assume hg, hy satisfy (1). Then Adh # 0, and the element
Ah/Adh in the field of quotients of A is a root of the two polynomial equations
in (1). Since these equations are monic, then Ah/Adh belongs to A, and by
Theorem 1, Ah/Adh is a2 common divisor of kg, hy in standard form and of
norm p. ad

THEOREM 5. There is no differential polynomial in hg,hy which is equal to
the greatest common dwisor.of ho, by, in stendard form, whenever hy and h,
are of norm p?, in standard form and the greatest common divisor is of norm

p.
PROOF. Define
he(n) = (1 = 2)ho(n) + zhy(n),

where z is a numerical parameter. It is easily checked that, for every z, the
function A; is in standard form and has the same norm as hg and h,. Also,
L := ged(ho, hz) = ged(ho, h1) = ged (A1, k) whenever z # 0.

Suppose there exists a differential polynomial as described in the state-
- ments of the theorem. In this expression, replace h; by h; := hg + zAA, and
dhy by dhg + zAdh. For fixed n, the value of this expression is a polynomial
in z which is equal topL(n) for each z # 0. Thus L is equal to the sum of
the terms of the differential polynomial not containing z, i.e. not containing
Ah nor Adh. Consequently, L = gcd(ho,hy) is representable by a formula
independent of hy, which is absurd. ]

THEOREM 6. Let ho,hy be in standard form, with Nhy = p?, Nhy = 13,
ho t h1. Then L := gcd(ho, h1), in standard form, is either I of norm 1, or

ho*dho— %ho *d2h1 +h1
(dho)2 - %dho * d?hy +dh; — hg

of norm p.

PROOF. Since hg { k1, then L must be I or of norm p. In the latter case,
f = L, by Theorem 1, is a common root of the quadratic polynomial

fz—f*dho-i-ho:O
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and of the cubic polynomial
fa—%f"’*dzhl—kf*dhl—hl =0.
Dividing the former into the latter, we get a linear remainder
((dho)2 - %dho % d®hy + dhy — ho) «f— (ho o %ho «d®hy + hl)

for which L is also a root. Thus there is just one possible value for L, and it
is a differential rational form in hg, ha. O

THEOREM 7. Let ho, hy be in standard form, not equal, each of norm p®. Then
L := ged(ho, h1) is either I of norm 1, or 2AR/Ad%h of norm p?, or
4AR* Adh — Ad?h * (dho * 1 — ho * d2h)
4(Adh)? + AdZh x (dho * d?hy — d?ho * dhy — Oh)

of norm p.

Proor. If L # I, then NL = p? or p. We consider each case separately.
Case NL = p?. By Theorem 3, f = L is a common root of the cubic

polynomial

fs—dh,-*f2+%d2h,-*h.-*f—h?=0 (=01 @

As in the proof of Theorem 5, let hy = (1 —z)ho +zh1 = ho +zAh. Note that

L is also a root of (2) with i = z. Equating the coefficients of z? in(2), we get

_ 24h
L= Dd%h:

Case NL = p. 'By Theorem 1, L is a common root of the two cubic
polynomial equations

: .
0=f3—§f2*d2h,~+f*dh,-—h,- (:=0,1). (3)
Taking the difference, we have

%fz*Adzh—f*Adh+Ah=0, 4)

of which L is also a root. If Ad*h = 0, then L = —A%. If Ad?h # 0, divide
the quadratic polynomial (4) into (3) corresponding to ho, the constant term
" r of the linear remainder, apart from the nonzero factor (37’,-,1—);, is

—4Ahx Adh + d2ho ¥ Ah * Ad2h — ho * (Ad?h). )

We shall show that this expression is nonzero. This will imply that the lin-
ear remainder is not identically zero, and since its coefficients are differential
rational forms, and L is its root, we then obtain a differential form for L.
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Assume (5) is zero and Ad?h # 0. Divide (5) by L and rewrite it as

2

w = (d®ho * Od®h — 4AdR) * %.
Since %2 and % are relatively prime, the former divides d?hq * Ad?*h — 4Adh.
This last quantity is not zero but has zero second derivation, which contradicts
the fact that it is divisible by ’7',19-, of norm p?. Solving the linear remainder for
L, we get the required result. ' a

THEOREM 8. Let hg,h; be in standard form, each ﬁam’ng norm equal to a
power of p not exceeding p'. Then L is always erpressible as a differential
rational form in hg end h;.

PROOF. We may assume that Nhg = Nh; = p*. For if each norm is
less than p*, the result follows from Theorems 4, 6 and 7, and if Nhy =
p*, Nhy = p°, ¢ being less than 4, and the theorem has been proved for L' =
ged(hg,7*~¢*hy), r being as defined in the proof of Theorem 1, then the result
is also true for L = gcd(ho, h1), because L is either equal to L' or to L’ divided
by a power of r, since r is a prime in A. We may further assume hg # hy,
L #1,s0 NL is either p3,p® or p.

Case NL = p3. L is a common root, by Theorem 3, of the two quartic
polynomial equations

f4—dh,~*f3+%d2h,-*h,-*f2—%d3hi*h?*f+hf=0 (i =0,1).

Applying the h.-method, as in Theorem 3, to these equations, and equating

the z3-component, we get L = 255%.

Case NL = p. By Theorem 1, L is a common root of the two quartic

polynomial equations z
fi- él-l-f3*d3h,--+‘- %fz*c_i?hi—f*_,dh,- +h;i=0 ' (i=0,1). (6)
Forming the difference of these two equations yields
—%f‘"’*Adsh—i-%fz*Adzh—f*Adh+Ah=O, )

of which L is also a root. If Ad?h = 0, then L = %‘-. If Ad®h = 0 and
Ad?h # 0, then (7) reduces to (4). Dividing the quadratic polynomial (4) into
the quartic polynomial (6) corresponding to hg, we obtain a linear remainder
whose constant term, apart from a non-zero factor (-L\—d[,h—)g, is of the form

ho * (Ad?h)® ~ 2J * Ah, where
J = 4(Adh)? - %d"[zo x Adh* Ad*h — 20k * Ad*h + %d’ho « (Ad%h)?
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is a differential polynomial having zero third order derivation. We claim that
this constant term is nonzero, for otherwise 42 x (Ad2h)® = 2J = 4%, Since
%o and &2 are relatively prime, then 22 divides J. But N (%) = p® con-
tradicting the fact that d3J = 0. Consequently, the linear (remainder) term
is not zero, and as L is its root, we obtain a differential rational form for
L. If Ad3h # 0, divide the cubic polynomial (7) into the quartic polynomial
(6) corresponding to hy. The quadratic remainder R has a constant term,
apart from the nonzero factor IA_dIsh_)T’ equal to ho * (Ad3h)? + J' * Ah, where
J' = 18Ad?h — d®hg * Ad®h. We claim that this constant term is nonzero,
for otherwise, we would have 42 x (Ad®h)? = —J * &2 . Since 42 and 4% are
relatively prime, then ﬁLﬂ divides J. Observe that'd®J = 0, and N (ELQ) = p3,
which is a contradiction. Thus the quadratic remainder term R # 0. If R is
linear, we are through because its coeflicients are differential rational forms
and its root is L. Suppose R is of degree 2, with the second root fg belonging
to the field of quotients of A. We may assume that fy is also a common root
of the two polynomials (6) corresponding to hg, k1, for otherwise division of R
into one of these polynomials will produce a linear polynomial with-differential
rational forms as coefficients having L as its root, and we are done. Since (6)
is monic, fo then belongs to A, and by Theorem 1, fo is a2 common divisor of
ho, h1, of norm p, and in standard form. Thus fo = L, so L is a double root of
R. Therefore, the discriminant of R is 0. We thus obtain a differential rational
form for L.

Case NL =p?. By Lemma 6, f = L is aroot of T'(f) = 0, with h replaced
by hg := (1 —z)hg 4+ zh;. The coefficient of 22 in T(f), after cancelling the
nonzero factor Ah, is equal to

V(f) := (AR)? - %Ah * Ad?h* f + éAdh * Ad3h x f2 — 316 « (Ad3h)? * f3,

and Lisaroot of V(f) = 0. If Ad®h =0, we get L = z—?;’%, and we are done.

We thus assume Ad®h # 0. The coefficient of z2 in T'(f) is

3ho * (AR)? - %f + (2ho * Ahx Adh + d2ho * (OR)?) + f% = (%ho * Adh

* Adh — (AR)? + %Ah * Adh * d*ho + édho * Ah+ Adh)
%(h0 * (Ad®h)? + 2d3ho * Ah * Ad®h) + Ahx Ad?h)

e (%Adh* d3h),

+ £ % (~(Adh)? -
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which is a quartic polynomial in f, and the remainder W, when divided by
the cubic polynomial V'(f) has constant term equal to "

2(AhR)?
(Ad3h)?
2(Ah)2

Apart from the nonzero factor (&%= this constant term is exactly (8). Pro-

ceeding as after (8), we have that this constant term is nonzero. Thus the
remainder W is a linear or quadratic polynomial with nonzero constant term,
and having L as a root. If W is linear, then clearly L is expressible as a differ-
ential rational form in hg, h; and we are through. Assume then that W is of
degree 2, with second root f; belonging to the field of quotients of A. We may
assume that fi is also a common root of the two polynomials T'(f) correspond-
ing to ho,h;. and also a root of V(f), for otherwise division of W into one
of these three polynomials will produce a linear polynomial with differential
rational form coefficients having L as a root, and we are done. Since T(f) is
monic, f; thus belongs to A, and so by Lemma 6, f; is a common divisor of
ho, k1 of norm p®. Also, since f, is a root of V(f) = 0, we know by Lemma 5
that d2 f; = 3!I, so :-} 1 is in standard form. Consequently, f; = 3L, and so L
is a double root of W. Hence, the discriminant of Wis 0, and we again obtain
a differential rational form for L. O

(ho * (Ad®R)? + 18Ah * Ad®h — d®hg * Ah  Adh).
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