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.ABSTRACT

Mathematical rough set theory has attracted both practical and theoretical
researchers. A significant extension of rough set theory is called flow grapﬁs, invented
by Zdzislaw Pawlak (1980). It is a knowledge representation in the form of information
flow. Mathematical flow graphs are in soft computing area which provides less
complexity, times and resources. Thus, flow graph is a promising approach to analyze
data flow, decision trees, decision rules, probability learning, etc.

In this research, we present their connections to pertinent techniques and
propose a new extension. We discuss some important properties of flow graphs. A case
study considered in this research is from the Promotion of Academic Olympiads and
Development of Science Education Foundation (POSN). Several coefficients: strength,

certainty and coverage are analyzed to students' score successfully.
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7 44,318 { 3,134 1,780 23 11 110 2 - 23
(2549) | (2549) | (2549) | (2550)

8 45,689 | 3,092 1,686 W.A. n.A.
(2550) | (2550) | (2550) | (2551) 2552 2552
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1 Rough sets, flow graphs and their extension to
association rules

In Part IT, the mathematical discovery of rough sets are provided. Several case
studies on the POSN data sets are also reported.

Rough set theory was introduced by Zdzislaw Pawlak in the early 1980’s [1].
The crux of rough set theory is the novel use of approximations to cope with
uncertainty. A significant extension of rough set theory is called flow graphs, such
that the union of all inputs z of y are interpreted as the upper approzimation
of y and the union of all inputs z of y with cer(z,y) = 1 are interpreted as the
lower approzimation of y [2]. Pawlak’s flow graphs are different to flow networks
introduced by Ford et al. that do not analyze optimal flow [3].

Flow graphs represent the model of information flow from the given data set.
The branches of a flow graph can be constructed as decision rules; while the
entire flow graph describes a decision algorithm [4]. With every decision rule,
there are three associated coefficients: sirength, certainty and coverage. These
coefficients satisfy Bayes’ theorem. We are also be able to discover dependecy
and correlation within a data set without reference to its probabilistic nature
by using flow graphs. Preference analysis [2], conflict analysis [5], rule analysis
[6], propositional calculus {7, 8], data mining [9,10] and granular computing [11]
were analyzed by flow graphs efficiently. In [11,12], the authors attached ob-
jects to the flow graphs’ nodes. Hence, more precise relationships among nodes
were considered. We can construct a decision tree as a unique flow graph by
removing the root while its nodes are labeled by the same attribute. The author
concluded that such a flow graph provides better structure of data compared to
a decision tree [10]. In [11,12], the authors proposed the extended flow graphs
and algorithms to handle redundancy and consistency. The mathematical model
of flow graph in the decision algorithm can build an efficient search engines for
the CDDB database [13,14].

Thus, flow graphs are a useful approach to discover hidden knowledge in the
data. For these reasons, we propose data analysis based on Pawlak’s flow graphs
and extend them to handle association rule extraction.

1.1 Rough Set Theory

The following rough sets preliminary is taken from the study of Pawlak [1]. This
mathematical theory formed the basis of flow graphs later in the early 2000s [2,
4,8-10,15]. ,

Rough sets are based on an information system (data table). More formally,
it is a pair § = (U, A), where U is a nonempty finite set of objects called the
universe and A is a nonempty finite set of attributes such that a: U — V, for
every a € A. The set V, is called the domain of a. Any subset B of A determines
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a binary relation I(B) on U called an indiscernibility relation. It is defined as
(z,y) € I(B) if and only if a(z) = a(y) for every a € A, where a(z) denotes
the attribute value of element z. If (z,y) belongs to I(B), = and y are called
B-indiscernible. Equivalence classes of the relation I(B) are referred to as B-
elementary sets (or B-granules, for more granular computing studies please refer
to [2]).

If we distinguish an information system to two disjoint classes of attributes,
called condition and decision attributes, then the information system will be
called a decision system, denoted by § = (U, C, D), where C and D are disjoint
sets of condition and decision attributes, respectively.

Suppose we are given an information system S = (U, A), X C U, and B C A.
We can approximate X using the information in B by constructing the B-lower
and B-upper approzimations of X, denoted by B.(X) and B*(X) respectively,
and defined as follows:

B.(X) = |J {B(X)| B(X) € X} 1)
zelU
B*(X) = |J {BX)|B(X)n X #0}. 2)
zclU
In addition, the set
BNp(X) = B*(X) — B.(X) 3)

will be referred to as B-boundary region of X. If the boundary region of X is an
empty set (BNp(z) = 0), then X is crisp. In contrast, if BNp(X) # @, then X
is rough. More studies involving rough sets are in [2, 4, 5, 7-10, 15, 16}.

1.2 Flow Graphs

In this section we present basic definitions and some properties of flow graphs
from the studies of Pawlak (2,4,8-10,15,16]. A flow graph is an alternative
representation of the knowledge, more specifically the information flow, in the
given data.

Flow Graphs

A flow graph is a directed, acyclic, finite graph G = (N, B, ), where N is a
set of nodes, B: N x N is a set of directed branches, ¢: B — Rt is a flow
Junction and R* is the set of non-negative real numbers. If (z,y) € B then z is
an input of node y denoted by I(y) and y is an output of node = denoted by O(z).

Example 1a (adapted from [9]) Suppose Fig. 1 depicts the flow graph of vot-
ing initial data. Nodes of the flow graph are represented by circles, labeled by
T1, 23, T3,%,Y2, Y3, 21,22 and z3. A branch (z,y) is denoted by an arrow from
nodes z to y. Thus, inputs of node ¥; are nodes z; and x5, and outputs of node
T are y; and ya, respectively.



Social class Age group Party
Xy, y) =6 o(y;, z) =19
Pl

I

O(X,) ¢(z,) = 68
\
(p(Y3a Z3) ~ 5 >@
¢(x;) =20 o(y;) =13 0z)=5

Fig. 1. Flow graph intial data of voting problem (adapted from [9)-

Next, input and output of a flow graph G are defined by I(G) = {z € N|I(z) =
0} and O(G) = {z € N| O(z) = 0}, respectively. These inputs and outputs of G
are called external nodes of G whereas other nodes are called internal nodes of
G. If (z,y) € B then we call (z,y) a throughflow from z to y. We will assume in
what follows that ©(z,y) # 0 for every (z,7) € B.

Example 1b In Fig. 1, inputs and outputs of this flow graph are T1,T2, T3 and
21,22, 23 respectively. Meanwhile, ¢, 29, 73 and 2, 23, 23 are external nodes and
1,2, Y3 are internal nodes of the flow graph G, respectively. The branch (®1,21)
has its throughflow (z;,1,) = 6.

With every node z of a flow graph G, we have its associated inflow:

pr(@) =" o(z,) @
yel(z)
and outflow: :
o-(2)= > ol=,y). (5)
y€O0(x)

Similarly, an inflow and an outflow for the flow graph G are defined as:

e+(@)= ) olzy) (6)
y€I(G)
and
e-G)= > ol=,y). (7)

y€O0(G)
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We assume that for any internal node z, ¢_ () = p..(z) = (z), where p(z) is a
throughflow of node z. Similarly then, ¢_(G) = ¢4(G) = ¢(G) is a throughflow
of graph G. As discussed by Pawlak [2], the above equations can be considered
as flow conservation eguations [3)].

Example 1c In Fig. 1, inflow of node y; is ¢4 (y1) = 6 + 21 = 27, and outflow
of node y1 is p_(y1) = 19 + 8 = 27. Inflow of the flow graph G is ¢ (G) = 100,
and outflow of the flow graph G is ¢_(G) = 100.

Normalized Flow Graphs

In order to demonstrate interesting relationships between flow graphs and other
disciplines, we next come to the normalized version of flow graphs (consider ¢ in
[0,1] instead of R*). A normalized flow graph is a directed, acyclic, finite graph
G = (N, B, 0), where N is a set of nodes, B C N x N is a set of directed branches
and 0: B — [0,1] is a normalized flow of (z,y). The strength of (z,y) is given by

_ p(=,y)

where 0 < o(z,y) < 1.

The strength_of_branch x 100 can be understood as the percentage of a total
flow through the branch. For simplicity, from now we will use normalized flow
graphs only.

With every node & of a flow graph G, associated normalized inflow and
oulflow are defined respectively as:

_ (@)
pi(z) = #G) = yEEI(x:)U (y,2) (9)
\ (2)
(g alt E o(z,y).

For any internal node =, it holds that ¢4 (z) = o_(z) = o(z), where o(z) is
a normalized throughflow of z. Similarly, normalized inflow and outflow for the
flow graph G are defined as:

_p+(G) _ -
v+(G) = e zg:(g) —(z) fll)
and (G)
0-@) =22 = 3 oy (a). (12)
©(G) mezo%m) +

It also holds that 04 (G) = 0_(G) = o(G) = 1.
With every branch (z,y) of a flow graph G, the certainty and the coverage
of (z,y) are defined respectively as:



cer(z,y) = ———afz:;/) (13)
and
cov(z,y) = US(B;)’) (14)

where o(z) # 0 and o(y) # 0. In accordance with the previous definitions, the
following are some consequence properties:

Y. cer(z,y) =1, (15)
y€0(z)
2 CO’U(:L‘,y):l, (16)
yel(x)
o(z)= Y cer(zmv)o@)= > o(z,v), (17)
y€0(z) y€O0(z)
0’(:1,')= Z cov(.'z:,y)a(y)= Z O’(Il},y), (18)
z€l(x) z€l(x)
cer(z,y) = cov(z:.,(_g;))a(y)’ (19)
cov(z,y) = % (20)

Equations (17)-(20) have some probabilistic relations. (17)-(18) have the form
of a total probability theorem, while (19)-(20) are Bayes’ rules [4,8-10, 15].

Paths and Connections

A (directed) path from z to y (z # y) in G, denoted by [z...y), is a sequence
of nodes 4, ...,%, such that ; = z and =, = y and (z;,2;11) € B for every
i, 1 <1 < n— 1. The certainty, coverage and strength of the path [z ...z, are
defined respectively as:

n—1

cer[zy...zp) = H cer(Z, Tit1), (21)
i=1
n—1

cov[Ty ... Ty = H cov(T;, Tiy1) (22)
i=1

and
olz...y] = o(z)cer(z...y] = o(y)coviz...y]. (23)



The set of all paths from  to y (z # y) in G, denoted by (z,y), is a connection
of G determined by nodes = and y. For every connection (z,y), its associate
certainty, coverage and strength of the connection (z,y) are defined as:

cer (z,y) = Z cerlz. ..y, (24)
[z...v}€(z,y)

ovizy= Y cofe...y] (25)
[x...y]€{z,y)

and
o(z,y) = Z olz...y] = o(z)cer (z,y) = o(y)cov (z,y). (26)
[z...y)€{z,y)

If [z...y] is a path such that z and y are input and output of the graph G,
respectively, then [z...y] will be referred to as complete. The set of complete
paths from = to y will be called a complete connection from z to y in G. For
simplicity, from now we will consider complete paths and connections only.

If we substitute every complete connection {z,) in G, where x and y are an
input and an output (respectively) of a graph G with a single branch (z,y) such
that o(z,y) = o (z,y), cer(z,y) = cer (z,y) and cov(z,y) = cov (z,y) then we
have a new flow graph with the property: 0(G) = (G"). This new flow graph
is called a combined flow graph. It represents a relationship between its inputs
and outputs more precisely.

Dependencies

In this section, we show that the dependency factor of flow graphs has a close
relationship to statistical measurements. For (z,y) € B, nodes = and y are
independent of each other if

a(z,y) = o(z)o(y). (27)
Thus, we have
L) — corta,1) = o). (28)
Moreover, if
cer(z,y) > o(y) (29)
or
cov(z,y) > o(z), (30)

then z and y depend positively on each other. On the other hand, if

cer(z,y) < o(y) - (81)

cov(z,y) < o(), (32)
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then = and y depend negatively on each other. -
Furthermore, there is a factor that expresses the degree of dependency in the
flow graph. For every (z,y) € B we define a dependency factor, n(z,y), as

cer(a:, y) _ O'(y) — CO’U(:B, y) - 0'(23) (33)
cer(z,y) +0(y)  cov(z,y) +o(z)’

n(z,y) =

The interpretation is: if 7(z,y) = 0, then z and y are independent on each
other, if —1 < 7(z,y) < 0, then z and y are negatively dependent on each other
and if 0 < n(z,y) < 1 then z and y are positively dependent on each other.

Decision Algorithm

In this section, we present flow graphs that can be interpreted as a decision
algorithm, taken from [4,9).

Let us assume that the set of nodes of a graph is interpreted as a set of
formulas, denoted by ®, ¥. The formulas can be viewed as propositional functions
in logic [4]. Then every branch (&,%) can be understood as a decision rule
® — ¥, & will be referred to as a condition, whereas ¥ is the decision. Such
a rule is characterized by three numbers, o(®,¥), cer(®, ¥) and cov(d, ¥).
Thus, every path [, ...P,) determines a sequence of decision rules &; — &,
D2 — &3,...,P,_1 — P,. As shown in [4], this sequence of decision rules can
be interpreted as a single decision rule &; @, ...8,_; — &,,, in short &* — &,,,
where $* = @&; APy A ... AD,_;, characterized by three cofficients:

cer(9*,D,) = cer[®, ... Py,), (34)
cov(S",8,) = cou[®, ... By (35)

and
o(P*,@8,) = o(P1)cer[Ps ... Bp] = o(Pn)cov[®; . .. By, (36)

where (®) can be considered as the truth value of the formula & and o(®, ) is
the strength of the decision rule ¢ — W. Similarly, every connection (®,¥) can
interpreted as a single decision rule & — ¥ such that;

cer(®,¥) = cer ($,9), (37)
cov(P,¥) = cov (,¥) - (38)

and
a(®,V) = o(P)cer (B, ¥) = o(¥)cov (P, ¥) . (39)

Let [#,...9,] be a path such that &, is an input and &, is an output of flow
graph G, respectively. Such a path and the corresponding connection (; ... &,)
will be called complete. The set of all decision rules associated with all complete
paths will be called a decision algorithm induced by the flow graph.
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Association Rule

An association rule identifies frequently occuring patterns of information in a
given set of data {17, 18].

A rule is an expression X — Y. A pattern X can be an item X; or a conjunc-
tive item set X; A... A X; where X;, ..., X; are sets of data, 1 < i,j <n,i# j.
X is called the antecedence, while Y is called the consequence of the rule. A
rule has two associated coefficients, called support and confidence [17,18]. The
support (sup) of the rule X — Y is the ratio of the number of data satisfy X
and Y to the number of the total data. The confidence (conf) of the rule is the
ratio of the number of data which satisfy X and Y to the size of the set X. If
we consider Example 1, a simple association rule is

(SocialClass = high A AgeGroup = old)—V otedParty = z, sup = 0.04, conf = 0.67..

We can interpret that when there is a high social class and old age group
the voted party z; will occur with 4 percent, while 67 percent of the high social
class and old age group voted for party z;.

Remark a. sup[zyz] = %%l.

b. conflzyz] = ggj{—;&.

We next come to our proposed propositions to reveal relationship between asso-
ciation rules and flow graphs.

Proposition 1. Let G = (N, B, o) be a flow graph. The strength of (z,y) is
given by o(z,y) = %%2 where 0 < o(z,y) < 1. A path from z to y (z # y) in
G, denoted by [z...y], is a sequence of nodes z,,...,z, such that £; = z and
z, =y and (z;,%;41) € Bforeveryi,1<i<n-1.

For every path [ryz], cer(y, z) = 1, an association rule: (z A y) — 2, where
T, y, are antecedences and z is a consequence has

sup|zyz] = ofzyz] (40)
where 0 < suplzyz] < 1.

Proof By Remark a, sup[zyz] = %%—é’:—‘;l. Form Remark 1 and (4), we have

suplzyz] = %(%”T) = o(z,y), respectively.

We next multiply by %:—; and use (9) to obtain sup[zyz] = ﬂ%f—’ﬁ =
o(z)cer(z,y).

If cer(y, z) = 1, then suplzyz] = o(z)cer(z,y) cer(y, 2).

Finally, (16) and (18) give us sup[zyz] = ofzyz]. Q.E.D.

Proposition 2. Let G = (N, B, o) be a flow graph. The strength of (z,y) is

given by o(z,y) = %%”)l where 0 < o(z,y) < 1. A path from = to y (z # ) in
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G, denoted by [z...y], is a sequence of nodes z;,...,Z, such that z; = z and
Tp =y and (T;,Ti1) € Bforeveryi,1<i<n-1.

For every path [zyz], cer(y, 2) = 1, an association rule: (z A y) — z, where
z, y, are antecedences and z is a consequence has

conflzyz] =1 (41)
where 0 < conflzyz] < 1.

Proof By Remarks b and (1), conf[zyz] = g{%}) =22 — 1. QED.

1.3 Ilustrative Example

In this section we will illustrate the above ideas by means of a simple example
concerning a voting analysis as depicted in Fig. 1. It is a modification of the
example give in [9).

Suppose we have three disjoint age groups of voters y; (old), y» (middle
aged) and y3 (young) belonging to three social classes z; (high), zo (middle)
and z3 (low). The voters voted for three political parties z;, 29 and z3. In this
population, e.g., certainties of input layer indicate that 10 percent of votets
has high social class, 70 percent has middle social class and 20 percent has low
social class. Similarly, certainties of hidden layer, age group, and the output
layer, party, have their values as shown in Fig. 2.

We can interpret its coverages that, e.g., party z; obtains 27 percent of total
votes, which 70 percent is from old age group 7; and 30 percent is from young
age group y3. One can see that the lower approximation of the party z; (cer = 1)
is an empty set and upper approximation of the party z; (cer # 1) is (z; Ny1)U
(zaNy1) U(z2Nys) U(zs Ny3).

Similarly, the lower approximation of the party 23 is (z; Nyz) U(zz Nye) U
(z3Ny2) and the upper approximation of the party 2z is (z1 Ny1) U (z2 N ) U
(z1 Ny2) U (z2 Ny2) U (z3 Nya).

Form Fig. 2, since cer(y2, 22) = 1, we obtain three association rules by using
our presented propositions as:

(z1 Ay2) — 22, sup = 0.04 and conf =1,

(z2 Ay2) — 22, sup =0.42 and conf =1,

(z3 Ay2) — 22, sup = 0.14 and conf = 1.

Next, if we want to know how votes are distributed between parties with
respect to social classes, we can compute the combined of the corresponding
graph. Employing the algorithm presented in [8,9,16], we obtain the results as
in Fig. 3.

For example, we can see that the party z3 obtains 5 percent of total vote,
of which 54 percent is from the social class £; and 46 percent is from the social
class £3. When we consider the dependency factor, the negative dependency
between high social class and party z; is {21, 22) = —0.08 with strength ¢ =
0.04. The negative dependency reveals that when one node is increasing, its pair
is decreasing as well.
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Social class Age group Party

er=.6 6 =.06 cov=.2

& .
cer= .4 6=.05 cov=1 @

0.2 o(y;)=0.13 o(z,)=0.05

Fig. 2. Social class, age group and party votes flow graph.

Social class
cer=42c=.04cov=.1611=.22

X cer=58 =06 coy = G (3 - W 13 °

o(xy)=0.1 _alo= 15 O'(Zl)" 27
=
X . cer= .7 o=.14 oY ov— 2 1.01 e
2 Cer = =0l 4
94 o= .03 v =1 n

o(x)=0.7 _o* 0 o(z,)=.68

Fig. 3. Combined of flow graph.
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1.4 Experimental Results of the POSN Data Set

In this section, we describe experimental results from the scores of Olympiad
mathematics’ students’ analysis.

We depict an initial data flow graph in Fig. 4. It contains 68 records collected
from the Promotion of Academic Olympiads and Development of Science Ed-
ucation Foundation (POSN). It consists of four disjoint preference subjects: z;
(Geometry), z2 (Number theory), z3 (Algebra) and z4 (Combinatorics) which
belong to four most practiced subjects: y, (Geometry), yo (Number theory), ys
(Algebra) and y4 (Combinatorics). The decision attribute is the students’ to-
tal score, z, that we will compare 4 discretization cases presented below. The
thresholds for association rule extraction are sup > 0.1 and conf > 0.35.

o(vs.2,)=0.03

o(x;)=0.28 o(y)=026 o(zy) = 0.12

Fig. 4. Flow graph of initial Olympiad mathematics’ students score from POSN.

Case 1. If z; (score> 103), z (80 < score < 102), z3 (70 < score < 79) and z4
(score < 69), then the selected association rule is:

|IF_Prac.Comb THEN score> 103, sup = 0.10, conf = 0.397, |
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-with sup = 0.10, conf = 0.39 and accuracy = 97.6 %.

Case 2. If 2, (score> 147), z; (118 < score < 146), 23 (88 < score < 117) and
24 (score < 87), then the selected association rules are:

IF Prefer_Alg end Prac_Alg THEN score < 87, sup = 0.12,
conf = 0.73,

IF Prefer_Alg THEN 66 < score < 74, sup = 0.13, conf = 0.64,
IF Prefer_.Comb THEN 66 < score < 74, sup = 0.16, conf =
0.59,

IF Prefer_Number THEN 66 < score < 74, sup = 0.17, conf =
0.57,

IF Prac_Alg THEN 66 < score < 74, sup = 0.2, conf = 0.74,

with average sup = 0.16 average conf = 0.65 and accuracy = 86.76 %.

Case 3. If z; (score> 94), z; (73 < score < 93) and z3 (58 < score < 72), then
the selected association rules are:

IF Prefer_Comb THEN score > 180, sup = 0.10, conf = 0.37,
IF Prac_Alg THEN 73 < score,93 sup = 0.10, conf = 0.37,

IF' Prac_Number THEN score> 180, sup = 0.10, conf = 0.379,
IF Prefer_Geo THEN score > 180, sup = 0.10, conf = 0.5,

IF Prac_Alg THEN 68 < score < 72 sup = 0.12, conf = 0.44,
IF Prac.Comb THEN > 180, sup = 0.12, conf = 0.42,

with average sup = 0.11, average conf = 0.42 and accuracy = 80.88 %.

Case 4. If z (score > 61) and z (score < 60), then the selected association
rules are:

IF Prefer_Geo and Prac.Geo THEN score > 61, sup = 0.13,
conf=1,

IF Prefer_Number and Prac_Number THEN score > 61, sup =
0.13, conf = 0.78,

IF Prefer_Alg and Prac_Alg THEN score > 61, sup = 0.15,
conf = 0.90,

IF Prefer_.Comb and Prac_Comb THEN score > 61, sup = 0.18,
conf = 0.92,

IF Prefer_Geo THEN score > 61, sup = 0.17, conf = 0.86,

IF Prefer_Alg THEN score score < 60, sup = 0.17, conf = 0.86,
IF Prac_Geo THEN score < 60, sup = 0.18, conf = 0.92,

IF Prac_Alg THEN score < 60, sup = 0.23, conf = 0.84,

IF Prac_Num THEN score < 60, sup = 0.24, conf = 0.89,

IF Prac_Comb THEN score < 60, sup = 0.25, conf = 0.89,

IF Prefer_Comb THEN score < 60, sup = 0.28, conf = 0.90,
IF Prefer_Alg THEN score < 60, sup = 0.28, conf = 0.90,

with average sup = 0.19, average conf = 0.89 and accuracy = 51.47 %.

From these selected association rules, we can distil knowledge from this flow
graph: if students practice their preferred subjects, then they will have high
scores. In Case 4, we obtain maximum average support and confidence as shown
in Fig. 5. The highest average accuracy to predict students’ score is 97.6 % from
Case 1 as shown in Fig. 5.

! Due to round off errors in computations, the equation may be not satisfied exactly
in our examples.
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@ Support
m Confidence

O Accuracy

AVERAGE

Fig. 5. Comparison of sup, conf and accuracy/100 from four cases of POSN data set.

2 Rough Sets, Flow Graphs, Fuzzy Sets and their
Extension to Decision Algorithm

Fuzzy set theory was introduced by Lofti Zadeh in 1965 [21]. A fuzzy set is a
class of objects with a continuum of grader of membership. The characteristic of
membership function of a fuzzy set is permitted to have value in the interval [0, 1].
If A is a classical set, its membership function can take on only two values 0 and
1. It can be understood as a vague boundary set theory. Recently, fuzzy set theory
and its applications were developed extensively and fascinated attention [21]. In
real world data analysis, if collected data is in the form of fuzzy attributes, then
it can be represented in the decision table with fuzzy attributes. We can analyze
this decision table by applying concepts of fuzzy set. Alicja et al. introduced a
concept of fuzzy flow graphs in [22]. They proposed to allow computation not
only for descriptive attributes but also for fuzzy attributes in flow graphs.

In this research, we introduce an alternative approach to construct flow
graphs, decision rules and perform data analysis for decision table with fuzzy
attributes. Moreover, we relax mutual exclusion and find four new coefficients
which are satisfied coefficient in flow graph.

2.1 Fuzzy Set Theory

The following fuzzy set theory concept is taken from [21]. Let X be a space of
objects and = be a generic element of X. A fuzzy set A in X is characterized
by a membership function, pa(xz) — [0,1]. The nearer the value of ps(X) to
1, the higher the grade of membership of z in A. A crucial issue for fuzzy sets
applications is to express real-word problem by fuzzy sets attributes in decision
table and perform data analysis. In further discussions, we consider decision
table with fuzzy attributes in the form introduced in [22, 23].

Let (U, C UD) be a decision table with fuzzy attributes, U = {z,,z2,...,zn}
be a finite non-empty set of universe with N elements, C = {c1,¢z,...,¢,}
be a set of condition attributes and D = {d;,ds,...,d.n} be a set of decision
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attributes. The domain of the family of linguistic values of condition attribute
¢; denoted by V; = {V;l, Vigrevos V.., }, where n; is the number of the linguistic
values of i-th conditions, i = 1, 2, ..., n. The domain of the family of linguistic
values of decision attribute d; denoted by W; = { Wi, Wiz ..., Wi, }, where

m; is the number of the linguistic values of j-th conditions, j = 1, 2,..., m.

In order to describe an element z € U with fuzzy attribute, its member-
ship degree should be determined. This process is called fuzzification state. In
this state, for any element z, fuzzy value of condition attribute ¢; and decision
attribute d; denoted by Vi(x) and W;(z) are defined as

Boy; (z) Hug () Hug (=)
Vi(z) = { 21 A .. o } and
1( ) V..1 I V.-2 I ’ V,-"‘,
Wi(z) = § 20@ Eusp@ Poim; @ ]
¢ - Wi " Wi 0 Jm; )

Furthermore, for any = € U we assume that values of V;(z) and Wj(z) satisfy
power(Vy(z)) =34%, pv;, (z) = 1 and power(W;(z))= > 12 pw; () = 1, i
=12 ..,nj=12 .., m An example of fuzzy values V;(z) of ¢; and fuzzy
values W;(z) of d; is in Table 1.

Table 1. Decision table with fuzzy attributes

c1 ¢ |...| ¢n dy do oo den
21| Va(z1)|Ve(z1)]. . . [Va(z1)|Wilz1)|Wa(z1)]- . . [Wm(z1)
z2|Va(z2)[Va(z2)[. . . [Va (22)|[Wi(z2)|[Wa(z2)]. . . [Wen(Z1)

a:.NVl(a:N)TVz(a:N - Ve Wiz N Walzn ) ... Wmi:r:N)

2.2 Decision Rules, Decision Algorithm and Flow Graph

In this section, basic concepts of decision rules and decision algorithms that can
be used as classifiers in logical from [20] are provided.

Let S = (U, A) be an information system, for any subset B of A, there is
an associated set of formulas For(B). For(B) are built up from attribute value
pairs (a,v) where a € B and v € V,. For any & € For(B), let ||@ be the set of
all objects from universe U satisfy @ in S. By means of logical connectives AND
(A), OR (V) and NOT (), Pawlak [20] defined some inductively properties as
follows:

eve| = e vz,

2 If the values of all attributes are singletons or disjoint intervals on the original domain
of attributes, then we obtain a classical crisp decision table.
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1€ APl = [|&] N |&] and
-l =U — lI#|.

A decision rule in S is an expression in the form ¢ — ¥, & and ¥ are re-
ferred to as a condition and decision of the rule, respectively. For every de-
cision rules, there are three associated coefficients: o(®,¥) = <2raU2Iniel)

card(U) d
a(llpn|lw d
667‘(@, !p) = ca‘r;:a("!ld( 2“) ) and CO’U(@, W) = —ﬁ“—“-——zca';agltfngu)w" [4]

A set of all decision rules Dec(®,¥) = {&; — ¥;}._; ,n > 2, will be called a
decision algorithm if all decision rules are satisfied conditions:

(1) Mutually exclusive: for every &; — ¥; and ¢; — ¥;, ||&;|| N |[|®;]| = 0 and
1% N (125} = @ for i # 7,

(2) Admissible: ||@ AT # 0,

+(3) Covering: Ui_, |®:]| = U and Ui, %] = U

A flow graph can be interpreted as decision algorithms [4] and will be de-
scribed as follows. Let us assume that the set of nodes of a flow graph is inter-
preted as a set of formulas, denoted by @, ¥ 3. Then every branch (&,%) can
be understood as a decision rule & — ¥. @ will be referred to as a condition,
whereas ¥ is decision. and o(P,¥) denotes strength coefficient. Such a rule is
characterized by three coefficients stregth, certainty and coverage, o(®,¥) =

d(|18]N]Z]) d( [0l ]) card(||8]N[|¥
o card(U)  ? cer(®,¥) = wcard(uepn) and cov(®,¥) = '_::a-'r: d“(H‘sm )'[I [4].

Next, a path, [§1...DP,], is a sequence of decision rules ; — P, Py —
D3,...,P,_1 — D,. As shown in [4], this sequence of decision rules can be inter-
preted as a single decision rule @y &;...8,_; — P, in short $* — &, where
* =PI ANDA.. ND,_1. Tt is characterlzed by three coeflicients: cer(®*,®,,) =
cer(® ... Jy), cov(@*,@n) = cov[®; ... D,) and o(D*, D) = o(P1)cer|[P; ... Dy)
= o(P,)cov[P; ...D,), where o(P) can be considered as the truth value of the
formula &.

Let [®; ...D,] be a path such that &, is an input and &,, is an output of
flow graph G, respectively, then the [, ... ®,] will be referred as complete. The
set of all paths from @, to &, denoted by (®; ...P,) is called complete paths.
The set of all decision rules associated with all complete paths will be called a
decision algorithm induced by the flow graph.

2.3 New Certainty and Coverage Coefficients for Decision Rules
from Relaxed Mutually Exclusive

In this section, we apply concept of mutually exclusive in decision algorithm
introduced by Pawlak [4] to find new certainty and coverage coefficients. Since,
we assume ||®;]| and |||}, ¢ = 1, 2, ...n, are set of all objects from universe
U satisfy condition and decision attributes. If we want to connect any set of
conditions (set of decisions) by logical connectives AND (V) or OR (V) and find

3 The formulas can be viewed as propositional functions in logic [4].
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certainty and coverage of these decision rules. Then by Pawlak’s definition of
certainty and coverage, the following Remarks 1 and 2 are holded.

Remark 1 Let & and ¥;, i = 1, 2, ...n be the set of condition and decision
attributes, then

cor(®, V4 V ...V B,) = rdlBIn0 U o)

rd|

cer(®,Us A... AW,) = SralBInQRIn, Olal)

_ cerd(J|BIn([ ¥ )|U...0|| ¥,
cov(@, T V...V Z,) = &5 card("!(plll b“ UII!I'”u) II))’

d(||2]In "lI’ N...N[|¥,
cou(®, 21 A .. A¥) = 2RI plpe0).

T e~

Remark 2 Let &; and ¥, i =1, 2, ...n be the set of condition and decision
attributes, then

d(([|#1]|U--.U]|Sx )N Wll)

. cov(P1V..VD,,T) = mrdzz::;::nd(&!%g} ::;n:]l o),
car n
cov(@y A ... A By, &) = card(T¥TD

car:
d((|1]|Y...U||Pn nw||)
cer(@1V ...V &, ¥) = LAl Il

d((|®1 lIN...n1dL) INlF
cor(By e A &n, ¥) = LI "nuyl.u)l D,

SRR S

Remark 3 is the property obtained from set theory.

Remark 3 Let @;, ¢ =1, 2,...,n be a set of atiribute, then card(||®;]| U ||&a| U
U |9:])

=3 Cm‘d(llds ) — 3525 Shmi g cord(l| @1 0 [[25,])
—2
N 22_1 2-;1+1 Z=;2+1 card(f|®;, [| N [|@:, | N [12:,]1)
ot (1) teard(]|@;, || N ||@s, ]| O - OBl

From mutual exclusive of decision algorithm, there are assumptions that for
every decision rules $; — ¥; and &; — ¥;,
2l N 1i2;1 =9 and [[&]| O fj&;( =0
for i # 3.
In this research, we propose relaxation of the mutual exclusion property

(mentioned above) as follows. There exist at least two decision rules &; — ¥ and
& — ¥; such that

[ | V| @]l # 0 0r i, ] O[5, ]| # 0
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for i, # ji. -
We can describe this of relax mutual exclusion as the following. For example,
if we have decision rules,

IF score_of Number. Theory is high THEN ¢otal_score is high
and
IF score.of Algebra is high THEN total_score is high,

in a decision algorithm, then there may be some elements satisfy both conditions.
Thus, our proposed certainty and coverage coeficients are more flexible with the
relaxed mutually exclusive. If there exist at least two decisions 12| and )&
such that ||| N [|@;]| # @, we can relax mutually exclusive for decisions (as
in Propositions 1, 2). If there exist at least two conditions |21 and [|®;|| such
that ||@;|| N [|;]] # 0, we can relax mutually exclusive for condition (as shown
Propositions 3, 4).

Propaosition 1 If we are given a set of decision rules, {® — ¥;},., such that
Vi, N, # 0, for any iy, # ix. Then cer(®, V¥ V... VI,)

=301y cer(@,9) — SRS L cer(®, W, AW,)

i1=1

—2 &)
+yr Z=i1+1 Z=i2+1 cer(@, Wil AT, A Wla) -

i1=1

coe - (=1)"leer(, 0 AW A ... A 7).

Proof. 1f we denote cer (&, ¥, Vi, V. . -V, ) by cer(®, %;), then by Remark 1(1) we
have cer(®,%;) = card( ||4‘||”(II!Z1GUT;J}I¢‘I7’;’ 19O )) Next, by left-distributive over
union, we obtain

cen(®,8;) = SordURINE DRI, 0 1)

card(|]
=y card([|®|IN]|¥; )
- i=1 " card(|[®]

_yonlyen cord(I#In][ s, ||0]| s, ||)
i1=1 Laig=iy 41 card(]|®]])
4+ =2 e n card(IBln]| %, |0]|@e[nl@: )
i1=1 ia=i1+1 i3=is4-1 card([|®|))
b, ! L2 . .. NP,
e (1)1 cordi@nl ;I‘Ii?llllds;lilﬂ D%l (1, Remark 3)

= E?=1 cer(®,¥;) — Z?_l i 1 cer(D,9;, A ¥;,)

1=1 Laig=iz+

+ En—z o~ Z=i2+1 cer(P, ¥, A, A ;,)

ip=1 d2=11+1

== H(=1)""cer(®, ¥ AW A ... AW,,)(by Remark 1(2)).
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Proposition 2 If we are given a set of decision rules, {® — ¥;},, such that
;.\, # 0, for anyip, # ix. Then cov(, ¥ V&V ...VT,) < Yo cov(®, ;).

Proof. If we denote cou(®, %, VW, V... V¥,) by cou(®, ¥;), then by Remark 1(3)

d( BN V][ |U... U] ¥ N
we have cov(®,¥;) = “'cglr d?ﬂ’élllld]';y"G’!'f’u";ﬂ") )| Next, by left-distributive

over union and inequality property, we obtain

— card((I[®[Inliw)[[U(IS[N[[ = |)U...U(| B[N ¥ )
o, 1) = =0t e

<y card(||[IN|[w;}})
i=1 card([[1 U ]JU...UW.T)

n  card(]|P]N|]¥;
< Zi=1 cardZHWd) r

Then cov(®,%;) < Y% | cov(D,¥;) (by Remark 1(3)).

Proposition 3 If we are given a set of decision rules, {®; — ¥}, such that
®;,, ND;, #0, for any im # ix. Then cov(® VIV ...V &, )

= Z?=1 CO’U(Q,;, 17) (s En—l 5 1 m(ét& A ¢‘i21 !P)

i1=1 Loip=i; +

—2 -1
+ Zn ?2=1-1+1 Z;=i2+1 CO’U(Szi,;l A Qiz A ¢i3’ !p) —

i1=1

oot (=) Yeov(Py ABy A ... A D, D).

Proof. 1f we denote cou(®; VD, V...V &y, ¥) by cou(P;, ¥), then by Remark 2(1)
we have cov(®;,¥) = card((}®; ||u|]452||(u..."L;||¢,.)unuwu)_ Next, by right-distributive

card(]|¥

over union, we obtain

cov(®;,¥) = card((ll¢xHﬂll'f’ll)U(II*PzIIWJII,!II;)II)U---U(Il¢nIIHII‘I'II)).

card
. Zn card(]|®;]I0]|1F[])
T Lai=1 card(||¥

n-1 —n card(||$, [|n|@s, ||nliwl)
— Lt card( 1)
NN coraos o] |2 011
+3ha :;=i1+1 D imigt T ll ﬁaT’d(Tll;l/N) >
—1 card(||®; 1Nl @2 lin...0 1S O]
—eed (—1)nleer (s CLT":J("W") (by Remark 3)

= E:l=1 m(¢i’ W) - Zn_l ;::il-}-]. cm}(éil A Qiz: !p) +

i1=1
n—2 n—1 n A A .
Zi1=1 ig=i1+1 2vizg=igt1 cov(®i, A Py, A &y, W)

+ (=1)"lcov(P1 APy A ... A Dy, W) (by Remark 2(1)).
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Proposition 4 If we are given a set of decision rules, {®; — ¥},,, such that
&; NP;, # 0, for any iy, # ix. Then cer(P1VPV..V Py, W) < Y- | cer(P;, F).

Proof. 1f we denote cer($;VP,V...VP,,, ¥) by cer(P;, ¥), then by Remark 2(3) we

have cer(®;,?) = "“Zgﬁgi;ﬁa‘fﬁ;{;m. Next, by right-distributive over union

and inequality property, we obtain

_. card((Io1 Inlw DU @2 INNIFIDU...U(| S || NP
cer((Pi,!I/) = = 1‘ca,rdhlsh'l%Uﬁész||||U!I.).Ul|<115n(|}|) - M'

n card(]| B JIn||¥|[)
< Yim1 s ul3:TU-UT3a

n  card(|®:lIN|¥I)
< Xt “eardlE

Then cer(®;,¥) < Y., cer(;, ¥) (by Remark 2(1)).

2.4 Flow Graphbs with Fuzzy Attributes

Flow graphs with fuzzy attributes have several advantages (e.g., represent data
in form of fuzzy attributes) [22]. In further discussions, we apply flow graphs to
represent and analyze decision table with fuzzy attributes in the form introduced
in [22]. All possible decision rules with fuzzy attributes can be generated by using
the Cartesian product of the set of attribute values with r = [[;_, n; [T;2; m; as
a possible number of rules. Let Ry be the k-th decision rule. It can be expressed

by
Ri: IF ¢ is V¥, cpis VI, ... and ¢, is V¥,
THEN d; is W¥, dz is WY, ... and d,, is WX,
where k = 1,2, .., n,and V¥ € V;,i=1, 8, ., n, WfeW;,j=1 2,.., m

Thus, Cartesian products C* = V¥ x Vi x ... x V¥ and D* = WF x W§ x
... x WE are the k-th decision rules expressed in the form of fuzzy implication,
Cc* — Dk,

Next, we apply a T-norm operator to determine the confirmation degree of
fuzzy decision rule. Let cda(z,k) and cde(z, k) be the confirmation degrees of
the antecedent and consequent of decision rules and cd(z, k) be the confirma-
tion degrees of the k-th decision rules by the element = € U. They are defined
respectively as

cda(z, ) = T(ayp ),y (@), - v (@) (42)

o, ) = Ty (&), @) .. ) )
cd(z, k) = T(Cda‘(x) k)a cdc(a:, k)) (44)
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By using the introduced equations (42), (43) and (44), in fuzzy set domain,
the support (sup) of decision rule’s antecedent, consequent and itself are defined
respectively as

sup(cda(a:, k)) = {Cda(xl’ k)/zlv LER) Cda(mNy k)/mN}v

sup(cde(z, k) = {cde(zy,k) /21, ..., cde(zn, k) /zn} and -

sup(Rx) = {cd(z1,k)/z1,...,cd(zn,k)/zn}.

Moreover, when consider fuzzy universe we can define the throughflow, <p(.'1; v)
of the branch (z,y) in G to the cardinality of the product of fuzzy sets, X and
Y. The strength of (z,y) is thus given by

o(z,y)
e(@)

With every node  of a flow graph G, associated normalized inflow and
oulflow are defined respectively as

p-(@)=powers= Y wlzy)= Y power@ng)  (46)

o(z,y) = (45)

y€eO(z) y€0(z)
0+(z) = powerd= Y o(x,y)= > power(FN7H) (47)
vel(@) vel(x)

where powerZ denotes fuzzy cardinality. For any internal node z, it holds that
p—(z) = o4 (z) = p(z).

A (directed) path from z to y (z # y) in G, denoted by [z...q], is a se-
quence of nodes z3,...,&y, such that z; = z and z, = y and (z:,7:11) € B,
i, 1 <4 < n — 1. We obtain the certainty, coverage and strength coefficients of
the path [z; ...z,] [22, 23] as: cer[:z:l o\ =< H::ll cer(zx .. a:,,a:ﬂ.l), where

power(ziNz2N.. NZig1)

COV|T1 ... Tp| = _1 COU\T i, T3

power(z1Nz2N...T:) L [ » "'] H‘ 1 ( : v H'l)’

power(mlnun na:‘+1)
power(ziy1)

cer(Ty ... Ty Tig1) =

where cov(z1 ... %i, Tiy1) = ,and o[xy...2,] = o (z1)cer[zy...z,)

= 0(x,)cov[T1...Z5).
The decision rule Ry, $* — &,,, where $* is condition and @,, is decision can
be characterized by three coefficients:

. 8= _ _ power(sup(Rx))
cer(9*, P,) = cer(Ry) = power(sup(cda(a, K))) (48)
power(sup(Rg))
cou(@", &n) = cou(Rx) = power(sup(cde(z, k))) (49)
o(P*, P,) = strength(Ry) = %. (50)

We will illustrate an example of introduced notions and experimental results
in subsequence sections.
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2.5 Illustrative Example

In this section, we present an example of how to compute coefficients: certainty,
coverage and strength for flow graphs with fuzzy attributes. To compute these
coefficients for flow graphs by the notion of rough set theory please refer to [3]-

Table 2 shows a decision table S = (U, A), where U = {z;,%3,...,210},
condition attributes are score of Number theory (N) and score of Algbra (A).
The decision attribute is the total score (D).

Table 2. An example decision table

2|9 40102
Z3 | 8 [35]101
x4]11j31]| 88

z6|16]311 81
x7] 2 3774

zg| 0 3q 73

9 |10]29{ 73
lr10] 4 [28 70

We next use triangular membership function below to the data in Table 2
fuzzification.

' ) TH0<z<5
ifo<xz<5s
= A x-5)/6 ifs<z<11
pyy = 4l1-0)/6, f5<z <11 pn 4035/29’ if11 < = < 40
P abi BT 0 40 <w < 45
5 TH0<z<II L H0<s<%0
Ny ={x11)/29, 11 <2 <40 pa, —<[30—x)/10 i 20 < z < 30
,if40<z < 45 b , 630 <z <46
1] , if0<z <20 /
, f0<z <30
pagm 0 TS <30 { a0/, 30 <2 <38
: if 36 < = < 46
, 36 <z <46 , 993
] F0<z <69
PN z < 69 x-69) /16, if 69 < x < 85
# %85‘ X)/167.3 69 < z < 85 110-:)¢)//25 if 85 < & < 110
RE Bl S 195 , if110< z < 195
02538
ipy = {x-85)/25,if 85 < z < 110
L i 110 <z < 195. -

The result is a decision table with fuzzy attributes as shown in Table 3.
Afterwards, we can compute strength o(Nj, A;) of condition attributes in Table
3 by equation (45).

Table 4 shows strength coefficient between condition attributes, last row de-
picts inflow of each A;, and last column depicts outflow of each N;. For example
since throughflow <p(N1, Al) is sum of the cardinality of product of fuzzy set A

and Ay, we get NyA; = Ny nA; = (0x0) + (0.33 x 0) + (0.5 x0) + (0 x 0)
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Table 3. Decision table with fuzzy attributes

N

A4;

Ni N2 N3 Ay

Az | As

T1] 0 P-2100.724 0

0 1

0
©210.3330.667 0 | 0 | 0 | 1 | 0 10.3200.680
z30.5000.5000 0 | 0 [0.1670-833 0 [0.3600.640
z4] 0 | 1 | 0 | 0 |0.8330.167 0 [0.8800.120
x5| 0 o.gswﬁuo.mq 0 | 0 0.9200.080
T] 0 10.8280.172 0 )0.8330.1670.2500.750 0
z7] 1 [0 | 0 | 0] 0| 1 p.6880.314 O
zg] 1 | 0 [ 0 | 0| 0| 1 j0.7500.250 O
T9[0.1670.833 0 10.1000.9000 0 |0.750.250 0
wio] 1 | 0 | 0 j0.2000.800] 0 [0.9380.069 0

Table 4. Strength o(V;, A;) between condition and decision attribute

Ay Az

Az

=<

Ny

0.02167}0.10333

0.27500

0.4000

N»

0.03730{0.30322

0.16638

0.5069

N3

0.00103]0.01678

0.07529

0.0931

0.06000{0.42330

0.51667

1

+ (0% 0.3) + (0% 0) + (1 x0) + (1 x0) + (0.167 x 0.1) + (1 x 0.2) = 0.2167.

Then by (45), o(N14,) = 2NLAD_ ¢ 02167,

Table 5. Strength ¢(A;, Di) between condition and decision attribute

D; D2

D3

2

Ay

0.02625]0.03135

0.00240

0.06

Az

0.16333]0.23373

0.02627

0.42333

Az

0.14792{0.14542

0.22333

0.51667

A

0.33750{0.41050

0.2520

1

Next, we can use (45) and (46) to compute the strength of inflow of A;
and obtain o_(4;) = E2eri) — S8 (N, A1) = o(IN1, A1) + o(Na, A1) +

o(Ns, A1) = 0.02167 + 0.0373 + 0.00103 = 0.06.

Table § shows strength (A;, Dy) between condition and decision attributes
last row depicts inflow of each Dy and last cplumn depicts outflow of each A;.
If we use (45) and (47) to compute the stregth of outflow of A;, we obtain
oy (A1) = 2ul) = 533 5(4;,D1) = o(A1, Dy) + (A2, D1) + o(As, Dy)
= 0.026254-0.03135-40.0024 = 0.06 (first row in last column) (equal to o_(A;)).
Moreover, last row from Table 4 and last column from Table 5 show that o_(A4;)

= 04 (A;), where j = 1, 2,

3.
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Table 6. Certanity and Coverage coefficients of N; and A;

A, Aq Aj
cer | cov | cer | cov | cer | cov
N1[0.0542{0.3612]0.2583|0.2440{0.6875{0.5322
N>[0.0736]0.6217(0.5982]0.7163{0.3282{0.3220
N3[0.0111{0.0171]0.1802]0.0397}0.8087(0.1458

Table 6 shows the certanity and coverage coefficients of N; and A;, where 7, j

= 1, 2, 8. They are computed by (48), as cer(IV;, 4;) = £ oz':::g(‘;_“;j ) = "‘j‘(’;':,f{)

: N power(Kf.-hI) __o(N:,Ap) :
and by (49) as cov(N;, 4;5) = power(Aj)’ = Zsta, " For example, cer(Ny, A1)

= ZfuA) . 002167 — ,0542 (in top left cell) and cov(Ny, 41) = Z0pA =

002157 = 0.3612 (next cell).

Table 7. Certanity and Coverage coefficients of A; and Dy

Dy Da D3
cer [ cov | cer | cov | cer | cov
A;]0.4375]0.0778]0.5225]0.0764]0.0400}0.0085
Az]0.3858({0.4840]0.5521]0.5694(0.0620]0.1042
A3]0.2863]0.4383]0.2815]0.3542|0.4323|0.8862

Table 7 shows certainty and coverage coefficients of A; and Dy, where j,k =
1, 2, 8. They are computed by the same approach as in Table 6.

Table 8. Value of normalized strength between condition and decision attributes

D; | D2 | Ds
IN7 A3[0.02000.00171 0 10.02167|
N]AzP.OSG .01180.00530.10333

IN3 A30.0007)0.00220.07240.07529

> p.33750.41050.2520 1

Table 8 shows the value of normalized strength between condition and deci-
sion attributes, o(N;, A;, D) where 4,5,k = 1, 2, 8 by (50). Last row depicts
inflow of Dy and last column depicts outflow of N;4;.

Next, from (45), (48) and (49) we can find certainty and coverage coefficients
of N;, A; and Dy. The results are shown in Table 9, e.g., cer(N1 A1, D1) = 0%:201%

= 0.9229 (top left cell) and cov(N1 A1, D) = 53925 = 0.0593 (next cell).
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Table 10 shows certainty and coverage coeflicients of N; and Dy, where ¢,k
= 1, 2, 8. They are computed by the same approach as in Table 6.

Table 9. Certanity and Coverage coefficients of N;, A; and Dy,

Dy D2 Dg
cer cov cer cov cer cov
N1A1(0.9229{0.0593]0.0769]0.0041| O 0
N1A2{0.8347[0.2556(0.1137[0.0286]0.0516{0.0212

N3A3)0.0095{0.0021]0.0286{0.0053]0.9618{0.2874

Table 10. Certanity and Coverage coefficients of N; and Dy

D1 Do D3
cer cov cer cov cer cov
N, [0.6250[0.7407]0.2383]0.2322[0.1367|0.2169
N2|0.1641]0.2465|0.5900]0.7285[0.2450[0.4946
N3]0.0463{0.0128| 0.173 [0.0392[0.7807|0.2885

Table 11. Certanity and Coverage coefficients of N; V A; and Dy

D D D
cer cou cer cov cer cov
N1VA;[<1.0000{0.7407|<0.7608]0.3045|<0.1767]0.2264
N1VA2|<1.0000{0.9691{<0.7904]0.7730| <0.1987]0.2995

N3V.A3|<0.3326]0.4490| <0.4545]0.4545}{<1.00000.8873

Finally, if we want to relax mutual exclusion of condition, then from Propo-
sitions 3 and 4 we can find cer(N; V A;, Di) and cov(N; V A;, Dy), as shown
in Table 11. For example, cer(Ny V Az, D3) < cer(Ny, Da) + cer(Ag,Ds) =
0.2383 + 0.5521 = 0.7904 and COU(Nl \4 Ag,Dz) = CUU(N]_,Dg) + COU(Ag,D2)
— cov(Ny A Az, D;) = 0.2322 + 0.5694 — 0.0286 = 0.7730.

From Table 11, we can used Proposisions 3 and 4 to find certainty and cov-
erage coefficients coefficents for relax mutual exclusion of condition.
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2.6 Inverse Flow Graphs

A flow graph is an alternative representation of knowledge in the given data in
terms of certainty, coverage and strength between ordered pairs of inputs and
outputs.

Alternatively, if we focus on the relations between ordered pairs of outputs
and inputs, then we consider an inverse flow graph. Thus, in this section, we
present inverse flow graphs and three coefficients between flow graphs and their
inverse flow graphs.

Definition 1 [9] Let G = (N, B, o) be a flow graph. If we invert direction of
all branches in G, then the resulting graph G~! = (N, B', a') will be called an
inverted graph of G, where N is a set of nodes, B is a set of inverse directed
branches and ¢ is a normalized flow function.

From this definition, we see that an inverse flow graph also forms a flow
graph. Inputs and outputs of flow graph G are outputs and inputs of flow graph
G™1, respectively. For this reason, an inverted graph of G is also referred to as
an inverse flow graph.

Next, we prove the subsequent properties of this inverse flow graph.

Proposition 5 Let G be a flow graph and G™! be is inverse flow graph. For
any inverse flow graph G, certainty, coverage and strength are holded as the
following. :

1. og- (y7 (L') = Gg(.’l:, y):
2. covg-1(y,T) = cerg(z, y),
3. cerg-1(y,x) = cova(z,y)-

Proof. Let (z,y) be branch of flow graph G, then og(z,y) = ":(m(’;’;), cera(z,y)
= 28 and covg(e,y) = 229,
From Definition 1, if (y,z) is a branch in an inverted graph of G, then

oG-1 (y, q;) == %-(%E)l’ covg-1 (y’ 27) — 0'6('-'(/_.2:; and CGTG—l(y, .'l:) = _UUK!(J;I_Z‘; p

Thus: G'G(Z,y) 7y Ug—l(y,.’l:), CGTG(fL',y) = CO’UG—-l(y,:L') and ve(may) =
cerg-1(y, x)-

Proposition 6 Let G be a flow graph and G~ be it inverse flow graph. For any
inverse flow graph G™1, certainty, coverage and strength are the following.

1. covg-1 [Ty ... 21) = cerg [Ty ... Tn],
2. cerg-1[Tn...21] = covg [z1 ... 2y},
3. 0g-1[Tn...21] = 0glz1...20].
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Proof. Let [z1,...%,] be a path from z; to z,, in a flow graph G, then
cerglzi ... x| = 'H::ll cerg (Zi, Tiy1),
covg (21 ...2,) = H;:ll covg (i, Tiv1) and:
oglz...y] = o(z)cerg[z...y] = o(y)covglz. .. y].
From Definition 1, if [z,,...z1] is path in the corresponding inverse flow
graph G™1, then .
CeET—1 [:L'n P (L‘1] = H,?;—ll CETrg-1 (-'L'n+1—i1 iBn_i),
CoOvG~1 [:Bn o 11:1] = H:L;I CovGg-1 (-T-n+1—i, $n—i) and
olTn...21] = 0(2a) cerg-1 [Tn ... 71] = o(z1)coVg-1]En . .. 21].
From Proposition 5, we obtain
cerg [z1, ... Tn] = covg-1 [Tn,- .. 1),
covg [%1, . . . Tn] = cerg-1[Zy, ... 23] and

oq [5171, .. (L‘n] =0g-1 [:En, .o .1,'1].

Proposition 7 Let G be a flow graph and G~ be its inverse flow graph. For
any inverse flow graph G=1, certainty, coverage and strength are holded as the
following.

1. covg-1 (Tn,T1) = cerg (T1,%n),
2. Cerg-1 <:Bn,.’L'1) = COVgG (:L‘l,.'L‘n),
3. OG-1 (a:n,:z:l) =0G (:Bl,.’l:n).

Proof. Let (z1,2,) be a connection from z; to z, in a flow graph G, then

cer (21,T,) = z[zl---xn]e(zl,zn) cer(zy .. . Ty,

cov(z1, Tp) = R WA covlzy ...z,] and

@ (xl"'l;“) = 2zr..xn]elzr,zn) 0[:31 -+ Tn)

= o(z1)cer (z1,2Z,) = 0(2y)cov (T1, Ty, ).

Since a connection (z;,z,) contains all of path from z; to T, and from
Definition 1, if [2;...z,] is a path in flow graph G, then [Zn...71] is & path
in its corresponing inverse flow graph G~!. Then (z,,7;) is an inverse of a
connection (z1,z,) in G, and hence

T (B0, 1) = S mctommn) CoTlon - 21],

cov(Zy,,Z1) = [En.01]E@n,z1) cov[zy, ... z1] and

O (Tn, T1) = E[zn...zlle(xn,ml) olTy ... 2]

= 0(Tq)cer (Tn, 1) = 0(T1)coV (Tp, T1).

From Proposition 6, we obtain cerg (21, Zn) = covg-1 (T, z1), cove (z1, Tp) =

cerg-1 (Tn, 1) and oG (T1,2n) = 0g-1 (Zn, Z1).

Example 1. Suppose we are given the flow graph @ in Fig. 6, the inputs
are z; and sz, the outputs are z; and 2, and the internal nodes are y; and ys,.
Every branch in the flow graph G is associated with three coefficients as shown
in Fig. 6. If we invert direction of all branches in G, then by Definition 1 we
obtain the inverse flow graph G~ and its certainty, coverage and strength as
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cov =0.67

Fig. 7. Inverse flow graph G~1.

depicted in Fig. 7. From Fig. 6 and Fig. 7 and their branches’ directions, we see
that Proposition 5 holds.

Next, if we consider every path in the flow graph G and every path in the
inverse flow graph G, then Proposition 6 is also satisfied. For example, consider
path z1y:12; in Fig. 6, we can calculate cerg [T1,y121] = 0.40, covg [z1,1121] =
0.402 and o [#1,y121] = 0.24. Then for the path z;y;z; in the inverse flow graph
in Fig. 7, we can calculate covg-1 [21, y121] = 040, cerg-1 [21, y121] = 0.402 and
gg-1 [zl,yla:l] =0.24.

Similarly, if we consider all connections in the flow graph G and its in-
verse flow graph G~!, then we see that Proposition 7 is also satisfied. For in-
stance, consider the connection (z1,2;) in the flow graph G we can calculate
cerg (z1,21) = 0.6, covg (x1,21) = 0.6 and o¢ (z1,21) = 0.36. Then for the con-
nection (z;,x;) in the inverse flow graph G~ we can calculate covg (21,71) =
0.6, cerg (#1,%1) = 0.6 and o (21, 21) = 0.36.

2.7 Experimental Results

In this section, we describe experimental results from the scores of Olympiad
mathematics’ students’ analysis. Data contains 75 records eollected from the
Promotion of Academic Olympiads and Development of Science Education Foun-
dation (POSN) in 2006-2007. In this paper, we study decision rules between
conditions and decision as shown below:
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Condition Symbol Condition Symbol

score of Geometry score_Geo| preference of Algebra Pref_Alg

score of Number theory [score_Numipreference of Combinatoricd Pref-Com|

score of Algebra score_Alg| preference of Inequality | Pref_ I.E.

score of Combinatorics |score_Com] practiced of Geometry |Prac_Geo

score of Inequality score_I E. practiced of Number theory|Prac. Num

preference of Geometry | Pref.Geo practiced of Algebra Prac_Alg

preference of Number theory] Pref_Num|practiced of Combinatorics{Prac_Com]
practiced of Inequality Prac_L.E.

Decision | Symbol ]
student total score |total_scord |

Next, in Cases 1-2, we consider attributes in POSN data set as descriptive
attributes. Possible values of first five condition attributes and decision attribute
are low score and high score. Several case studies are then presented according
to the combination of these attributes. The threshold for decision rule extraction
is cer > 0.6.

Case 1. Decision rules between score of any subject and total score. The selected
decision rules are:

" [TF Score_Num is low TBEN total_score is low, cer = 0.867,

cov = 0.812,%
IF Score.Geo is low THEN total_score is low, cer = 0.792,
cov =0.775,

IF Score_I.E. is high THEN total_score is high, cer = 0.956,
cov = 0.814,

with average cer = 0.791 and average cov = 0.731.

Case 2. Decision rules between score of any two subjects and total score. Then
the selected decision rules are:

IF score_Geo and L E._are low

THEN total_score is low, cer = 0.633, cov
0.581,

IF score-Geo and Alg are low

THEN total_score is low, cer = 0.622, cov
0.571,

IF score_Alg and L.E. are low
THEN total_score is high, cer = 0.625, cov =
0.523,

with everage cer = 0.620 a.nd.a'uemge cov = 0.556.

From Cases 1-2, we can summarize that, if score of one or two subjects are
low, then total score tends to be low too and if score of one or two subjects are
high, then total score tends to be high too. We see that decision rules obtain from
Cases 1-2 depend on only two possible values of attributes (high and low). Thus,
we next consider cases that scores are high and low with their degrees which are
fuzzy attributes.

4 Due to round off errors in computations, the equation may be not satisfied exactly
in our examples.
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Next, in Cases 3-8, we transform POSN data set to be in fuzzy attributes
form by triangular membership function. Several case studies are then presented
according to the combination of these attributes. The threshold for decision rule
extraction is cer > 0.6.

Case 3. Decision rules between score of any subject and total score. Then the
selected decision rule is:

IF Score_Num is high THEN total_score is high, cer = 0.627,
cov = 0.504

with cer = 0.627 and cov = 0.504.

Case 4. Decision rules between score of any two subjects and total score. Then
the selected decision rules are:

IF score_Geo and I.E. are low

THEN total_score is low, cer = 0.651,.cov =
0.409,

IF score.Geo and L E. are high

THEN total_score is high, cer = 0.68, cov =
0.301,

IF score_Alg and LE. are high
THEN total_score is high, cer = 0.618, cov =
0.226,

with average cer = 0.656 and average cov = 0.343.

Case 5. Decision rules between scroe of any five subjects and total score. Then
the selected decision rules are:

IF score_.Geo, Num, Alg, Com and score_l.E
are low

THEN total_score is low, cer = 0.782, cov =
0.139,

IF score_Geo, Num, Alg, and Com are low,
ILE is high

THEN total.score is low, cer = 0.645, cov =
0.09,

IF score.Geo, Num, Alg, Comb and LE. are
high

THEN total_score is high, cer = 0.81, cov =
0.024,

with average cer = 0.691 and average cov = 0.047.

Case 6. Decision rules between practiced and preferred subjects, score of prac-
ticed and preferred subject and total score. The selected decision rules are:

IF Pref and Prac_Geo and score_-Geo is low
THEN total_score is low, cer = 0.638, cov =
0.719,

IF Pref and Prac Num and score_Num is high
THEN total score is ligh, cer = 0.834, cov =
0.6,
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with average cer = 0.736 and average cov = 0.660.

Case 7. Decision rules between practiced subjects, score of practiced subjects
and total score. The selected decision rules are:

IF Prac_Geo and score_Geo is low

THEN total_score is low, cer = 0.602, cov =
0.731,

IF Prac I.E. and score_l.E. is low

THEN total_score is low, cer = 0.665, cov =
0.623,

with average cer = 0.634 and average cov = 0.677.

Case 8. Decision rules between preferred subjects, score of preferred subjects
and total score. The selected decision rules are:

IF Pref.Geo and score_Geo ts high

total. score is high, cer = 0.671, cov = 0.541,
IF Pref Num and score_Num is high

THEN total_score is high, cer = 0.633, cov =
0.602,

IF Pref I.E. and score_LE. is low

THEN total_score is low, cer = 0.829, cov =
0.72,

IF Pref I.E. and score_l.E. is high

THEN total_score is low, cer = 0.831, cov =
0.28,

with average cer = 0.741 and average cov = 0.536.

From these selected decision rules, we can distil useful knowledge from this
flow graph as follows. Number theory affects total score substantially. Because
in Case 3, 62.7% of students with high score of Number theory also have high
total score. Moreover, 50.4% of students which have high total score are from
the group in which Number theory score is high. Obviously, students who get
high score from any two (or more) subjects will successively get high total score
as shown in Cases 4 and 5.

Interestingly, the combinations of either preferred subject or practiced sub-
Ject and high score for such subject resulted in high total scores from Cases 6, 7
and 8. In Case 8, we obtain maximum certainty of selected decision rules as one
can see in Fig. 1. The results are desirable values of cer and cov.

Finally, in Case 9 we relax mutual exclusion of condition and used Proposition
3 to find coverage coefficients of any one or two subjects and total score. The
threshold for decision rule extraction is cov > 0.6.

Case 9. Decision rules between one or two subjects and total score. The selected
decision rules are:

IF score.Geo or I.E. are low THEN total_score is low, cov =
0.895,
IF score_Geo or Alg are low THEN total score is low, cov =
0.888,

iF score_Com or I.E. are high THEN total_score is high,
cov = 0.758,
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DOcertainty
M coverage

CASE 3 CASE 4 CASE § CASE 6 CASE7 CASE 8

Fig. 8. Comparison of cer, cov of POSN data.

with average cov = 0.754.
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3 Suggestions and Extensions of Flow Graphs’ Research

As we mentioned above, a flow graph shows the information flow which can
be useful for illustration and knowledge-based decision suppport. Nevertheless,
the following are some possible extensions to enhance the utilities of flow graphs.

Flow graphs representation New representations of nodes, branches and their
associate coefficients (e.g., cer, cov) are required to be able to interpret and un-
derstand flow graphs easier. Some attempts were in [11,12].

Dynamic flow graphs Like rough set theory, flow graphs are generated from
a finite (fixed) data set. Thus, if the data set is changes, we have to create an
entirely new flow graph. Dynamic approaches to update, delete or add some new
information are open issues.

Hybridization Several combinations and strong relationships of flow graphs
and other pertinent techniques were studied by Pawlak et al. [2,4, 5,8-10, 15,
16] and others [6,7,11-14, 24]. Further interesting hybridization of flow graphs
is likely still possible, e.g., to optimization.

Flow graphs software In order to generate flow graphs and provide interactive
results to user, algorithms and software implementation that consider scalibility
and complexity are necessary.
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4 Conclusion

In this research, an extension of rough set theory, namely flow graphs, is consid-
ered. It is a knowledge representation in form of information flow. In addition
surveying the research in this area, we also performed an experimant on re-
alword data to demonstrate the utility of flow graphs. Further, we presented
several mathematical properties to reveal the relationship between flow graphs
and association rules. New certainty and coverage coefficients are introduced.
They are successively applied to POSN data set efficiency.
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